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INTRODUCTION 

Shell  is  called  the  elastic  body.  Halted  by  two  surfaces,  the 
distance  between  which  {thickness  of  shell)  is  snail  in  coaparison 
with  the  reaaining  size/aiaensions  of  this  body.  The  surface,  which 
separates  the  thickness  or  snell  in  half,  is  called  aedian  surface. 
When  they  speak  about  the  fora  of  shell,  they  usually  bear  in  aind 
the  fora  of  its  aedian  surface.  As  elastic  body,  shell  under  the 
action  of  the  applied  to  it  load  undergoes  strain.  In  this  case,  in 
its  material,  appear  the  voltage/stresses.  The  basic  task  of  the 
theory  of  shells  consists  ox  the  determination  of  strains  and 
voltage/stresses,  caused  by  the  effective  on  shell  load.  The 
voltage/stresses  in  the  aaterial  of  shell  are  located  simply,  if  is 
known  the  deforaation  of  shell.  Therefore, it  is  possible  to  count 
that  the  task  indicated  is  reduced  to  the  deter aination  of  the 
deforaations  of  shell. 

Let  us  visualize  that  shell  F  is  deforaed,  taking  fora  P*. 

D 

during  this  deforaation  the  internal  effort/forces,  which  appear  in 
the  aaterial  of  shell,  produce  certain  work.  This  work  is  called 
strain  energy. 

^g'/du'uu1,  ^ih/jdu1  du’,  l,  J  =  1.2. 

-  first  and  second  quadratic  foras  of  initial  surface,  and 


2  e',j  du‘  du1,  2  h'tj  du‘  du1 
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corresponding  shapes  of  surface  P*.  Let  us  designate  through  e, 
and  £;  the  outer  lisits  of  the  ratio/relation 


—  gi^du'du' 

2  Slj  du‘ditJ 

and  through  x,  and  *2  -  outer  lisits  of  the  ratio/relation 

(*</  ~  ht  j )  du‘  du1 
2igljduldu/ 

Page  10. 


Then  the  strain  energy  U„.,  connected  with  the  transition  of  shell  of 
fom  of  F  in  f,  it  is  calculated  froa  the  forsula 

Uf"  =  J  /  2 r(f-v>;  W +  *!  +  2w,x,)  do  + 

-f  /  1 2(r^V)  (E? + eI +  2ve/e}) da- 

p 


where  E  and  v 
its  thickness. 


-  the  elastic  constants  of  the  material  of  shell, 
and  integration  is  fulfilled  by  surface  area  P. 


6  - 


If  to  shell  is  applied  certain  load  q,  then  during  the 
deformation  of  shell  of  form  of  P  in  F»  this  load  produces  certain 
work.  Let  us  designate  it  through  Aj>  (q). 

One  of  the  methods  of  solwrng  the  basic  task  of  the  theory  of 


I 
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shells  is  based  on  the  following  variation  principle. 

Onder  the  action  of  the  assigned/prescribed  load  q,  aaong  all 
possible  foras  P • ,  that  satisfy  the  conditions  of  attachaent,  the 
shell  takes  such  fora,  on  which  the  functional 

W  —  Ur  —  Ar  (?) 

is  stationary,  that  is  has  equal  to  zero  variations. 

It  is  easy  to  present  sowing  the  difficulties  which  appear 
during  the  solution  of  the  variational  problen  indicated.  If  we 
designate  through  wa,  v2,  w,  tne  components  of  displaceaent  of  the 
points  of  surface  P  during  its  deforaation  in  F*,  then  integrand  for 
strain  energy  u  is  sufficiently  conplicatedly  the  expression,  which 
contains  functions  w,  and  their  derivatives  of  the  first  and  second 
order.  Therefore  the  solution  of  tnis  task  even  in  the  sinplest  cases 
is  virtually  inpracticable. 

If  we  previously  to  assune  that  the  fora  of  the  deforaed  shell 
F*  is  close  to  initial  it)  •  tnen  functional  V  logically  is  siaplified 
and  is  led  to  quadratic.  The  corresponding  systen  of  equations  of 
Euler  for  functions  w,,  which  realize  the  extreaua  of  functional  I, 
will  be  linear.  The  solution  of  basic  task  in  this  siaplast  case 
coaposes  the  object/subject  of  the  linear  theory  of  shells. 
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Let  shell  P  be  located  under  the  action  of  certain  load  q.  If 
load  is  snail,  then  the  elastic  state  of  shell  aaong  the  foras,  close 
to  F,  it  is  deterained  unaahxguously .  Be  will  increase  load  q.  Then 
can  begin  this  torque/nonent,  when  by  the  condition  of  nearness 
indicated  the  elastic  statu  of  snell  is  not  unaabiguously  deterained. 
Specifically,  together  wxth  the  basic  fora  of  the  elastic 
equilibriua  of  the  shell  for  wnicn  the  deforaed  surface  of  shell 
renains  close  to  initial  fora  (F) ,  also,  during  further  increase  in 
the  load  there  are  other  foras  wnich  are  developed  virtually  without 
an  additional  increase  in  the  effective  load,  aoreover  this 
developaent  is  accoapanxed  oy  considerable  changes  in  exterior  fora 
of  shell.  The  saallest  load  with  which  occurs  the  indicated  aabiguity 
of  elastic  states,  is  called  upper  critical  load,  and  transition  to 
the  nonbasic/ainority  foras  of  elastic  states  -  by  a  loss  of 
stability  of  shell. 

The  elastic  states  of  shell,  which  appear  as  a  result  of  loss  of 
stability,  we  conditionally  call  supercritical.  Deteraination  and 
investigation  of  these  stares  xs  substantially  nonlinear  task. 

Solving  it,  usually  are  assigned  by  the  character  of  the 
sagging/deflections  of  shell,  reducing  thus  the  variational  task  for 
functional  tf  to  task  to  extreaua  for  functions  froa  the  paraaeters. 


DOC  =  7822 190  1 


PAGE  jr4 


which  characterize  deforaation.  la  this  case,  the  result 
significantly  depends  on  aou  are  successfully  selected  the  functions, 
which  assign  deforaation.  Tne  proposed  by  us  aethod  of  the  study  of 
the  supercritical  elastic  states  of  shells  is  based  in  its  essential 
part  during  geometric  considerations  and  it  consists  in  general  teras 
of  following. 

First  of  all,  we  proceed  froa  assumption  about  the  fact  that  the 
supercritical  deforaation  of  sneli  is  in  essence  geoaetric  bending. 
This  is  not  difficult  to  base.  Eeally/actually ,  running 
structural/design  materials  -  aetals  -  in  elastic  region  allow/assuae 
saall  relative  defor nations.  Thus,  for  instance,  for  steel  with  the 
aodule/aodolus  of  elasticity  B=2«  10*  of  kg/cn2  and  tensile  strength 
o,  =  4  •  1 03  kg/cn2  relative  detoraations  are  less  than  o,/£  =  2  •  10-3. 

Page  12. 

This  aeans  that  any  elastic  deforaation  of  steel  shell  is  accompanied 
by  relative  change  in  the  metrics  of  its  median  surface  less  than 
2*10" 3.  Therefore,  if  tnis  deforaation  leads  to  considerable  changes 
in  the  fora  of  shell,  then  it  is  alaost  geoaetric  bending. 

Further,  the  noraal  coaditions  of  the  attachaent  of  the  edge  of 
shell  guarantee  geoaetric  the  nondeforaability  of  its  median  surface 


k 


DOC  =  78221901 


PAliB  f  C 


in  the  class  of  regular  surfaces.  Therefore  the  beading,  which 
correspond  to  supercritical  deroraations ,  belong  to  a  broader  class 
of  piece  wise-regular  surfaces.  Tars  Beans  that  the  surface,  which 
reproduces  the  fora  of  shell  during  supercritical  deforaation,  must 
have  fin/edges.  On  the  surface  of  shell,  these  fin/edges  are 
saoot hed. 

The  nearness  of  the  supercritical  deforaation  of  shell  to 
certain  of  its  isoaetric  conversion  with  special 

feature/peculiarities  along  lines  {fin/edges)  creates  the  specific 
specific  character  in  the  energy  distribution  of  deforaation 
according  to  the  surface  of  snail.  Haaely,  it  noticeably  is 
concentrated  in  the  vicinity  of  fin/edges.  The  considerations,  based 
on  variation  principle,  sake  it  possible  to  refine  the  fora  of  the 
deforaed  shell  near  fin/edges  and  to  deternine  strain  energy  in  the 
vicinity  of  fin/edges  depending  on  the  geoaetric  values,  which  relate 
to  fin/edge.  As  a  result  functional  U  (strain  energy)  proves  to  be 
deterained  on  isoaetric  transfornations  of  aedian  surface,  which 
reproduce  the  fora  of  shell  during  supercritical  deforaation.  So  we 
cone  to  the  following  variation  principle  A. 

Considerable  supercritical  deforaation  elastic-and  shells  under 
the  action  of  the  given  load  is  close  to  that  fora  of  the  isoaetric 
conversion  of  initial  surface,  which  coaaunicates  steady-state  value 
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to  the  functional 

W  =  Up-  A,. 

Page  13. 

This  functional  is  determined  during  piecevise-regular  isonetric 
transformations  ?  of  medimn  surface  of  shell.  Its 
tern/component/addend  Up  (strain  energy)  is  determined  by  the 
following  formula: 

•  Up  *  24-f^J  j  j  +  2v  A*,  A*,) do  + 

? 

+  "*''•/  jsr^+TrnbrJ  «<-»+*.+*.>*v 

V  V 

Here  a*,  and  A*2  -  main  changes  normal  of  curvatures  with 

transition  from  the  initial  fora  of  shell  P  to  the  isometric 
transformation  P;  2a  -  angle  netween  the  tangential  planes  of  surface 

^  y\y  « 

P  along  fin/edge  (fin/edgesj  y;  p  -  radius  of  curvature  carved  y,  k, 
and  -  normal  surface  curvatures  F  in  the  direction*  perpendicular 
to  fin/edge  "y,  k  -  nornal  surface  curvature  P  in  the  appropriate 
direction;  6  -  thickness  of  snell,  E  -  aodulus  of  elasticity,  and 
v  -  Poisson  ratio.  Constant  crO. 19.  Integration  in  first  tern  is 
fulfilled  by  surface  area  and  in  remaining  two 

.  ...  ...  ..w>  •  -1.  rT*»  ■"  *•  •**  ••  •  •  •  •  *•  ^  ■  • 

ter a/coaponent/addends  -  according  to  arc  curved  y. 

Tern/component/addend  Ap  represents  the  produced  by  external 


V 

'  ^ 


A 
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load  work  by  the  deformation  of  shell  of  fora  of  F  in  F  aad  is 
calculated  as  usually. 


Elastic  deformations  of  shell  in  the  fora,  close  to  F, 
determined  by  principle  A,  are  accompanied  by  appearance  on  its 
surface  of  considerable  voltage/stresses  froa  curvature  in  the 
vicinity  of  fin/edges.  flaxiaua  voltage/stress  «,  connected  with  this 
curvature,  being  determined  oy  tae  foraula 


■  c'E 


n*'.  ' 


c'  ~0.9. 


Thus,  the  applicatloe/use  of  principle  A  aakes  it  possible  to 
find  the  fora  of  shell  in  has 1c  approach/approxiaation  and  the 
appearing  on  its  surface  maximum  voltage/stresses,  but  this  is  a 
solution  of  basic  task. 


The  application/use  of  principle  A  aakes  it  possible  to  explain, 

,  _  .....  1 

as  changes  the  received  by  sneii  load  during  supercritical 
deforaation  and,  thus,  to  find  the  smallest  received  by  shell  load. 

Page  14. 

It  is  called  lower  critical.  The  determination  of  this  load  is  of 
considerable  interest  on  the  following  reason.  Beal  shells  are 
geometrically  inadequate,  inadequate  also  the  loading  of  shell.  Both 
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these  of  factor  descend,  besides  is  very  not  defined,  the  upper 
critical  value  of  load,  in  connection  with  this  in  order  to 
completely  exclude  the  possibility  of  the  loss  of  stability  of  shell, 
it  is  necessary  to  be  oriented  to  lower  critical  load.  Lower  critical 
load  is  connected  with  the  considerable  deformations  of  shell  and 
therefore  it  is  less  sensitive  to  the  imperfection  of  geometric  form 
and  the  method  of  loading.  The  determination  of  the  elastic 
supercritical  states  of  shell  makes  it  possible  to  give  natural  lower 
limit  for  the  effect  of  the  geometric  imperfections  of  its  form  on 
the  value  of  upper  critical  load. 

It  must  be  noted  that  the  information  of  coamon/general/total 
variation  principle  in  the  case  of  supercritical  deformations  to 
principle  A  assumes  the  solution  of  the  task  of  the  isometric 
transformations  of  initial  surface.  This  task  is  also  sufficiently 
difficult.  However,  in  a  number  of  concrete/specific/actual  cases, 
geometric  and  other  considerations  of  gualitative  character  make  it 
possible  to  considerably  narrow  tne  class  of  the  isometric 
transformations  daring  whica  it  is  necessary  to  examine  functional  8. 
Thus,  for  instance,  studying  a  guestion  concerning  the  supercritical 
deformations  of  the  flat  strictly  convex  hulls,  attached  on  edge,  it 
is  the  possible  to  be  restricted  to  the  simplest  isometric 
transformations  -  mirror  bulge.  Hirror  bulge  consists  of  the  mirror 
reflection  of  the  arbitrary  segment  of  surface  in  the  plane  of  its 
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basis/base. 

The  investigation  of  the  supercritical  detonations  of  real 
ones,  therefore,  liaitedly  elastic  shells  is  iapossible  without  the 
account  to  the  United  elasticity  of  the  eaterial  of  shell,  since 
appearing  during  such  detonations  voltage/stresses,  as  a  rule,  are 
located  beyond  elastic  liait  of  naterial.  The  supercritical 
detonations  of  such  shells  are  characterized  by  soee  specific 
character.  It  proves  to  be  that  the  detonation,  connected  with  the 
displacement  of  fin/edge  over  surface,  stops  at  the  onset  on  this 
fin/edge  of  plastic  deforaations.  in  connection  with  this  principle  A 
for  shells  with  the  liaited  elasticity  is  suppleaented  by  the 
following  condition. 

Page  15. 

Liaitedly  elastic  shell  allow/assunes  only  such  supercritical 
deforaations,  deternined  by  principle  A,  with  which  voltage/stress  • 
on  fin/edges,  conputed  on  the  foraula 


is  not  exceeded  tiae/t«apocacy  strength  of  aaterials  o,  (le  we 
consider  that  the  tensile  strength  is  elastic  liait.).  The 
investigation  of  supercritical  states  for  liaitedly  elastic  shells 
taking  into  account  the  suppleaent  indicated  to  principle  A  leads  to 
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the  qualitatively  new  results  which  sake  it  possible  to  ezplais  the 
data  of  the  corresponding  experiments. 


is  noted  above,  there  is  considerable  interest  in  the 
determination  of  the  load,  by  whicn  the  shell  loses  stability.  The 
proposed  by  us  method  maxes  it  possible  to  match  up  the  solution  and 
this  task.  The  fact  is  that  the  received  by  shell  load  at  the  moment 
of  loss  of  stability  is  stationary,  and  upon  transfer  to 
supercritical  deformations  it  does  not  virtually  change,  while  the 
form  of  shell  changes  very  substantially.  In  connection  with  this  it 
is  the  possible  to  define  upper  critical  load  as  the  load,  received 
by  shell  with  considerable  oulge.  investigation  in  this  plan/layout 
as  a  result  leads  to  which  follows  principle  7. 


If  the  effective  on  shell  load  critical,  then  variation  problem 
for  the  functional 

W  =  U~A 

on  disruptive  infinitely  small  bemdimg  of  median  surface  has 
nontrivial  solution,  that  is  the  sending  field,  which  is  the 
solution,  not  is  equally  identical  to  zero.  Functional  fl  is 
determined  in  the  fields  infinitesimal  beading  with  breaks  along  the 

'  ,  .  V  •  •  .  ..  4---* 

lines  where  are  satisfied  the  conditions  of  the  coupling 


t  —  V  =  x*. 

Here  difference  of  r-r*  is  break  of  the  bending  field,  and  e  -  unit 
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vector  of  the  binoraal  curved  j,  along  which  occurs  the  breakage. 


Page  16. 


Addend  0  of  functional  M  (strain  energy)  is  calculated  fros  the 
fornula 


2 

yii  (i — vj)  p 


ds. 


where  p,  a,  6,  E  and  v  have  previous  value,  x  -  the  value  of 
breakage,  and  integration  is  executed  according  to  arc  of  curve 
(curves)  y*  Addend  A  of  functional  H  is  calculated  by  the  usual 
aethod  as  the  produced  by  external  load  work  by  the  def or nation, 
given  by  the  bending  field. 


Now  about  contents  of  the  book.  It  consists  of  three  chapters 
and  two  suppleaents.  In  Chapter  One,  are  studied  the  supercritical 
deforaations  of  strictly  couvex  hulls,  that  is  shells  with  positive 
Saussian  curvature.  Chapter  begins  with  rewinding  of  soae  geoaetric 
facts,  which  relate  to  the  bending  of  convexs  surface.  Then  follows 
the  substantiation  of  principle  A  and  its  application/use  to  the 

...  4  r,  . .  ..  ‘  .  ^  . 

investigation  of  the  supercritical  elastic  states  of  shell.  In 
particular,  thoroughly  is  exaained  a  guestion  concerning  the 
supercritical  deforaations  or  tne  flat,  rigidly  attached  concerning 
edge  shells  with  the  different  aethods  of  loading.  Basic  results  are 
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compared  vith  the  data  of  too  thoroughly  placed  experiments. 
Especially  are  exaained  the  supercritical  deforeations  Unitedly 
elastic  shells.  At  the  end  of  the  chapter,  is  investigated  questions 
of  the  stability  of  the  axially  syanetric  deformations  of  spherical 
shell  vith  axially  syanetric  loading.  As  a  result  of  this 
investigation,  are  explained  the  specific  conditions  for  the 
applicability  of  the  obtained  in  cnapter  1  results. 

The  second  chapter  is  dedicated  to  the  investigation  of  the  loss 
of  stability  of  strictly  convex  hulls.  It  begins  with  the 
substantiation  of  principle  V  and  with  its  application/use  to  the 
task  of  the  stability  of  flat,  attached  with  respect  to  edge, 
strictly  convex  hull  at  a  unifora  external  pressure  (§1).  In  5  2  is 
contained  the  geoaetric  study  of  the  special  iaf iaitesiaal  bending  of 

strictly  convex  surface,  wnile  in  g  3  results  of  this  investigation, 

; »+  •  •  •  »  ...  .  '  x  •  ._  k .  . 

are  applied  during  the  deteraination  of  critical  loads  for  the  shells 

i:  v  .  ...  _ 

of  revolution  vith  the  different  aethods  of  loading  (external 
pressure,  internal  pressure,  twisting). 

Page  17. 

In  the  third  chapter  are  exaained  the  supercritical  deforeations 
of  cylindrical  shells  in  basic  load  cases  (axial  coapression, 
external  pressure,  twisting)  *  Investigations  are  based  on  the 
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application/use  of  principle  A.  Hare  aca  determined  lower  critical 
loads  for  unliaitedly  elastic  shells  and  for  shells  with  the  liaited 
elasticity,  and  also  is  studied  the  effect  of  the  initial  bending  of 
shell  on  stability.  The  results  ox  theoretical  studies  also  are 
coapared  with  the  data  of  experiments. 

In  suppleaent  1,  are  examined  some  questions  of  the  dynaaics  of 
shells.  The  aethods  of  the  study  of  the  static  tasks  of  the  theory  of 
shells,  developed  in  the  boon,  m  a  nuaber  of  cases  can  be 
successfully  used  to  the  tasxs  or  dynamics.  In  suppleaent  this  is 
illustrated  based  on  specific  exaaples. 

..  -  s 

In  suppleaent  II,  ace  studied  the  isoaetric  transf oraations  of 
cylindrical  surfaces,  which  correspond  to  supercritical  deforaations 
with  ridginq  to  entire  iengtn  or  shell;  are  given  the  geoaetric  and 
analytical  descriptions  of  these  transforaations. 

The  concrete/specific/actual  results,  which  are  contained  in 
this  book,  in  essence  are  published  in  the  separate  issues  of  the 
publishing  house  of  Kharkov  university  [1-7].  In  the  present 
presentation  of  an  inaccuracy  in  the  preceding/previous  publications, 
they  are  reaoved,  and  the  aain  thing  are  fornulated  the 
co aaon/gener a 1/total  principles,  with  the  aid  of  which  are  obtained 
concrete/specific/actual  results  (principles  A  and  B) . 
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The  reading  of  the  proposed  book  does  not  require  large 
knowledge  in  the  theory  of  snells;  however,  is  assuaed  known 
geonetric  culture.  Basic  results  ace  formulated,  as  a  rule,  it  is 
coapletely  available.  They  are  represented  either  by  the  appropriate 
fornulas  or  graphs.  In  this  sense  the  book  is  available  to  the  wide 
circle  of  the  readers. 
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4  ■  I..’.. 

Chapter  One. 

STBICTLT  CONVEX  SHELLS  DOSING  SUPEBCBITICAL  DEFOBBATIONS. 

The  proposed  investigation  of  elastic  shells  during 

■  -t  *  ....  •  •  *-•  - 

supercritical  deforaations  we  will  begin  froa  the  exanination  of 
strictly  convex  hulls,  this  of  shells  whose  aedian  surface  has 
positive  noraal  curvature  according  to  any  direction.  First  of  all* 
we  will  base  the  certain  coaaon/general/total  principle  A,  which  by 
standard  fora  is  applied  during  the  solution  of  different  tasks.  This 
principle  reduces  the  solution  of  the  task  of  the  elastic 
supercritical  states  of  shell  to  the  exaainatdon  of  variational 
problea  for  the  functional*  deterained  during  piecevise-regular 

...  . .  .  L  ...... 

isoaetric  transf oraatioos  of  the  initial  fora  of  shell.  Then  we  will 
pass  to  the  solution  of  specific  probleas  and  coapare  the  obtained 
results  with  the  data  of  me  corresponding  experiaents. 

Beal  shells*  possessing  the  liaited  elasticity*  in  supercritical 
state,  as  a  rule*  experience/ test  elastoplastic  deforaations.  In 
connection  with  this  principle  A  is  sore  precisely  foraulated  in 
connection  with  the  case  of  the  snells,  which  possess  the  United 
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elasticity. 

The  proposed  aethod  of  the  study  of  supercritical  def or  nations 
allow/assuaes  vast,  but  all  the  saae  Halted  field  of  application  to 
real  shells^  Me  have  this  in  fora  and  therefore  let  us  atteapt  to 
outline  this  region  by  the  appropriate  conditions. 

Page  19. 

§  1.  Energy  of  elastic  deforaatxon  of  shell  in  supercritical  stage. 

Elastic  deforaatioas  of  shell  are  accoapanied  by  saall  changes 
in  the  aetrics  of  its  aediaa  surface.  Therefore,  if  this  deforaation 
of  shell  leads  to  considerable  chaages  in  its  exterior  fora,  then  it 
(fora)  is  deterained  in  essence  ay  the  geoaetry  of  its  initial  state 
and  close  to  isoaetric  transf or aation.  In  connection  with  this  we  let 
us  recall  soae  geoaetric  facts,  which  relate  to  the  bendiag  of 
surfaces. 

1.  Supercritical  deforaation  and  geoaetric  bending.  T  -  regular 
(at  least  twice  differentiated)  surface.  This  aeans  that  on  surface 
can  be  introduced  the  curvilinear  coordinate  grid/network  u,  v  so 
that  vector  function  r  (u,  v) ,  the  assigning  surface  in  these 
coordinates,  is  regular  (at  least  twice  differentiated)  function.  The 
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linear  cell/eleaent  of  surface,  wnich  corresponds  to  this 
paraaetrization  a,  t,  is  called  tne  differential  quadratic  fora 


where 


ds3  =  E  du3  4-  2F  du  dv  +  0  dip, 
E  =  ru.  F  —  r  j  0  =  r\. 


The  surfaces,  in  which  with  corresponding  paraaetrizations  u,  v 
linear  cell/eleaents  are  identical*  are  called  isoaetric. 
Geoaetrically  this  aeans  that  there  is  conforaity  of  points  of  these 
surfaces,  by  which  any  two  corresponding  curves  on  these  surfaces 
hare  identical  lengths.  Tne  yeoaetric  property  indicated  can  be 
accepted  as  the  deterainatioa  of  the  concept  of  isoaetry.  In  such  a 
aind  it  keeps  sense,  also,  for  irregular  surfaces. 


If  aaong  the  surfaces  of  this  class  each  surface,  isoaetric  P, 
are  equal  to  P,  then  surface  P  is  called  uniquely  deterained  in  this 
class.  For  exaaple,  any  closed  convex  surface  (even  without 
assuaption  about  regularity)  is  unaabiguously  deterained  in  the  class 
of  convexs  surface  [8]. 


The  indication  of  the  class  of  the  surfaces  in  question  is 
substantial.  One  and  the  sane  surface  can  be  unaabiguously  deterained 
in  one  class  of  surfaces  and  not  be  at  the  sane  tine  unaabiguously 
deterained  in  other,  broader  class.  So,  the  closed  convex  surface  is 
not  unaabiguously  deterained  in  the  class  of  piecevise-convex 


I 


DOC  =  78221901 


surfaces. 


PIGS  ft 


Page  20. 

Really/actually,  P  -  closed  convex  surface.  Let  us  conduct  the 
plane  a,  which  intersect s  surface  of  Fr  and  it  is  reflected  one  of 
its  parts  into  which  it  as  divide/aarked  off  by  plane  ■ ,  it  is  nirror 
in  this  plane  (Pig.  1) .  The  closed  surface  F*,  comprised  of  part  S2 

■to¬ 
ot  initial  surface  and  S»  *  airror  reflection  St  in  plane  a  -  is 

'  - .  .  .  . 

isonetric  surface  F»  Isometric  coafornity  consists  of  conparison  to 

each  point  P  of  surface  f,  of  belonging  S2,  coinciding  with  it  point 

of  surface  F*,  and  to  point  P,  which  belongs  St  -  point  P*,  being 

t 

airror  inage  P  ia  plane  «.  it  is  obvious,  this  representation  P  on  P* 
is  isonetric.  But  surfaces  P  and  P*  are  not  knowingly  equal,  since 
there  is  this  notion  or  no  notions  and  nirror  reflection  for  the 

j  *  "  •’  i  , 

entire  surface  of  P  (but  not  its  separate  parts),  which  would  coabine 
it  with  surface  of  P*.  Let  us  agree  to  call  the  exaained  isonetric 
transforaation  of  surface  of  F  into  P*  airror  bulge. 

If  we  P  -  this  surface  and  P*  -  surface,  isonetric  P,  then  they 
speak  also,  that  Pi  is  obtained  by  the  geoaetric  bending  (or  it  is 
sinple  by  bending)  froa  f.  Soaetiaes  under  bending  is  understood  the 
continuous  defornation  of  surface  F  in  P*  with  the 
preservation/retention/aaintaiaiag  of  isonetry  at  each  aoaent  of 


mm 
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deformation.  He  will  use  word  "beading"  both  in  that  and  in  other 
sense,  nore  precisely  f or au rating  it  when  this  can  lead  to 
aisunderstandings.  Let  us  note  tout  in  the  exaained  exaaple  of  airror 
the  bulge  of  convex  surface  £  surface  F*  can  be  obtained  by 
continuous  bending  froa  F.  For  this  it  is  sufficient  to  take  plane  a, 
first  not  intersecting  surface,  and  then  to  aove  it  for  surface, 
fulfilling  in  each  position  the  construction  indicated  with  the 
airror  reflection  of  the  intercept/detacned  part. 
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Page  21. 

In  connection  with  the  forthcoming  application/appendices  for  us 
special  interest  the;  represent  tne  bending  of  strictly  conrei 
regular  surfaces  with  edge  under  the  condition  of  the  immobility  both 
of  the  points  of  edge  and  tangent  planes  of  surface  at  these  points. 
Por  such  surfaces  we  will,  first  of  all,  establish/install  their 
unique  determination  in  the  class  of  the  twice  differentiated 
surfaces. 

P  -  twice  differentiated  strictly  convex  surface  with  edge  y.  It 
is  not  difficult  to  supplement  it  to  certain  closed  convex  surface  0>, 
for  example,  after  taking  the  convex  hull  of  surface  P. . If  we  surface 
P  with  attached  edge  y  indicated  rt  allow/assumed  nontrivial 
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isometric  transformation  in  class  regular  of  surfaces,  then  the 
closed  surface  <1*.  obviously,  would  allow/assume  isoaetric 
transformation  in  the  class  of  convex  surfaces.  But  this  is 
impossible  in  view  of  the  theorea  about  the  unique  determination  for 
such  surfaces. .Affirmation  is  proved. 

As  noted  above,  surface  F,  being  rigid/inflexible  in  one  class 
of  surfaces,  can  be  bent  in  a  broader  class.  In  particular,  regular, 
attached  along  the  edge  strictly  convex  surface  is  nonbendable  in  the 
class  of  regular  surfaces,  but  bendable  in  the  class  of 
piecewise>regular  surfaces.  Of  this,  us  convinces  an  example  of 
mirror  bulge.  Here  isometric  transformation  is  connected  with  the 
disturbance/breakdovn  of  regularity  (by  formation  of  fin/edge)  along 
certain  curved,  that  limits  convex  region  on  surface.  In  connection 
with  this  let  us  examine  the  following  question.  The  how  most 
common/general/total  isoaetric  transformation  of  regular,  attached  on 
edge,  over  strictly  convex  surface  in  the  class  of  piecevise>regular 
surfaces,  if  the  disturbance/breakdovn  of  regularity  you  do  solve 
along  assigned/prescribed  curve  jr,  which  limits  the  convex  region  G 
on  surface  of  P? 

G*  -  part  of  surface  P,  arranged/located  out  of  region  G  and 
adjoining  the  edge.  First  of  all,  we  confirm  that  during  any 
isometric  transformation  of  surface  of  F  with  the 
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disturbance/breakdown  of  the  regularity  only  of  lengthwise  curve  y 
surface  G*  they  will  not  change,  that  is  its  points  resain  fired. 

This  escape/ensues  fro*  the  uniqueness  of  the  solution  of  the  Cauchy 
probles  for  the  dif f er antral  equation  to  eraaiaation  of  which  is 
reduced  the  task  of  the  construction  of  surface,  isoaetric  to  given. 

Page  22. 

This  is  the  equation  of  Honge-Aapere  of  elliptical  type.  The 
attachaent  of  edge  of  surface  gives  initial  conditions  for  the  Cauchy 
problea  indicated.  The  inalterability  of  region  G*  will  entail  the 
inalterability  of  its  edge  y.  Thus,  during  the  isoaetric 
transforaation  of  surface  of  P  is  deforaed  only  part  G,  aoreover  y  - 
an  edge  of  region  G  -  reaains  fixed.  Let  during  the  isoaetric 
transforaation  P  into  T  its  part  G  transfer/convert  in 

If  surface  G  is  directed  by  convexity  to  the  saae  aide,  as  G, 
then  ¥  will  be  conver  surface,  it  is  not  difficult  to  conclude  that 
in  this  case  it  aust  coincide  with  P.  Por  this,  it  suffices  to  use 
the  reasoning,  with  the  aid  of  which  is  establish/installed  unique 
deter aination  P  in  the  class  of  regular  surfaces.  Thus,  if  surface  P 
allow/assuaes  nontrivial  isoaetric  transforaation,  then  it  is 
necessary  to  count  that  G  is  directed  by  convexity  in  the  other 
direction.  In  this  case,  surfaces  G  and  G,  having  overall  edge  y. 
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coipoM  the  closed  convex  sucface  (Fig.  2)  .  Let  us  designate  it  <T> 
Surface  0>  alloe/assunes  as one trie  napping  onto  itself.  This 
representation  consists  of  coapartson  to  each  point  P  of  region  G  of 
the  corresponding  according  to  rsosetry  point  of  region  G  and  each 
point  P  of  region  G  of  the  corresponding  on  isoaetry  point  of  region 
G. 


In  view  of  the  unigue  deteraiaation  of  the  closed  convexs 
surface,  the  constructed  isonetrxc  representation  of  surface  $  onto 
itself  nust  be  reduced  to  notion  or  to  notion  and  nirror  reflection. 
Since  points  carved  y  during  isoaetric  representation  reaain  fixed, 
the  natter  is  reduced  to  the  nirror  reflection  of  surface  4* 
relative  to  a  certain  plane.  Curve  y*  being  fixed,  oust  lie/rest  at 
this  plane.  Thus,  we  cone  to  following  conclusion. 
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Pig.  2. 

Page  23. 

Isoaetric  tcansf oraatioa  of  strictly  convex  regular  surface, 
attached  on  edge,  in  the  class  of  piecewise-regular  surfaces  uith 
disturbance  of  regularity  only  by  lengthwise  curve  y,  which  Units 
the  convex  region  G,  is  possible  only  if  curved  y  flat/plane,  and  in 
this  case  it  is  reduced  to  the  airror  reflection  of  region  C  in  plane 
by  curve  r. . 

Let  us  turn  now  to  the  supercritical  deforaations  of  elastic 
shells.  Pirst  of  all,  let  us  explain  the  concept  of  supercritical 
deforaatioa.  By  supercritical  deforaatioa  we  will  understand 
deforaation,  with  which  the  shell  experience/tests  considerable 
changes  in  exterior  fora.  Suca  deforaations  appear  usually  as  a 
result  of  the  loss  of  stability  ot  the  shell  when  the  effective  load 
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reaches  critical  value.  hence  and  aaae  -  supercritical  def or nations. 

'*  ■*  •  •  -l*.  f 

The  naterials  fron  which  are  aanufactured  the  sheila,  as  a  rale, 
do  not  allow/assaae  considerable  internal  strains.  For  exaaple,  for 
steel  aith  tensile  strength  ****10®  kq/cm*  and  aodule/aodulus  of 
elasticity  B=2«10*  of  tg/ca*  relative  elongation  (coapression)  e  in 
the  region  of  elastic  deforaations  does  not  exceed  value 

~  =  0,002. 

Approxiaately  the  sane  relationshipA**io  occurs  for  other  moat 
widely  used  structural/design  naterials.  Hence  we  draw  the  following 
iaportant  conclusion. 

yfuring  the  supercritical  deforaation  of  elastic  shell  its  aedian 
surface  experience /tests  iu  essence  isonetric  transforaation. 

one  should,  however,  note  that  this  conclusion  has  real  value 
only  if  the  discussion  deals  with  considerable  ones  change  in  the 
fora  of  shell  during  deforaation.  hut  if  the  deforaed  shell  has  fora, 
close  to  initial,  then  our  conclusion/derivation  is  trivial  and  is 
the  consequence  of  this  nearness. 

Let  strictly  convex  shell  wxth  regular  surface,  attached  on 
edge,  under  the  action  of  certain  load  be  deforaed  with  bulge  on  the 
convex  region  C.  let  us  explain  the  fora  of  the  deforaed  shell. 
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assuming  bulge  considerable. 

1 

Page  24. 

Since  the  supercritical  defornation  of  shell  exists  in  essence 
geonetric  bending,  and  any  nenuing  of  the  attached  on  edge  convex 
surface  with  the  bulge  or  convex  region  is  reduced  to  sirror  bulge, 
then  we  consist: 

r 

4fhe  considerable  supercritical  defornation  of  the  attached  in 
edge  strictly  convex  hull  is  unavoidably  close  to  the  appropriate 
fora  of  nirror  bulge. 

In  view  of  the  approach/approxiaation  of  supercritical  elastic 
defornation  indicated  by  nirror  bulge,  the  reguireaent  so  that  the 
change  in  the  fora  of  shell  would  oe  considerable,  is  actually 
reduced  to  that  so  that  the  region  of  bulge  would  encoapass  the 
significant  part  of  the  saeli.  however,  as  we  will  see  aore  lately, 
for  real  shells  due  to  the  liaiteu  elasticity  of  aaterial,  the  region 
of  bulge  proves  to  be  in  a  specific  Banner  Halted.  As  a  result  our 
conclusion  about  the  approach/approxiaation  of  elastic  bulge  to 
nirror  has  real  value  only  for  tne  shells  of  saall  sise/diaensions 
or,  with  these  six e/di sessions,  for  sufficiently  slightly  curved 
shells.  In  connection  with  this  our  exaainations  in  present  chapter 
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will  be  related  to  flat  strictly  convex  hulls. 

2.  Energy  of  elastic  deformation  of  shell.  Pornulation  of 
principle  A.  The  elastic  shell  P  with  the  regular  surface  under  the 
action  of  certain  load,  whicn  aore  precisely  foreulate  we  will  not, 
is  experience/tested  supercritical  def or nation,  taking  fore  of  P.  If 
eedian  surface  of  the  shell  is  geometrically  nonbendable  in  the  class 
of  regular  surfaces,  then  the  deformed  shell  F  is  close  to 
corresponding  to  form  P  of  isometric  transformation  P  with  the 
disturbance/breakdown  of  regularity  along  some  lines  y  and  the 
formation  of  the  fin/edges  along  these  lines.  The  presence  of  special 
feature/peculiarities  is  the  form  of  fin/edges  during  the  isometric 

^  »V  — 

transformation  P  of  surface  of  F  and  the  nearness  of  surface  F  to  P 
give  grounds  to  speak  about  im/edyes  (smoothed  fin/edges)  on  the 
deformed  surface  of  shell  P,  it  goes  without  saying,  their  fora  and 
position  are  determined  only  in  the  known  appcoach/approxiaation, 
which  depends  on  the  nearness  of  tne  deformed  shell  P  to  surface  of 
P.  So  that  to  conditional  fin/edges  y  on  the  surface  of  the  deformed 
shell  to  ascribe  the  specific  torn  and  position,'  we  will  act  as 
follows. 

Page  25.,. 

To  fin/edge  y  on  surface  of  p  on  isometry  it  corresponds  certain 
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carved  7  on  the  initial  surface  of  P.  Daring  the  defornetion  of  this 
carve  in  question  on  the  defocned  shell*  corresponds  carve  7.  This 
carve  logical  to  accept  for  conditional  fin/edge. 

Oar  nost  innediate  task  consists  of  the  deteraination  of  energy 

F 

of  elastic  defornation  upon  transfer  froa  one  P  to  ae«t.  This  energy 
0  is  represented  by  advisable  to  break  into  two  parts  -  O'  and  0".  By 
0*  we  vill  understand  energy  of  defornation  over  the  basic  surface  of 
shell  oat  of  the  vicinity  of  fin/edges  7,  while  by  0"  -  energy  of 
defornation  within  the  vicinities  indicated. 

Belative  to  energy  0*  we  will  assume  that  it  consists  in  essence 
of  energy  of  bending*  and  taereiore  per  the  unit  surface  area  it  is 
deterained  froa  known  to  the  iorauia 

U'  =  F  \k)  +  2v  Aft,  \ft2). 

where  D  -  flexural  rigidity  of  shell*  and  Akt  and  &kx  -  aain  changes 
in  the  noraal  curvatures  of  shell  daring  its  defornation  into  fora  of 
P.  In  view  of  the  fact  that  tne  disturbance  of  the  regularity  of 
surface  P  occurs  only  on  fm/edges  7,  it  is  possible  to  count  that 
surfaces  P  and  P  oat  of  tae  vicinity  of  fin/edges  not  it  is  oaly 
point  close*  but  have  also  close  noraal  curvatures  according  to  the 
corresponding  directions.  Hence  it  follows  that  in  foraula  for  0* 
value  Akt  and  &ka  it  is  possible  to  consider  changes  in  the  noraal 
curvatures  upon  transfer  froa  surface  of  P  to  the  isoaetric 
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transformation  P. 

In  order  to  obtain  energy  U*,  it  is  necessary  to  integrate 
expression  0*  with  respect  to  surrace  area  F,  eliminating  the 

-•  .  »  *  ■  .  cl.:.  ,<M«  . 

vicinities  of  fin/edges.  In  this  case,  if  vicinities  are  sea 11,  as 
this  we  will  assume,  then  integration  can  be  extended  to  entire 

rU  “  1  ~~  -  J*  *  “ 

surface  of  P. 

I 

Therefore 

v  =  -y  J  J  (Aft]  -f  Aft]  +  2v  A  A ,  Aft,)  da. 

7> 

Page  26. 

Let  as  turn  now  to  strain  energy  0"  in  the  vicinity  of 
fin/edges.  P  -  arbitrary  point  ot  iin/edge  7  on  surface  of  P.  Being 
United  to  examination  near  this  point,  let  us  introduce  cylindrical 
coordinate  system  ♦,  r,  x,  after  accepting  as  the  axle/axis  of  system 
the  straight  lime,  passing  through  the  center  of  the  touching  circle 
curved  y  at  point  P  of  perpendicular  to  the  plane  this  circle.  Let  us 
isolate  two  radial  planes,  ny  the  close  p,  the  cell/elenent  of  shell 
of  vicinity  by  curve  y  is  computed  in  it  strain  energy  (Pig.  3).  From 
demonstrative  considerations  about  the  deformation  of  shell  in  the 
vicinity  of  fin/edge,  we  consist  that  the  strain  energy  of  the  chosen 
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cell/elenent  it  is  consisted  in  essence  froa  energy  of  curvature  in 
the  plane,  perpendicular  to  fin/edge  and  energy  of 
expansion-coapressioa  in  the  direction  of  fin/edge. 

A/ 

Let  the  section/cut  of  surface  of  P  by  the  plane,  perpendicular 
to  fin/edge  at  point  P,  in  coordinates  r,  z  be  assigned  by  the 
equation 

r  =  z(r). 

Let  us  designate  through  u  and  V  shifts  of  the  points  of  surface  P 
during  its  deforaation  in  P:  u  -  on  the  principal  noraal,  and  T  -  on 
binoraal  curved  y  at  point  P.  Then,  if  the  tangential  planes  of 
surface  P  by  lengthwise  curve  y  fora  saall  angle,  then  change  in  the 
noraal  curvature  upon  transfer  froa  surface  of  P  and  P  in  the 
direction,  perpendicular  to  fin/edge,  it  will  be  it  is  equal 

where  the  differentiation  is  conducted  according  to  to  the  variable 
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Page  27. 

If  now  a  change  of  the  noraal  curvature  in  the  sane  direction  upon 
transfer  froa  the  initial  fora  of  M  to  P  is  designated  ah#  then  the 
total  change  in  the  noraal  curvature  during  deforaation  P  in  P  will 
be  equal 

A2ft  =  r"  \k. 

Energy  of  curvature  0"  t  the  chosen  cell/eleaent  is  deteraiaed  froa 
the  fornula 

jV  +  A*J»do. 

where  the  integration  is  fulfilled  by  the  area  of  cell/eleaent. 

Belative  tensile  strain  -  the  coapression  of  aedian  surface  of 
shell  in  the  direction#  perpendicular  to  the  section/cut  in  question# 
obviously#  it  will  be  equal  to 
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where  p  -  a  radius  of  curvature  of  fia/edge  r  at  poiat  P.  Hence  for 
strain  energy  0"  t,  connected  with  elongation  (coa pressioa)  aedian 
surface  of  the  chosen  cell/eleaentc  is  obtained  the  expression 


where  D*  -  rigidity  of  shell  to  elongation  (coapression) . 


Let  us  designate  through  2t  the  width  of  the  vicinity  of 
fin/edge  y  in  question.  Taeu  total  energy  of  the  deforaation  of  the 
chosen  cell/eleaent  of  shell  can  be  represented  in  the  fora 


2-  J  (,r+AAJ*d#+;§l  J  d t  U. 


where  aX  -  width  of  cell/eleaent  in  direction  y.  0"  -  strain  energy 
in  the  vicinity  of  fin/edge  per  the  unit  of  its  length.  Then 


Page  28. 

Here  Ak  -  change  of  the  noraal  curvature  in  the  direction, 
perpendicular  to  fin/edgea  upon  transfer  froa  the  initial  fora  of  P 
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to  F,  and  integration  is  fulfilled  in  width  2e  of  the  vicinity  of 
fin/edge  y. 

Since  we  disregard  the  deforaation  of  nedian  surface  in  the 

.......  -  -  -  -  ir 

direction,  perpendicular  to  fin/edge,  the  variables  u,  the  T,  which 

are  deternining  deforaation  shells,  aust  satisfy  certain  condition. 
This  condition  we  will  obtain,  equalizing  the  linear  cell/eleaents 

r->  /%/  - —  - - T 

dsz  and  ds*  surfaces  F  and  F  in  the  section/cut,  perpendicular  to 
fin/edge.  He  have 

•  ■  ...  *  i  ....  -i.  •• 

ds7  =  dr 2  -f-  dz1, 

ds2  =  (dr  -(-  duf  (dz  -f-  dvf. 

Bence 

dr  da  dz  dv  -+-  \  (<*“2  +  du*)  =  0. 

■*‘  "**  *  » 

Let  us  designate  through  2a  the  angle  between  the  tangential 
planes  of  surface  F  along  fin/edge  y.  Since  the  geodetic  curvatures 
of  fin/edge  y  ia  surface  of  F  differ  only  in  teras  of  siga  with 
approach  to  y  froa  two  sides,  then  the  osculating  plane  of  fia/edge 
foras  to  by  the  tangential  planes  of  the  surface  of  identical  ones 
the  angles,  equal  to  a.  Under  the  assuaption  of  the  saallness  of 
angle  a  the  relationship/ratio  between  displaceaents  u,  ♦  can  be 
siaplified.  Specifically,,  noting  that 


we  can  write  this  relatlonship/rntio  ia  the  following  fora: 


a'  ±  ttv1  -f  0. 
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Here  sign  aust  be  taken  in  one  half-neighborhood,  and  into 
another  -  sign  . 

A/ 

Let  us  speak,  that  surfaces  F  and  F  at  the  appropriate  by 

*  .  •  •  ..  /!/  •  -  —  - 

isonetry  points  P  and  P  are  equally  oriented,  if  the  circuit/bypasses 
of  these  points,  which  correspond  on  isonetry,  forn  with  the 
direction  of  external  standard  simultaneously  right  (or  left) 
screw/propeller . 


Page  29* 

But  if  for  one  surface  there  will  be  right  screw/propeller,  and  for 

another  left,  then  we  will  speaa,  that  at  such  points  of  surface  they 

are  oriented  oppositely*  Since  upon  transfer  through  the  fin/edge  of 

/>-/  -  —  - -  —  -  —  < 

surface  F  the  direction  of  conwexity  changes,  then  in  one 

ha If- neighborhood  of  the  fin/euge  of  surface  P  and  F  they  are 

oriented  equally,  but  into  another  -  it  is  opposite.  Let  us  agree  to 

call  external  that  half?- neighborhood  in  which  surfaces  are  oriented 

identically,  and  internal  -  that  in  which  they  are  oriented 

oppositely. 

Let  us  select  now  the  direction  of  Z-axis  of  cylindrical 
coordinate  systea  so  that  the  relationship/ratio  between 
displaceaents  u,  V  in  external  half-neighborhood  would  be 

u'  +  av'  +  =  0 
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In  this  case,  naturally,  in  internal  half-neighborhood  it  nill  be 


How  k  -  noraal  curvature  of  initial  surface  in  the  direction, 

perpendicular  to  fin/edge  (k>0)  ,  *,  -  noraal  surface  curvature  P  in 

the  appropriate  direction  froa  the  side  of  the  external 

ha  If- neighborhood  of  fia/edye  y  <*,  >  0j  aad  */  -  noraal  surface 

• -  . — >  ••••  -*-•-  -  ^ 

curvature  P  also  in  the  direction,  perpendicular  y,  but  froa  the  side 

of  internal  half-neighborhood  <*,  <  0)  Then  value  Ak,  which  enters  into 
for eu la  for  0",  in  external  half-neighborhood  is  egual  to  k  —  and 
k  —  k,  -  ia  internal. 


Expression  for  strain  energy  0"  is  expedient  to  convert  as 
follows: 

•’  ••  •  •  •  .  -  m*  -  .  ... 

i  •  • 

Sd$+%  $  $d'+D  [Mdi  +  lX (A*)*. 

-  -«  -•  -• 

Last/latter  tera/coaponent/addend  in  this  expression  we  will 
reject/throw  iaaediately,  assuaing  snail  width  2c  of  the  vicinity  of 
fin/edge,  in  which  are  conducted  our  exaainatioas.  Let  us  turn  to 
third  tera/coaponent/addend. 
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Since  fanction  V  suffers  breakage  on  fin/edge  (that  is  with  s=0)  , 
then 

J  Skv'  ds - AA,v'  (+0)  +  a*,*'  (-0)  + 

-I-  taktv'  (ej  —  AA,t/  (—  e). 

Last/latter  two  add/cowposed  the;  can  be  lowered,  since  T* (s) 
unliaitedly  decreases  during  dr  sta  ace/re  no  val  frow  fin/edge.  As  far 
as  terns  are  concerned  first  two,  when  little  •  then  it  is  possible 
to  consider  equal  -  aM,  and  aAA,.  Taking  all  this  into  consideration, 
we  can  write  expression  for  strain  energy  in  the  following  forn: 

•  « 

U"=~  J  I  — Da(AA,  +  AA,). 

-i  -« 

If  we  here  introduce  values  AA,  and  AA(,  then  we  will  obtain 

XT"  m =-y  j”  t 2A-j-A,  +  *<)• 

-i  -• 

The  found  by  us  expression  for  strain  energy  0"  in  the  vicinity 
of  fin/edge  depends  on  two  functions  u  and  V,  connected  by  the 
re lat ions  hip/rat io 

.  •  ..'I 

u'  ±  av'  H — j-  =  0. 

Me  will  deteraine  these  functions,  and  with  then  and  strain 
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energy,  minimizing  functional  0"  {u,  T)  )- 

FOOTBOTB  ».  This  escape/ensaes  froa  the  connon/general/total 
variation  principle  to  which  is  reduced  the  solution  of  the  tnsk  of 
the  elastic  eqnilibriun  or  shell.  The  corresponding  task  by  as  is 
disnenbered  to  two  parts:  the  determination  of  the  fore  of  shell  near 
fin/edges  and  the  subsequent  detecaination  of  the  position  of 
fin/edges  themselves .  BUDfOOTMOXiU 

Let  us  introduce  instead  of  the  variables  u,  T,  s  new  the 
variables  d,  *  and  s,  set/assuaing 


Page  31. 
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The  feature  above  the  designations  of  nee  variables  for  simplicity  of 


recording  is  lowered. 


The  relationship/ratio  between  displacements  in  new  variables 


tabes  the  form 


u'  ±t>  +  ivJ=0 


The  limits  of  integration  ±?  in  expression  for  J  depend  on 
parmneter  e.  when  e-»0.  ?  >oc  In  connection  with  this,  being  limited 
to  the  case  of  sQch  shells  and  their  deformations,  for  which  this 
parameter  is  low,  let  os  replace  integration  limits  in  J  on 


ao 

J  —  J  j  (v'*+ii2)rff. 


How  task  regarding  a,  f,  and  energies  of  deformation  0"  is 
reduced  to  task  to  the  minimum  tor  functional  J  in  the  nonholonomic 


constraint 


Vs  n 

u'  ±  «-+■  -g-*0- 
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Page  32. 

So  that  oar  variational  problem  would  becoie  completely  determined, 
we  must  still  place  boundary  conditions  for  the  varied  functions  u 
and  v.  These  conditions  logically  escape/ensue  from  the  fact  that 
surface  F  far  from  fin/edge  is  sufficiently  close  to  P.  Therefore  we 
set/assume 

u(—  oo)  =  u(oo)  =  0,  v  ( —  oo)  =  v  (oo)  =  0. 

J0  -  minimum  of  functional  J.  Then  strain  energy  Uf*  is 
determined  from  the  formula 

0"  =  .  Ef‘-ha-J°  -+  Da  (—  Ik  4-  ft,  -f-  k,). 

12'Ul -v»)p/*  '  u 

Strain  energy  in  all  vicuu.ties  of  fin/edge  y  is  obtained  by  the 
integration  of  this  expression  for  arc  curved  f.  Let  us  note  that  the 
obtained  expression  of  strain  energy  depends  only  on  the  geometric 
characteristics  of  surface  ?  on  tin/edge  y. 

The  definition  of  the  states  of  the  elastic  eguilibrium  of 
shell,  which  is  located  under  the  action  of  the  given  load,  as  is 
known,  it  is  reduced  to  tne  solution  of  task  to  the  extremum  of  the 
functional 


W  =sU  —  A, 
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where  U  energy  of  elastic  deformation  of  shell,  A  -  the  produced  by 
external  load  work  by  this  strain.  Shell  under  the  action  of  the 
given  load  takes  such  fora  of  F  which  coaaunicates  to  functional  W 
steady-state  value. 

For  energy  of  elastic  supercritical  strain,  we  found  the 
expression 

U=U'{F)+U"(F). 

depending  only  on  surface  of  F,  isoaetric  F  and  close  to  F.  In  view 
of  the  nearness  of  surface  F  to  F,  it  is  possible  to  count  that  the 
produced  by  external  load  work  A  is  deterained  by  strain  F  in  F, 
i.e.,  that 

A  (F)  ~  A  (F). 

Now  we  can  foraulate  the  following  principle  A. 


Page  33. 


The  considerable  supercritical  deforaation  of  elastic  shell 
under  the  action  of  the  given  load  is  close  to  that  fora  of  the 
isoaetric  conversion  of  initial  surface,  which  coaaunicates 
steady-state  value  to  the  functional 

—  U(F)  —  A  (F). 

This  functional  is  deterained  during  the  isoaetric  transformations  of 
aedian  surface  of  shell.  Addend  U  (t)  is  deterained  by  the  following 
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formula : 


v  (O  -  24(f^)  J  J  (A*i + A*;  + 2v  A*i A**) d0  + 

r 

+ /£**.+ J  « (-  2*  +  *.  4  *,)  <*, 


Here  AEa  and  Ak2  -  aain  changes  an  the  noraal  curvatures  upon 
transfer  froa  the  initial  fora  of  shell  P  and  to  the  isoaetric 

/v 

transf oraation  P;  2a  -  angle  between  the  tangential  planes  of  surface 
P  along  fin/edge  (fin/edges)  y;  p  -  radius  of  curvature  curved  f; 

ke  and  fe,  -  normal  surface  curvatures  P  in  the  direction, 
perpendicular  to  fin/edge  y,  k  -  noraal  surface  curvature  F  in  the 
appropriate  direction;  6  -  tniciness  of  shell,  E  -  modulus  of 

elasticity,  v  -  Poisson  ratio,  constant 

c  _ _ A _ 

Integration  in  first  tera  is  fulfilled  by  surface  area  P,  and  in 
reaaining  two  tera/component/addends  -  according  to  the  friend  of 
fin/edges  y. 


Addend  A ( P)  is  the  produced  by  external  load  wort  by  the 
deforaation  of  shell  into  fora  of  F  and  is  calculated  by  the  usual 
aethod. 


The  proposed  principle  deteraines  not  only  the  fora  of  shell 
during  supercritical  deformation,  but  also  the  aaxiaua 
voltage/stresses  in  its  material  during  this  deforaation. 
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Really/actually,  aariaua  voltage/stresses  appear,  obviously,  in  the 
vicinity  of  fin/edge  they  are  caused  either  by  curvature  in  the 
plane,  perpendicular  to  fra/edge  or  by  the  elongation  (cob pression) 
of  aedian  surface  in  perpendicular  direction.  In  initial  the 
variables  u,  V  for  a  aaxraua  voltage/ stress  *•  froa  curvature  in  the 
plane,  perpendicular  to  frn/edge,  we  have 

o'  max\v"\. 


The  aaxiaua  tensile  stress  (coapression)  of  aedian  surface  in  the 
direction  of  fin/edge  will  be 

&'~E  max|-jj-|. 


Transfer/converting  in  these  forauias  to  to  the  diaensionless 
variables  u,  7,  we  will  obtain 


o'  =  c'E 


6V'- 

pV. 


pV. 

where  c»  and  c**  -  constants,  deterained  with  the  aid  of  functions  u, 
7,  which  realize  the  ainiaua  of  functional  J,  on  the  forauias 

.  io'/« 

c  =-j-max|ir'|. 
max  |u| 


12 


The  values  of  these  constants,  and  also  the  constant  c  in  functional 
R  we  will  find  in  the  following  point/itea. 
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3.  Solution  of  variational  probleu  for  functional  J. 

Deter alnation  of  the  constants  c.  c>  and  c".  sra.inin,  a  question 
concerning  energy  of  the  elastic  supercritical  defoliation  of  shell, 
ve  arrived  at  task  to  the  einiaua  of  the  functional 

oo 

J  (v'*  •\-“‘2)ds 

— OO 

in  the  nonholonoaic  constraint 

«'±  ®+-£-  =  0 

and  under  following  boundary  conditions  for  the  varied  functions: 

u  (—  oo)  =  1/(00)  =  0,  »(—  OO)=D(3o)  =  0. 

Page  35. 

By  the  sense  of  taste  its  solution  nust  be  searched  for  a.ong 
functions  V.  which  have  gap  with  s=0  with  the  condition 

v  (+0)—  V(—  0)  =  —  2. 

This  condition  escape/ensues  fro.  the  corresponding  condition  for 
initial  the  variable  V,  where  it  takes  the  forn 

v'  (~h  0)  —  v'  ( —  0)  =  —  2a. 

It  is  natural  to  search  for  the  solution  of  our  variational 
problea  in  the  class  of  the  odd  functions  u  and  V.  Then 

00 

J=  j  (v'*  -)-  «s) rfj. 
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Coamunication/connection  takas  the  Coca 

u'  +  v  +  £  =  0. 

Boundary  conditions  will  oa 

u  (0)  =  0.  u  (oo)  =  0,  v  (0)  =  —  1 ,  v  (oo)  =  0 

Since  T  (s)  — ?  0  with  s-*-0  then  with  large  s 

coaaunication/connection  between  u  and  V  can  be  simplified,  after 
reject/throwing  unessential  tera/conponent/addend  v*/2.  Then  we 
obtain 

If  we  exclude  function  V,  after  expressing  it  through  u  taking  into 
account  conaunication/connactron 

o, 

then  functional  J  will  taka  the  fora 


With  large  s 


Page  36. 


oo 

J—j  /(“•  tt*)ds. 


Therefore  the  equation  of  Euler  for  our  variational  problem  with 
large  s  takes  the  fora 
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Its  general  solution 

«  =  2<v'v. 

k 

where  -  roots  of  the  characteristic  equation 

<d4-|-  1  =0. 

In  view  of  condition  u(*)=0*  in  expression  for  u  must  be  only 
tera/conponent/addends ,  which  correspond  to  roots  with  negative 

real  part,  i.e.,  to  the  roots 

©,=  —^-(1+0.  ®2=— 

Thus,  with  large  s 

u  =  -|-  c2e"’’s, 

v  —  —  u'  =  —  —  cj^e""'. 

Taking  into  account  the  obtained  asyaptotic  representation  (with 
large  s)  for  functions  u,  V,  let  us  search  for  V  on  an  entire 
seai~axis  in  the  fora 

«  =  ai*  +  ajy4-anjf2--|-  2al2*y -{- a^y2  +  .... 

where  for  brevity  it  is  narked 

x  =  ea's,  y  =  e<M. 

Let  us  coapose  the  equation  of  Euler  for  function  V.  According 
to  eylera  -  Lagrange's  nethod,  the  solution  of  task  to  the  minimum 
for  functional  J  in  the  assigned/prescribed  nonholononic  constraint 
is  equivalent  to  the  solution  of  task  to  unconditional  extreaum  for 

oo 

/=  |  +  X  (*)(«' 4-® +  -y))d». 

0 


the  functional 
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The  equations  of  Euler  tor  this  t u actional  Mill  be 


Page  37. 


I(l  +  t0  —  2v"  =  0,  2u  —  0. 


To  these  two  equations  it  is  necessary  to  connect  the  equation  of 
relation 


Integrating  last/latter  equation  in  Units  (0, 
that  u(«)  =0,  we  will  obtain 


■“J  HtK 


and  noting 


Froa  the  equation 


1(1  -f  v)-2i/’=0 


it  follows  that  X(-)=0,  since  and,  therefore,  it  is  possible 

to  count  v,#(»)=0.  Substituting  the  obtained  integral  representation 
for  u  in  the  equation 

2u  -  l'  =  0. 


and  integrating  it  in  liaits  (s,  •) ,  we  will  obtain 


1=  -2  J  J  (*  +  •£)<«  ds. 

S  t 

But  now  with  the  aid  of  the  equation 

1(1  +®)  —  2v"  =  0 


■ppwp*** 
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we  obtain  the  unknown  integrouif f erential  equation  for  V 

oo  oo 

*•  +  (!+,)  //(•+£)  dt  d$  =  0. 

<  i 

Substituting  in  this  equation  expression  for  V  in  the  form  a 
row/series  according  to  degrees  X,  y,  let  us  have 


+x*(4a,I«54-^(°n-l-Y)  +  ^)+  •••  =°- 


Page  38. 


Equalizing  to  zero  coefficients  of  X,  y,  r*f  ...»  we  will  obtain 
infinite  systen  of  equations  for  aa,  a2,  allv  a,  2.  ....  The  first  two 
equations  of  this  systea  are  satisfied  identically,  since  wa  and  w2 


are  the  roots  of  the  equation 


(»<  -(-1=0. 


Regaining  equations  allow  to  detereine  a1|f  <*a2,  ...  depending  on  at 
and  at2. 


After  expressing  thus  the  coefficients  of  expansion  through  at 
and  a 2#  we  will  use  for  determining  the  latter  the  boundary 
conditions:  u(0)-0r  V(0)*-1.  Me  hawe 


,  O,  a2  X1  I  a?\ 

"  +  -57*  +  -57y+2^la>>(a-  °«>+t)  +  =°- 
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Hence,  set/assuaing  s=0,  we  will  ootain 

«i  ,  a-2  .  1  ( 

^  +  2S7'a»(ai-  a-^+T'+  •••  =  0 

The  second  <r  juation  for  a*,  a2  is  obtained  froa  boundary  condition 
V<0)*-1: 

a,  -f  a2  4-  a„  (a,,  a,)-!-  ...  =  — 1. 

The  obtained  systea  of  equations  for  at ,  a2  is  conveniently 
presented  in  the  fora 

+  a2)  =  0, 

ai  +  «2  +  <?(«!.  a2)  =  —  1. 

For  solving  this  systea,  it  is  possible  to  use  the  aethod  of 
successive  approxinations.  The  first  approximation  is  obtained  by  the 
solution  of  the  systea 

_M)  up  I 

«'"+«<')  =  - 1. 

CO,  '  «>2 

For  obtaining  the  second  approach/approxiaation,  let  us  substitute 
obtained  values  of  a,i*)  and  in  f  and  Q  we  solve  the  systea 

«l2>  «(2) 

^r+^+pK’-O2,)=0- 

a'2'  +  a'2'  +  Q(a'1».  «<")  =  - 1. 

Analogously  are  located  the  subsequent  approach/approxinations. 

Page  39, 

By  the  described  aethod,  being  Halted  to  the  second 
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approach/approxiaation,  is  obtained  the  value 

./0~1.2.  ...  . 

max|v  |~  1,  max  |  u  j  ~0.5. 

For  the  appropriate  functions  u,  V,  it  will  be  *  Me  focus  attention 
on  these  values  because  with  their  aid  are  determined  the  constants 
c*  and  c"  in  fornulas  for  maximum  voltage/stresses  (p.  2). 

In  connection  with  the  study  of  the  problea  concerning 
elasto-plastic  supercritical  deformations*  we  will  now  propose 
another  method  of  solving  tne  variational  problea  for  functional  J. 
This  solution,  approximated  actually,  will  be  based  on  the 
demonstrative  representations  of  the  character  of  the  deformation  of 
the  shell  near  fin/edge,  with  study  of  which  is  connected  our 
variational  problem. 

In  Fig.  3  to  the  right  (page  26)  they  are  depicted  the 
section/cut  of  the  deformed  shell  oy  the  plane,  perpendicular  to 

A/ 

fin/edge,  and  section/cut  oy  the  sane  plane  of  surface  F,  which 
approaches  the  form  of  shell.  Mew  the  variables  u,  V,  which  we  now 
use,  are  the  respectively  standardized/noraalized  radial  displacement 
of  the  point  of  surface  If  during  its  deformation  in  P  and  the 
standardized/noraalized  angle  or  rotation  to  tangent.  The 
standardization  of  angle  is  carried  out  in  such  a  way  that  its  value 
at  point  A( s=*0)  is  equal  to  -I. 
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On  the  basis  of  the  representation  of  the  local  character  of  the 
deformation  of  shell  in  the  zone  of  powerful  bending,  it  is  logical 
to  assume  that  after  point  8,  where  v=0,  value  V  it  remains  small  and 
in  the  differential  linkage  of  the  variables  u,  V  term  v*/2  can  be 
disregarded.  Then  conn  unication/connection  will  take  the  form 

u'  -f  t/  =  0. 

Further,  it  is  obvious,  that  the  maximum  of  the  bending  of  the 
deformed  shell  must  be  reached  in  immediate  proximity  of  point  A. 
Hence  it  follows  that  near  point  A  value  V*,  which  is  determining  the 
value  of  bending,  changes  narely,  and  logical  to  consider  V*  of 
constant  in  certain  vicinity  point  A. 

Page  40. 

Taking  into  account  two  considerations  indicated,  let  us  search 
for  the  minimum  of  functional  J  on  many  functions  u,  V,  which  satisfy 
the  conditions 

lV  ripw  s<o  +  =  v'  =  const. 

a  , 

2.  ripH  S>0  u  -M  =  0. 

Key:  with. 

Here  «  -  parameter,  which  is  subject  to  variation.  The  minimum  of 
functional  J  with  given  one  #  will  be  known  function  from  «: 

=  J(a).  For  determining  value  J0,  we  minimize  this  function  on  «: 

J0  =  min  J(o). 

W) 
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Let  us  find  fuuctiou  J(«).  Set/assuaing  with  s£# 

v'  =  j  =  const, 

after  integration  we  will  obtain 

®  =  -f  const. 

Since  v=-1  with  s*0,  then 


The  paraaeter  X  lakes  siapie  sense.  Specifically,,  such  this  value  s, 
at  which  V  turns  into  zero*  ue»«  £*«•  Thus,  with  s$«  we  have 

v(S)  =  ±=±. 

Proa  the  equation 

«'+*+- y=0 

we  find  function  u(s)  with  s$«: 

«  ==  —  -^-(5—  o)*  — -^(s  —  o)*  4- const. 

Integration  constant  is  deterained  by  boundary  condition  u(0)=0,  and 
it  is  equal  to  #/3.  Thus,  with  s^«  it  will  be 

«  =  —  (s  —  of  —  ^r(s  — 0/+  j. 


Page  41. 

The  values  of  functions  u,  V  at  the  end  «  of  cut  (0,  «)  are 
respectively  equal  to  #/3  and  0  they  are  initial  values  for  the 
varied  functions  u,  V  on  the  renaming  part  of  the  seai-axis  (o,  -)  . 


I 
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Since  with  s>«  by  nypothesxs 


u'-t-v  =  0, 

that  functional  J  can  be  presented  in  the  forn 

J=  f  (v'1 +  u*)ds  4-  J(«'*  4-  «*)*»• 

0  o 

function  u(s),  that  realizes  tne  ninieun  of  functional  on  seni-axis 
(#,  ,  it  satisfies  the  equation  of  Euler 


«,v  4-  u  =  0. 

Its  general  solution,  wnich  disappears  at  infinity,  allow/assuw es  the 
representation 


u  =  f 


where  ut  and  w2  -  roots  of  the  characteristic  equation 


1-1  =o 

with  negative  real  part,  i.e., 

+°- 

The  constants  c,  and  c*  are  determined  by  the  conditions  of  the 

coupling  of  functions  u,  V  with  s*#.  ie  have 

u  (a)  =  cle"‘<n  +  fj*0*’  =  j , 
v  (0)  —  —  «'  (o)  =  —  c,  =  0. 


Hence 


Let  us  calculate  now  va-lue  of  J  («)  •  Hith  «$•  it  will  be 


— 
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Page  42. 

He  ace 

/  (v',+  “i)^=7  +  (i  +  TW)°S- 

o 

With  s^*  we  have 

U  =  —  ~|T  (to,*®'  <*"*>+  <*,*«■  ('-«>), 

*'  —  ~  (-  «!*•■ 

uj-j-t)'1  —  £->'7(4-0), 

Hence 

Thus, 

•/«>)  =  -  +  -(- (-55- H-  Tni6 ) 03 

Hinieizing  J  ( a)  on  #,  we  find  J0: 

70  =  min7(o)s/ 1,15. 

<o> 

The  obtained  value  Js#  apparently,  is  close  to  true.  In  any  case, 
application/use  of  electronic  computers  for  determination  J0  gave  for 
it  the  value 


705=  1,1 156, 


I 
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■oreover  the  first  three  signs  in  this  expression  were  guaranteed. 

Let  us  calculate  now  the  values  of  the  constants  c,  c*  and  c1*, 
introduced  in  p.  2.  He  have 

f  J* 

12*'*  (1  — v*)  ' 

Set/assuaing  v  =  0.3  end  J„=1.11#  we  find 

c  ~0,19. 


Constant 


f'=  -^y-max|v'|. 


Page  43. 

Set/assuaing  aax.  =1,  let  us  have 

c'  ~0,9. 


Constant 


„  __  max  |  u  | 
V2  * 


Hith  aax.  (u|=0.5 

c"~0.27. 

Let  us  coapare  the  values  ot  aaxiaua  voltage/stresses  ••  and  «•* 
respectively  froa  bending  and  elongation  (coapression)  in  aedian 
surface  of  shell.  He  have  (p.  2) 


o'  =  0.9E  — — , 

p'» 


(•) 


o"  =  0.27£ 


.  6'V> 
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lie  see  that  the  maximum  voltage/stresses  froi  beading  are  such  more 
than  the  tensile  stress  (compression)  in  aedian  surface.  Hence  it 
follows  that  calculation  for  the  strength  of  shell  during 
supercritical  deforaaticos  one  should  conduct  according  to  the 
bending  stresses  in  the  vicinity  of  fin/edges.  These  voltage/stresses 
are  determined  from  formula  (♦) . 

§2.  Supercritical  deformations  of  strictly  convex  hulls  under 
external  pressure. 

The  application/use  of  principle  A ,  formulated  in  §1,  we  will 
illustrate  in  this  paragraph  eased  on  the  exanple  of  strictly  convex 
hulls,  which  are  located  under  external  pressure.  He  will  exaaine  two 
aethods  of  the  loading  of  the  shell:  by  the  concentrated  force, 
normal  to  the  surface  (at  the  point  of  its  application/appendix),  and 
by  unifora  external  pressure.  The  results  of  theoretical  examination 
let  us  compare  with  the  data  of  the  corresponding  experiaents  with 
the  shells  of  spherical  fora. 


1.  Determination  of  hasic  values  in  the  case  of  airror  bulge  of 
low  regions.  The  application/ use  of  principle  A  during  the  study  of 
the  supercritical  elastic  states  of  shell  assuaes  the  deteraination 
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of  the  row/series  of  the  values  of  the  isoaetric  transf oraat ion  of 
aedian  surface. 

Page  44. 

Keeping  in  aind  the  nearest  application/appendices,  we  will  deteraine 
such  values  in  the  case  of  the  airror  bulge  of  low  regions. 

As  is  known,  the  fora  of  regular  strictly  convex  surface  in  the 
sufficiently  saall  vicinity  of  this  point  P  approaches  well  by 
certain  elliptical  paraboloid  which  is  called  that  contacting.  If  we 
accept  tangential  plane  at  point  p  for  plane  XY,  and  the  oain 
directions  of  surface  at  this  point  for  reference  directions,  then 
equation  of  the  contacted  paraboloid  will  take  the  fora 

**=  y(*i*s  +  *2yJ)- 

where  kt  and  k2  -  principal  curvatures  of  surface  at  point  P.  Hence 
it  follows  that  the  region  of  the  airror  bulge  of  shell  with  the 
center  of  bulge  P  at  the  low  altitude  of  bulge  2h  (sagging/deflection 
at  point  P)  is  assigned  by  the  inequality 

and,  therefore,  is  ellipse  with  the  seal-axes 

In  connection  with  the  deteraination  of  energy  of  elastic 
deforaation  with  bulge  by  us  will  be  necessary  the  expressions  for 
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curvature  curved,  that  liaits  the  region  of  bulge,  and  for  noraal 
surface  curvature.  Let  us  find  expressions  for  these  values. 

The  boundary  of  bulge  as  ellipse  with  seai~axes  a,  b, 
al lov/assuies  the  paraaetric  assignaent 

x  —  a  cos  t,  y  =  bslnt. 

Using  foraula  for  the  curvature  of  curve,  we  find 

J_  _ _ ab _ 

P  (a*  sin*  /  -)-  4*  cos*  t )*• 

where  p  -  a  radius  of  curvature. 

Let  us  deteraine  noraal  surface  curvature  in  the  direction  of 
the  boundary  of  bulge. 

Page  45. 

In  view  of  the  fact  that  the  region  of  bulge  is  snail,  it  is  possible 
to  count  that  the  principal  curvatures  on  the  boundary  of  bulge  are 
close  to  kt  and  k2  -  to  principal  curvatures  in  P  (center  of  bulge) , 
but  aain  directions  are  close  to  aain  directions  into  P. 

On  the  Euler  foraula,  noraal  curvature  in  the  direction  which 
forns  angle  9  with  the  aain  direction,  which  corresponds  to  curvature 
kt ,  is  equal  to 

*  *i  cos5  0  +  kj  sin2  d. 


DOC  *  78221902 


PAtie  q 


Id  the  case 


cos  0  = 


—  a  sin  t 


sinft  = 


k  cos  t 


(a2  sin2  /  4-  4*  cos’  t)^‘  (a*  sin2  t  k-  cos*  I)'1* 

in  guestion.  Therefore  nocaai  surface  curvature  in  the  direction  of 
the  boundary  of  bulge  is  egual  to 

or,  noting  that 


.  .  _ a-  sin8 1 _ .  .  k 2  cos2 1 

n  1  a2  sin2  /  -4  ft2  cos2/  '  -  a-  sin2 1  k-  cos2 1  ' 


k  -  *L 
—  ST’ 


we  will  obtain 


k  -7h 
*2  —  -gr¬ 


ill 


kn  a* sin2 /-f*2 cos2/  ' 


Normal  curvature  in  the  direction,  perpendicular  to  the  boundary 
of  bulge,  is  egual  to 


ft„  =  ft,  sin5  0  -)-  fts  cos5  d. 

or,  taking  into  account  of  expression  for  cos»,  sin»,  Jtj  and  k2,  we 
will  obtain 


a2  ft2 

b  -O,  -^Sln,<  +  -^C0S,< 

"  a2  sin2  /  -(-  ft2  cos2/  ' 


Let  us  detereine  angle  a  between  the  plane  curve  y,  that  liaits 
the  region  of  bulge,  and  by  the  tangential  planes  of  surface.  On 
forsula  it  is  less 

pft„  =siria. 

For  the  low  regions  of  bulge,  and  therefore  siall  ones  a,  we  have 

a  =  pft„. 

Substituting  here  the  obtained  values  p  and  kn,  we  will  obtain 

a  =  (uJ sin5 1  4-  ft5  cos5  ()l‘. 
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Page  46. 


Let  us  calculate  non  U  -  strain  energy  of  shell.  It  consists  of 
two  parts  -  uQ  and  uy .  where  uQ  -  energy  of  bending  over  basic 
surface,  and  u  -  strain  energy  in  the  vicinity  of  the  boundary  7  of 
the  region  of  bulge.  Value  ua  as  determined  froe  formula  (page  25) 

uo  =  y  J  J  (A*f  -f  A*]  -f  2v  Aftj  A*2)  da. 

Here  Akt  and  Ak2  -  wain  changes  in  the  noreal  curvatures  upon 
transfer  from  initial  fore  to  Asoeetric  transformation, 

n  _ 

°“T5(i'-v*) 

-  the  flexural  rigidity  of  shell,  but  integration  is  fulfilled  by  the 
area  of  an  entire  surface,  in  the  case  of  the  mirror  bulge  of  value 
Akt  and  Ak2  in  question  out  of  the  region  of  bulge  G,  they  are  equal 
to  zero,  but  within  this  region  Afc,=2k,,  Ak2=2k2,  where  k,  and  k2  - 
principal  curvatures.  In  view  of  assumption  about  the  smallness  of 
the  region  of  bulge,  kt  and  k2  it  is  possible  to  consider  it  equal  to 
their  values  in  the  center  of  bulge  P.  Taking  into  account  the  value 
of  the  area  of  the  region  of  bulge,  we  will  obtain 

u°  =  3 TTX  +  k* + 

Here  2h  -  height/altitude  of  bulge  (normal  sagging/deflection  in  the 
center  of  bulge  P) ,  k,  and  k2  -  principal  curvatures  in  P,  6  -  the 
thickness  of  shell,  E  -  the  modulus  of  elasticity,  and  v  -  Poisson 
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ratio. 

Let  us  calculate  now  strain  energy  on  y  -  to  boundary  of  bulge. 
For  it  in  §1  is  obtained  tne  fornula  (page  33) 

‘'.“'“''I  $“r  +  J 

Here  a  -  the  angle  between  the  plane  curved  y  -  and  the  tangential 
planes  of  deforned  surface,  m  -  nornal  curvature  of  initial  surface 
in  the  direction,  perpendicular  to  the  boundary  of  bulge.  k,  and 
k,  -  nornal  curvatures  of  the  isoaetrically  converted  surface  in 
accordance  with  fr on  the  side  of  the  internal  and  external 
half-neighborhood  of  the  boundary  of  bulge. 

Page  47. 

In  the  case  of  nirror  bulge  ke  =  k.  k,—  —  k  Thus,  second  tern 

£6*  f 

in  fornula  for  Uy  can  be  written  in  the  fore  —  g  (1  _%.5y  |  kaclsr  Taking 

v 

into  account  the  obtained  above  values  for  nornal  curvature  k  =  kn, 
angle  a  and  noting  that  d*Y  =(a2 sin12 t  +  b* cos* t)1' dt.  l«t  us  have 

J  *arf*v  =  ^T  J  (■Fsin^  +  -5,cos»/)d/  = 

V  0 

4nh!  (os  .  »!\ 

Thus,  second  tern  in  expression  for  u ^  is  equal 


Eb*nh  / ,  2  , 
y<i  _vs)  +  *j)- 
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when  v  =  0  it  differs  froa  expression  y  only  in  teras  of  sign. 


We  assume  that  the  aore  in-depth  analysis  of  the  elastic  state 
of  shell  at  the  boundary  of  bulge  aust  bring  to  by  coaplete  the 
coapensation  this  tern  energy  u0  also,  when  v^o  Therefore  total 
energy  of  defornation  let  us  determine  froa  the  foraula 


u='£‘\f 


Substituting  in  this  foraula  the  obtained  above  values  a  and  p. 


we  will  obtain 


Hence 


j  %asy=J^T  f  sin3 /-I- ft2 cos* t)dt  = 

V  0 

=  "W"  n  (fl2  +  ft2)  =  n  (2 h)  ‘  (ft,  +  ftj). 


U  =  TtcEli'' (2hf‘ (A,  -f  ft2). 


Page  48. 


Let  us  estinate  magnitude  of  error  which  we  allow/assuae  when 
v^O,  reject/throwing  in  the  expression  of  strain  energy 
tera/coaponent/addend 

AU=-*yk  i-v» 

Let  us  take  for  an  exaaple  the  spherical  shell  of  radius  R.  For  this 
shell  the  found  by  us  value  of  strain  energy  is  equal 

U=2ncEb''(2h)'l'L, 
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the  re  ject/thrown  ter*  is  equal  to 


A  U  = 


n  h 

T  — 


£6’  n  1 

^2v  £* 


and  relative  error  is  equal  to 

Af/  v  f  b 

U  _6{l-vV  r  2 h  • 

Since  we  examine  the  considerable  deformations  (2h/6  greatly),  then 
hence  it  is  apparent  that  when  v^O  introduced  by  our  assumption 
error  is  small,  even  if  this  assumption  is  erroneous. 


Let  us  determine  the  maximum  voltage/stresses  *  in  the  material 
of  shell  with  bulge.  Such  voltage/stresses  appear  from  bending  on  the 
boundary  of  bulge  and  are  determined  from  formula  (§1,  p.  2) 


Substituting  here  values  a  and  p,  we  will  obtain 

0  —  c'Et'1'  (ih)1'  Y  kJT2. 

It  is  substantial  to  note  that  these  voltage/stresses  are  constant 
along  the  boundary  of  bulge. 

Thus,  with  the  mirror  bulge  of  the  low  region  of  strictly  convex 
hull  strain  energy  0  is  determined  from  the  formula 

U  =  ncEb'1’  (2 h )%  (k,  4-  fc2).  c  ~  0, 1 9. 

The  maximum,  appearing  from  oending  on  boundary  bulges  of 

voltage/stress  are  equal  to 

9  =  t’Eb'h  (2k)1’  Yk^kv  c'  cs  0,9, 
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2.  Supercritical  deformations  of  shells  under  action  of 
concentrated  force.  Let  the  strictly  convex  hull,  rigidly  attached  on 
edge,  locate  under  the  action  of  concentrated  force  of  f.  noraal  to 
the  surface  of  shell  at  tne  point  of  application/appendix.  If  this 
force  causes  considerable  def or nation,  then  the  determination  of  the 
elastic  state  of  shell  is  reduced  to  task  to  the  extrema  of 
functional  H=tJ-A  which  is  determined  and  is  examined  during  the 
isometric  transformations  of  the  initial  fora  of  shell.  He  will 
assume  that  the  bulge  of  shell.  Cduse d  by  the  action  of  force  of  f, 
encompasses  convex  region.  In  this  case,  as  shown  in  p.  1  §1  the 
class  of  the  isometric  transformations  during  which  it  is  necessary 
to  examine  our  variational  pronlea.  becomes  narrow  to  mirror  bulge. 

In  the  case  of  mirror  bulge  for  functional  0  in  p.  1  obtained 
following  expression: 

^  =  ncE6‘,(2h)"’(*, +  *2). 

Assuming  that  the  point  of  the  application  of  force  of  f  is  the 
center  of  bulge,  let  us  have  for  functional  A.  which  is  the  work. 


produced  by  force  of  f  by  the  deformation  of  shell,  formula  A=2fh 
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From  the  condition  of  stauxiity  d(0-A)=0  of  functional  W,  we 
obtain  the  dependence  between  cue  aaount  of  acting  force  f  and 
deformation  (2b),  which  it  causes.  We  have 

dW  =  3nc£b''  (2  h)'u  (A,  k2)  dh  —  2/  dh  =  0. 

Hence 

/=^.f6,'(A1+  A2)V^2A. 

Proa  this  formula  it  is  evident  that  during  an  increase  in  the 
deformation  the  received  by  sneli  load  f  increases.  This  indicates 
the  stability  of  the  states  of  the  equilibrium  of  shell  under  the 
action  of  concentrated  load. 

To  conclusion/derivation  about  the  stability  of  the  states  of 
equilibrium  it  is  possible  to  proceed  by  another  way,  examining  the 
second  variation  in  functional  w.  we  have 

d'W  =  3ji {kx  _|_  k<i)  dh?  >  o 

But  this  means  that  the  state  of  equilibrium  is  stable. 

Page  50. 

Let  us  examine  especially  the  case  of  spherical  shell.  For  the 
spherical  shell  of  radius  bt,  we  have  and  the  formula, 

establishing  the  dependence  between  the  acting  force  f  and  the 
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sagging/deflection  2  h,  which  it  causes,  takes  the  fora 

/  =  3  ncEi)'1-  \r2H  . 

If  a  radius  of  the  circle  of  bulge  is  designated  through  p  and  is 
replaced,  that  2h-p*/B,  tnen  this  dependence  can  be  still  written 
then 

Thus,  the  dependence  of  a  radius  of  the  circle  of  bulge  on  the  acting 
force  f  is  linear. 

The  obtained  dependence  of  sagging/deflection  2h  on  the  acting 
force  f  for  spherical  shells  was  subjected  to  experimental  check1. 

FOOTNOTE  »,  These  experiments,  just  as  others,  described  below,  are 
carried  out  by  the  author  with  the  participation  of  the  colleagues: 

N.  H.  Pugolovok,  Tu.  i.  Kravetskiy,  N.  S.  Sukhlenk,  N.  I.  Kotov,  V. 

A.  Chistyukhin,  A.  N.  Pedorenxo.  Experiments  were  conducted  in  the 
physiotechnical  low- temperature  institute  of  AS  OkSSR.  ENDPOOTNOTE. 

The  installation  during  which  was  conducted  the  corresponding 
experiment,  was  arranged  sufficiently  simply  and  it  is  schematically 
represented  in  Fig.  4. 

Tested  spherical  segment  1  freely  rests  on  rigid  ring  by  2.  The 
action  of  load  f,  which  consists  of  the  calibrated  according  to 
weight  washers,  through  vertical  rod  3  is  transferred  to  the  surface 


of  segment. 


Fig.  4. 


Page  51. 

in  order  to  exclude  the  plastic  deformations  of  segment  in  immediate 
proximity  of  the  point  of  the  a ppixcati on/appendix  of  concentrated 
force,  the  point  of  rod.  which  contacts  with  the  surface  of  segment, 
is  carried  out  with  comparatively  small,  but  larger  than  in  segment, 
by  curvature.  The  vertical  displaceaent/moveaents  of  rod,  i.e.,  the 
sagging/deflections  of  shell  (2h) ,  were  recorded  with  the  aid  of 
precise  optical  instrument  by  4,  making  it  possible  to  measure  these 
displacement/movements  with  an  accuracy  to  10~*  mm. 

Experiment  was  conducted  on  the  series  of  the  copper  shells  of 
radius  B=150  an  with  different  thickness  6  from  0.03  to  0.10  mm. 
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Shells  were  obtained  by  aetal  spraying  copper  in  vacuus  to  the  steel 
backing  of  spherical  fcra.  The  sphericity  of  backing  and, 
consequently,  also  the  obtained  shells,  was  aaintained  with  high 
(optical)  accuracy/precision.  The  special  conditions/aodes  of  aetal 
spraying  aade  it  possible  to  obtain  the  speciaen/saaples,  possessing 
high  elastic  Unit.  This  is  substantial  for  experiaents  with 
supercritical  deforaations,  since  the  voltage/stresses  in  the  zone  of 
powerful  local  bending  (on  the  boundary  of  bulge)  during  such 
deforaations  are  very  considerable. 

Figure  5  depicts  the  graph/diagraas  of  the  theoretical 
dependence  of  the  sagging/deflections  of  shell  under  the  action  of 
the  concentrated  force 

"-ww/1 

for  the  spherical  shells  of  radius  R*150  aa  and  different  thicknesses 
6*0.037,  0.048  and  0.056  aa.  Graphs  are  constructed  taking  into 
account  the  actual  value  of  the  aodule/aodulus  of  elasticity  E  which 
was  deterained  by  special  testing  for  bending  of  the  flat/plane 
speciaen/saaples,  obtained  by  aetal  spraying  under  siailar 
conditions. 
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Page  52. 


Isolated  points  on  gcapns  give  the  experimental  values  of 
sagging/deflections  2h  at  the  ditferent  values  of  the  acting  force  f. 
»e  see  that  the  theory  and  experiaent  in  a  guestion  in  guestion  are 
in  satisfactory  agreement. 
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Theoretical  and  experimental  study  of  a  question  concerning  the 
deformations  of  strictly  convex  hull  under  the  action  of  concentrated 
force  ve  is  suaaed  up  by  following  conclusion. 

The  sagging/def lection  2n  of  strictly  convex  hull  under  the 
action  of  concentrated  force  of  f,  noraal  to  the  surface  of  shell,  it 
is  deterained  by  the  relationship/ratio 

/  =  ^£6V*(*,  +  *,)/§*. 

where  kt  and  k2  -  principal  curvatures  of  shell  at  the  point  of 
application  of  force  6  -  thickness  of  shell,  and  is  constant  c-0.  19. 
In  particular,  for  the  spherical  shell  of  radius  ft 

/  =  3jicE6‘/l  . 

3.  Supercritical  deforaations  of  strictly  convex  hull  under 
external  pressure.  Let  the  strictly  convex  hull,  rigidly  attached  on 
edge,  locate  under  the  action  of  the  unifora  external  pressure  p.  Let 
us  exaaine  the  states  of  the  elastic  equilibriua  of  the  shells  with 
which  its  fora  experience/tests  supercritical  deforaations.  According 
to  principle  A  (§1,  page  32)  the  ueteraination  of  these  states  is 
reduced  to  the  solution  of  task  to  extreaua  for  the  functional 

W  =  U  —  A 

on  aany  isoaetric  transforaations  of  initial  surface.  If  one  assunes 
that  the  deforaation  is  accoapanied  by  the  bulge  of  convex  region, 
then  the  class  of  the  isoaetric  transforaations,  during  which  is 
exaained  the  functional,  it  Decones  narrow  before  the  isoaetric 
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transformations,  which  are  reduced  to  airror  bulge  (§1,  p.  1)  . 


In  the  case  of  airror  bulge,  the  strain  energy  U  is  determined 
froa  formula  (page  49) 

t/  =  nc£(2A),,6‘,’(A1  +*2). 

where  2h  -  height/altitude  of  bulge  in  the  center  of  region,  kt  and 
k2  -  principal  curvatures  of  median  surface,  6  -  the  thickness  of 
shell,  E  -  the  aodule/aodulus  of  elasticity,  while  constant  c-0. 19. 


Page  53. 


Let  us  deteraine  that  produced  by  the  external  pressure  p  work  A.  It 
is  equal  to  the  product  of  the  value  of  pressure  on  a  change  (during 
deformation)  in  the  voluae,  limited  by  shell,  i.e., 

A  =  p  AV. 


It  is  found  A?.  After  acceplimg  the  center  of  bulge  P  in  the  origin 
of  coordinates,  and  tangential  plane  in  P  for  plane  XT,  in  the 
corresponding  direction  of  axle/axes  x,  y  we  can  assign  the  surface 
of  shell  near  P  equation 


*  ==  j  (*,x}  4-  *2y2). 

If  we  designate  through  S(z)  the  area  of  the  region,  deterained 
by  the  inequality 

j  (A,*2  +  k2y-)  <  z, 

then  the  which  interests  us  voluae 


A 

=  S(z)dt. 
0 
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Area  S(z) ,  as  the  area  of  ellipse  with  the  seai~axes 


/?•  *-/f 


it  is  equal  to  vab,  and  therefore 

S(t)  =  n-^Lr. 

Hence  after  integration  for  z,  we  obtain  the  volume 


The  produced  by  external  pressure  p  work  is  equal  to 

A  —  2nh'P 

~  VTjrr 


Page  54. 


How  froa  stability  condition  of  functional  H  in  the  state  of  the 
elastic  equilibrium  of  shell,  we  find  the  dependence  of  the  received 
by  shell  pressure  p  on  saggrng/deflection  2h  in  the  center  of  bulge. 


He  have 


whence 


dW  =  3 ncE  (2 hjh  6*  ’ (A,  +  A,)  dh  -  dh  =  0. 

r  *1^2 


P  j  (^1  +  *2)  • 


Proa  this  foraula  it  is  evident  that  the  received  by  shell 
pressure  p  is  decreased  during  an  increase  in  deformation  (2h) .  But 
this  indicates  the  instability  of  supercritical  deformations  under 
external  pressure.  Conclusion  about  the  instability  of  the  obtained 
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elastic  states  corresponds  to  the  experimental  data  on  the  character 
of  supercritical  deformations  under  external  pressure.  According  to 
these  data,  supercritical  deformations  after  the  loss  of  stability  of 
shell  are  developed  without  an  increase  in  the  load  and  even  during 
its  decrease. 

The  smallest  received  by  shell  load  during  supercritical 

o 

deformation  is  called  lower  critical  in  contrast  to  the  upper 
critical  load,  with  which  occurs  the  loss  of  stability  of  basic  form. 
Let  us  examine  a  question  concerning  the  value  of  lower  critical  load 
for  strictly  convex  hulls,  which  are  located  under  external  pressure. 
In  view  of  the  fact  that  the  received  by  shell  load  is  decreased 
during  an  increase  in  the  deformation,  lower  critical  load 
corresponds  to  the  greatest  geometrically  permissible  deformation.  If 
this  deformation  is  designated  2 ht,  then  lower  critical  load  p,  will 
be  determined  from  the  formula 

*-{**(*,  +  *«> 

Let  us  examine  as  an  example  the  strictly  convex  hull  of 
rotation,  reinforced  by  the  rigid  cell/elements,  which  go  along 
parallels  and  meridians  of  surface  (Pig.  6) . 
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P  -  section  of  shell,  liaited  by  the  supporting  cell/elements,  2a  and 
2b  -  size/diaensions  of  section  on  parallel  and  aeridian 
respectively.  Since  the  size/diaensions  of  the  region  of  bulge 
according  to  aain  directions  at  the  height/altitude  of  bulge  2h  are 
egual  to 

Yx  /f  • 

that  aaxiaua  deforaation  2 ft,  ot  section  F  is  deterained  saaller  of 
two  values 


and 


where  k(  -  noraal  surface  curvature  in  the  direction  of  parallel,  but 
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k2  -  noraal  curvature  on  aerido.au,  i.e., 

2A(  =  min  A./2|. 

Substituting  value  2/1 ,  in  foraula  tor  p,  we  will  obtain  the  lover  , 

critical  pressure 

I 

In  connection  vith  the  experimental  check  of  the  obtained  result 

/ 

about  the  value  of  lover  critical  load,  let  us  exaaine  the 
supercritical  deforaaticns  of  the  rigidly  attached  on  edge  spherical 
segaent.  If  the  radius  of  curvature  of  segaent  is  equal  to  R,  then 
the  received  by  it  pressure  p  vith  bulge  on  height/altitude  2h  is 
deterained  froa  the  foraula 

At  the  height/altitade  of  segaent  h0  for  the  aaxiaua  geometrically 
peraissible  deforaation  2h,  ve  have 

2  h  =  2  h0. 

Therefore  lover  critical  pressure  for  a  spherical  segaent  is  equal 

If  ve  into  this  foraula  introduce  instead  of  height/altitude  hQ  a 
radius  of  the  basis/base  of  the  segaent 

r~Y2hJi, 


then  it  takes  the  fora 


I 
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Let  us  explain  non  tfte  region  of  the  applicability  of  the 
obtained  results  to  the  real  sneils,  which  possess  the  limited 
elasticity.  Our  basic  assumption  in  the  examination  of  supercritical 
deforaations  consisted  in  the  tact  that  a  change  in  the  fora  of  shell 
during  such  deforaations  is  very  considerable.  Virtually  this  neans 
that  the  size/diaensions  of  the  region  of  bulge  are  of  the  order  of 
the  size/diaensions  of  an  entire  shell.  In  view  of  the  limited 
elasticity  of  the  aatenal  of  shell,  its  elastic  deforaations  are 
naturally  limited,  and  this  limits  the  size/diaensions  of  shells,  to 
which  the  obtained  results  are  used.  In  order  to  give  to  these 
liaitations  concrete/specif ic/actual  fora,  let  us  examine  for  an 
example  the  spherical  shell  in  the  fora  of  segment. 

The  aaxiaua  voltage/stresses  in  the  aaterial  of  shell  (on  the 
boundary  of  bulge)  during  deformation  2h  are  equal  (page  49) 

o  =  c'E  (2h)h 6Vl  -1 . 

If  the  tiae/teaporary  strength  of  materials  of  shell  is  designated 
o„  then  the  region  of  its  elastic  deforaations  is  limited  to  the 
condition 

c'E  (2A)V*  b'1'  <  o„ 


or,  by  introducing  instead  of  2h  a  radius  of  the  circle  of  bulge  p  on 
the  formula 

i 
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we  will  obtain 

C'E  Ti  Vt  < 

Hence  it  follows  that 


p 

TT 


<TeVt- 

In  order  deformation  to  consider  considerable,  it  is  necessary  that  p 
would  be  of  the  order  of  a  radius  of  the  basis/base  of  segment  r. 
Thus,  our  the  order  of  a  radius  of  the  basis/base  of  segment  r.  Thus, 
our  examinations  are  related  to  such  spherical  shells  whose  values 


7? 


and 


have  one  order. 

Page  57. 

During  the  usual  relationship/ratios  between  values  o,.  E,  6  and  R 
this  it  means  that  the  sheiis  must  be  very  flat. 

To  an  even  more  rigorous  condition  is  limited  the 
application/use  of  a  formula  for  a  lover  critical  load. 
Specifically*,  since  lower  critical  load  corresponds  to  the  maximum 
geometrically  permissible  deformation*  the  corresponding  condition 
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foe  spherical  shells  is  reduced  to  the  feet  that 


Lower  critical  load  for  flat  spherical  segments  was  subjected  to 
experimental  study.  The  corresponding  expedient  consisted  of 
following. 

Inside  massive  cylindrical  container  1  (Fig.  7),  closed  fron 
above  by  tested  spherical  shell  2,  with  the  aid  of  nicroaeter  gauge 
was  supplied  piston  with  3.  In  this  case,  in  the  liguid,  which  fills 
container,  bnilt  up  the  pressure,  which  was  recorded  by  the  specific 
equipnent/device.  After  achieving  critical  value,  pressure  began  to 
be  decreased  and  it  descendeu  to  certain  ainiaua,  after  which  again 
it  increased.  Maximum  pressure  answers  the  torque/aonent  of  less  of 
stability  of  shell  and  is  upper  critical  pressure.  But  the  ainiaua  of 
pressure  corresponds  to  lower  critical  load,  as  we  it  determined. 

Let  us  note  soae  design  features  of  experimental  installation 
and  wort  on  it.  First  of  all,  we  atteapted  to  avoid  the  sharp 
"cott on/knock ",  by  which  is  usually  accoapanied  the  loss  of  stability 
of  shell  in  the  experiments  of  this  type.  In  connection  with  this  all 
elastic  elements  of  construction/design  were  aade  "maximally  rigid". 
For  this  very  reason  as  tne  medium,  which  fills  container  and  which 
conaunicates  pressure  on  shell,  was  undertaken  liquid,  but  container 

itself  was  carried  out  sufficiently  to  aassive  ones,  with  thick 

w  MVs 
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Pig.  7. 

Page  58. 

Pressure  was  recorded  with  the  aid  of  very  sensitive  strain  gauge  by 
4.  fastened/strengthened  to  surface  container.  As  a  result  of  all 
■easures  indicated  the  pressure  as  a  result  of  "cotton/knock n  did  not 
descend  to  the  nininun  and  it  reached  this  ainiaue  only  with  further 
noveaent  of  piston  inside  container.  This  is  important  for  the  shells 
with  the  lieited  elasticity,  which  after  energetic  "cotton/knock "  can 
show  even  negative  lower  critical  pressure. 

Tested  segnent  was  stopped  up  between  two  steel  rings  of  which 
it  lower  rested  on  rubber  packing  by  5,  but  it  was  upper  pressed  by 
flange.  The  conditions  of  the  janning  of  segnent  for  edge,  close  to 
ideal  ones,  were  provided  by  the  grinding  of  rings  over  the 
appropriate  spherical  surfaces  and  by  the  uniformity  of  pressure 
rings  because  of  the  elasticity  of  packing  5. 
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Pour  strain  gauges  4,  acrange/located  on  the  lateral  surface  of 
container*  two  in  circumference*  and  two  others  in  axial  direction  - 
were  connected  in  the  usual  way  into  bridge  circuit  which  was 
connected  to  supply  of  power  and  galvanometer.  Readings  of 
galvanometer  preliminarily  were  calibrated. 

Testing  underwent  the  copper  spherical  segments*  obtained  by 
metal  spraying  in  vacuum.  The  radius  of  curvature  of  segments  R  =  80 
mm*  and  thickness  6  vary  within  the  range  of  0.03  to  0.09  an.  The 
bore  of  the  rings  2r,  which  clamp  tested  segments*  was  egual  to  2r=16 
by  an. 


Figure  8  broken  lines  depicts  the  dependence  of  lower  critical 
pressure  pt.  given  by  the  formula 

*<*=3c£  (-£-)’  j/tt  • 

on  the  thickness  of  shell  6.  The  nodule/modulus  of  elasticity  E  is 
accepted  equal  to  1.1*10*  kg/cm**  the  constant  c=0.19*  but  R  and  r 
have  values  indicated  above.  The  isolated  points*  noted  by  circles* 
give  the  values  of  lower  critical  pressure*  obtained  in  experiment. 
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He  see  that  for  all  values  6  theoretical  value  Pi  is  lover  than 
the  experimental.  And  this  is  understandable.  Really/actually,  during 
the  derivation  of  fornula  for  Pj  ve  considered  that  during  the 
defornation,  corresponding  to  lover  critical  pressure,  a  radius  of 
the  circle  of  bulge  p  vas  egual  to  a  radius  of  the  basis/base  of 
segnent  r.  In  actuality  always 

P<  r. 

Therefore  for  obtaining  tne  true  value  of  lover  critical  pressure,  it 
is  necessary  into  forsula  for  p,  to  substitute  for  r  soeevhat 
saaller  value.  To  vhat  extent  it  is  ssaller,  ve  now  will  explain. 


Pigure  9  depicts  the  section/cut  of  spherical  shell  during 
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supercritical  defor eat ion*  The  received  by  shell  load  p  and 
deforaation  ( p)  are  connected  by  relationship/ratio  (page  56) 

p=*cE(\)'  Vir ' 

where  p  -  a  radius  of  the  circle  of  bulge.  A  -  point  on  the  boundary 
of  bulge,  B  -  the  nearest  to  A  point  at  which  radial  displaceaent  u, 
caused  by  the  deforaation  in  question,  is  equal  to  zero.  If  at  point 
B  there  was  t'*0,  then  along  parallel  yBi  passing  through  point  B, 
would  be  realized  the  condition  of  rigid  attachaent.  The  fornula 

would  give  the  value  of  lower  critical  pressure  for  the  segaent. 
Halted  by  parallel  yB,  under  the  condition  of  rigid  attachaent  along 
this  parallel.  However,  at  point  B,  condition  v*=0  is  not  satisfied. 
Therefore  foraula  (*)  gives  the  critical  pressure,  which  corresponds 
only  to  elastic  attachaent  of  shell  along  parallel  yB  (elasticity  in 
the  rotation  of  tangential  planes)  .  If  the  segaent.  Halted  by 
parallel  yB,  is  identified  with  subject,  then  corresponding  to  it 
pressure  p,.  deterained  cn  foraula  (*) ,  still  will  be  less  than  the 
true,  but  already  it  is  auch  nearer  to  it.  Let  us  calculate  this 
refined  value  Pi. 
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Page  60. 


p  -  radius  of  the  parallel,  passing  through  point  A,  and  r  - 
radius  of  the  parallel,  passing  through  B.  Let  us  assuie 

Ap  =  r  —  p. 

If  we  pass  to  dimensionless  quantities  as  this  was  done  in  §1,  p.  2, 
then  nondimensional  distance  Ap  between  points  A  and  B  will  be  the 
first  different  from  zero  roots  of  the  eguation 

u  (s)  =0, 


where  u  (s)  *  the  function,  wmch  realizes  the  minimum  of  functional  J 
(§1,  p.  2).  Taking  into  account  the  explicit  expression  of  the 
function 

«/(«)  =  -  -£=-  (w,e“'  (,_0)) 

3}2 

and  of  the  value  o~l,25.  w,  =  -pL- (—  1  4- /),  Wj  =  -p^(— 1— 0. 


we  find 


A^==0+2F5:r“2'36' 


In  value  Ap,  it  is  possible  to  find  value  Ap,  since  they  are 
connected  by  the  relationship/ratio 


Ap  =  ■ 


6* 


DOC  *  78221903 


PAGE 


ft 

Hence 

Ap  A-  _  /X  I 

T  = 

Substituting  here  a~p/fl,  we  find 

Ap=-^  >X/?~I.3  Y*R. 
p  =  r  —  Ap  =  /•  —  1 .3  |/6/?. 

Thus,  for  a  lower  critical  value  p,  occurs  the  following 
refined  formula: 

Mfll’l'W 

Pi~  r-\flYbR  • 


Page  61. 

The  graphic  representation  of  this  dependence  Pig.  8  depicts  by  solid 
line.  He  see  that  the  refined  value  p,  lower  than  is  as  before  the 
true,  but  it  is  considerably  nearer  to  it. 

The  conducted  investigation  of  the  supercritical  deforaations  of 
strictly  convex  hulls  under  external  pressure  can  be  sunned  up  as 


follows: 
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1.  During  the  supercritical  deformation  flat  rigidly  convex 
hull,  rigidly  attached  on  edge,  the  received  by  it  load  p  (external 
pressure)  depending  on  sagging  2h  in  the  center  of  bulge  is 

determined  from  the  formula 

P  =  |cE(*,  +  fes)VM;-^. 

2.  Lower  critical  load  Pi.  i.e.,  the  smallest  received  by  shell 
load,  is  determined  by  the  maximum  geometrically  permissible 
deformation  2 ht  from  the  formula 

pI-icE(*1  +  AJVr*S-pgp 

Determined  by  this  formula  value  /?,  is  lower  than  the  true,  but 
it  is  close  to  it)*. 

FOOTNOTE  ».  It  goes  without  saying,  when  deformation  2h  approaches 
geometrically  permissible  2 h,,  begins  to  manifest  itself  the 
attachment  of  edge.  So  that  the  obtained  formula,  strictly  speaking, 
gives  lower  limit  for  a  lower  critical  load.  Given  by  formula  value 
of  lower  critical  load  is  more  precise,  the  less  the  ratio/relation 
6/2*4-  ENDPOOTNOTE. 

For  spherical  segments  occurs  the  refined  formula  of  lower  critical 
load.  Specifically,, 

Pi  r—\,ZVTK 
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3.  All  enumerated  results  ace  used  for  the  real  shells,  which 
possess  the  limited  elasticity,  only  with  them  sufficient  on  the 
plane.  In  particular,  tbe  application /use  of  a  formula  for  lower 
critical  pressure  in  the  case  of  spherical  segments  assumes  made  the 
condition 

Page  62. 

Examining  a  question  concerning  lower  critical  load  for 
common/general/total  strictly  convex  hulls,  we  assumed  their 
sufficient  flatness.  The  condition  of  flatness  consisted  in  the  fact 
that  on  the  region  of  bulge  the  tangential  planes  of  median  surface 
of  shell  formed  small  angles,  and  normal  curvatures  differed  little 
from  some  average/mean  values.  This  made  it  possible  to  solve  task  in 
the  closed  form  for  the  shells  of  arbitrary  fora.  However,  in  each 
specific  case  method  which  we  used  makes  it  possible  to  solve 
problem,  also,  with  more  comaon/geueral/total  propositions  when,  in 
particular,  the  second  condition,  which  relates  to  normal  curvatures, 
can  and  not  be  fulfilled.  As  an  example  let  us  find  external  lower 
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critical  pressure  for  the  ellipsoidal  bottom  of  cylindrical 
reservoir . 

He  will  assume  that  the  supercritical  deformation  of  bottom 
possesses  axial  symmetry  as  initial  form.  The  strain  energy  of  bottom 
is  equal  to 

U  =  2ncEt>  a  ’p1', 

where  6  -  the  thickness  of  cotton,  p  -  a  radius  of  the  region  of 
bulge,  a  -  an  angle  between  the  plane  curved,  that  limits  the  region 
of  bulge,  and  by  the  tangential  planes  of  surface,  E  -  a 
module/nodulus  of  elasticity,  and  the  constant  c  =  0.  19. 

The  produced  by  the  external  pressure  p  work  by  the  bulge  of 
bottom  is  equal  to 

A  =  pV. 

where  V  -  a  change  in  the  volume  of  reservoir  during  the  deformation 
of  bottom. 

Let  us  characterize  the  bulge  of  bottom  the  parameter  p.  Then 
the  condition  of  the  elastic  equilibrium  of  bottom  with  bulge  will  be 

±(U-A)  =  0. 

Page  63. 

Assuming  sufficient  flatness  of  the  region  of  bulge,  let  us  have 
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where  k  -  curvature  of  bottom  in  initial  form  according  to  radial 


section.  Hence 


=  xcEb  a  ‘p'l,!  ^5  ~  k  +  I  j  • 


Let  us  designate  through  a  the  height/altitude  of  the  mirror 
reflected  segment.  Then 

dp  —  P  dit  dp'  dh  H  1  dp 

Thus, 

4jJ-  =  2:ipp’a. 

Substituting  the  obtained  values  dU/dp  and  dA/dp  in  the  equation 
of  equilibrium,  we  obtain  communication/connection  between  the 
received  pressure  p  and  the  deformation  of  the  bottom: 

p=^(±)V,(5£*  +  i). 

Let  us  introduce  instead  of  p  the  parameter  ?=p/R,  where  R  -  a 
radius  of  the  basis/base  of  bottom.  Depending  on  this  parameter  of 

value  a  and  k,  they  are  expressed  on  the  formulas 

.  X  1 

a  ~  tp  a  == — r- ,  k  ~ - — , 

(1  -  i')  '1  R  (1  —  V)  ‘ 

where  X  -  ratio  of  the  height/altitude  of  bottom  to  a  radius  of 
basis/base,  i.e.,  the  ratio/relation  to  the  semiminor  axis  of 
ellipsoid  to  semimajor  axis.  Substituting  the  obtained  values  a  and  k 
in  dependence  on  €  into  formula  for  p,  we  will  obtain 
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Lower  critical  pressure  pt  it  answers  the  smallest  value  0.  It 
is  obtained  with£~0.5  and  it  is  egual  ~18.8.  Hence,  taking  into 
account  value  the  constant c ~0. 19,  we  obtain  the  following  formula 
for  the  lower  critical  pressure 

P<  =  1.8f(±)V. 

Page  64. 


In  the  course  of  our  conclusion/derivation,  we  previously 
assumed  that  a  is  small.  Let  us  show  that  this  assumption  is 
fulfilled,  if  is  sufficiently  small  X.  Really/actually 

- 

With  ?=0.5 


0  —  £*)■'*  ' 
a  ~  0,5 1, 


and,  therefore,  a  is  small  together  with  X.  It  is  possible  to  count 
that  the  condition  of  smallness  a  is  satisfied,  if  X<0.5. 

& 

4.  Elasto-plastic  supercritical  derormat ions.  Supercritical 
deformation,  being  it  is  connected  with  considerable  changes  in 
exterior  form  of  shell,  leads  to  tae  very  large  voltage/stresses  in 
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the  Material  of  shell,  10  particular  on  the  boundary  of  the  region  of 
bulge.  Therefore  the  real  shells,  which  possess  the  United 
elasticity,  as  a  rule,  experience/test  in  this  case  elasto-plastic 
defornation.  In  connection  with  this  is  of  unconditional  interest  the 
investigation  of  a  question  concerning  how  occur/flow/lasts  the 
supercritical  defornation  of  shells  with  the  linited  elasticity. 

Let  us  assume  the  supercritical  defornation  of  shell  is  so 
considerable  that  the  voltage/stresses  from  curvature  on  the  boundary 
of  bulge  cause  plastic  deformations.  Let  us  calculate  energy  of  the 
elastoplastic  deformation  of  the  cell/element  of  shell  on  the 
boundary  of  bulge. 

He  will  assume  that  the  material  of  shell  has  classical 
constitution  diagram.  This  means  that  the  relative  deformation 
(elongation  -  compression)  e  and  its  calling  voltage/stresses  0  are 
connected  by  the  dependence,  presented  in  Fig.  10.  Thus,  when  |e|<e, 
deformation  is  elastic,  and  the  corresponding  to  it 
voltage/stresses  0  in  material  are  determined  from  the  formula 

a  =tE. 


Pig.  10. 


Page  65. 

Deformation  £  when  |e|>e,  is  plastic.  In  the  plastic  flow  area  of 
voltage/stress  in  material,  they  remain  the  constants,  egual  to  o, 
with  elongation  and  (—  o,)  durrag  compression. 

Let  the  cell/element  of  shell  undergo  considerable  curvature.  If 
the  change  in  the  curvature  of  median  surface  of  shell,  caused  by 
this  curvature,  is  egual  to  Jc,  then  relative  tensile  strain 
(compression)  in  the  material  of  shell  at  a  distance  of  h  from  median 
surface  will  be 

t  =  kh. 

In  this  case,  if  Jc  is  great  so  that  then  the  strain  energy, 

in  reference  to  unit  volume,  an  this  distance  will  be 

A  ( h )  ?zaek//. 

The  strain  energy  of  shell,  in  reference  to  the  unit  of  area  of 
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median  surface,  is  equal  to 

V 

>1  =  2  |  A(h)dh  =  ark^-. 

i 

Let  us  assuie  now  that  tue  cell/element  of  shell 
experience/tests  considerable  curvature  with  a  change  in  the 
curvature  on  k  first  in  one  direction,  and  then  in  opposite  with  the 
restoration/reduction  of  initial  fora.  Energy  of  this  defornation  of 

shell  per  the  unit  of  area  of  median  surface  will  be 

,  _ 

A  ~  2  ' 

Let  in  the  course  of  the  supercritical  deformation  of  shell  the 
region  of  bulge  be  expanded  also  at  certain  torque/moment  on  its 
boundary  appear  plastic  deformations.  Let  us  calculate  energy  of 
elasto-plastic  deformation  in  tae  external  half-neighborhood  of  the 
conditional  fin/edge,  which  limits  the  region  of  bulge.  He  will 
assume  that  the  plastic  deformations  of  shell  appear  only  from 
curvature  in  the  plane,  perpendicular  to  fin/edge.  The  deformation  of 
median  surface  is  assumed  to  be  elastic. 

Let  us  designate  through  e*  the  width  of  the  external 
half-neighborhood  of  fin/edge,  encompassed  by  plastic  deformations. 


Page  66 
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Total  energy  of  deformation  U  in  external  half-neighborhood  can  be 
presented  in  the  form 

U  =  U'  +  LT\ 

where  U'  -  energy  of  elasto-plastic  deformation  in  immediate 
proximity  of  fin/edge,  U"  -  energy  of  purely  elastic  deformation  in 
the  remaining  part  of  the  zone  of  powerful  bending. 


Retaining  designations  p.  2  of  §1,  we  can  write 


Energy  of  elasto-plastic  deformation  is  equal  to 


or 


"■-T + 

O'  -  J  £  l> +  *£  </  (0  -  «»> 


Here  the  second  term  considers  energy  of  elasto-plastic  deformation 
from  bending  in  the  plane,  perpendicular  to  fin/edge,  and  the  first 
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tern  -  strain  energy  in  aedian  surface,  which  accoapanies  this 
bending.  Both  of  foraulas  give  tne  strain  energy,  in  reference  to  the 
unit  of  the  length  of  fin/edge. 


So  as  in  §1  during  tne  investigation  of  elastic  def ornations, 
let  us  introduce  together  the  variables  u,  )j ,  s  new  the  variables  u, 
v.  $  according  to  the  fornulas 


In  new  variables  above  designations  of  which  the  feature  lowers, 
let  us  have 

e* 

\J"  =  K  f  (v'2+ui)(fs. 

K 

? 

O'  =  K  J  l). 

a 

where  e*  and  e*  -  new  integration  linits. 

Page  67. 

Under  the  sane  assuaptions  that  and  in  §1,  integration  liait 
e*  can  be  taken  as  equal  to  If  we  in  this  case  e*  for  siaplicity 

of  recording  designate  «,  then  total  energy  U  of  elasto-plastic 


I 
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deformation  in  external  haif-neignoorhood  of  rib  it  is  possible  to 
write  then: 

co 

=  AT  J  (6v,!+«-)rfs  +  ^Mt>(o)+l). 


where  #  (s)  =0  with  a  (3)  =  1  witn  s>*; 

_  £6‘V* 

2  •  12*  v' ' 

The  true  form  which  accepts  the  shell  in  the  external 
ha If- neighborhood  of  fin/edge  -  tne  boundary  of  bulge  -  it  is 
determined  from  the  condition  of  the  minimum  of  functional  U.  Let  us 
examine  the  task  of  the  minimum  of  this  functional. 

On  the  basis  of  the  demonstrative  representations  of  the 
character  of  the  deformation  of  shell  in  the  external 
half-neighborhood  of  fin/edge,  let  us  assume  that  the  plastic  flow 
area  from  bending  encompasses  section  AB  (Pig.  11).  Point  B  is 
determined  by  that  condition  that  the  tangent  in  it  is  parallel  to 
external  semi-tangent  in  fin/edge.  Analytically  the  position  of  point 
B  is  determined  by  the  condition 

V  ( w)  *0. 

Under  this  assumption  relative  to  the  zone  plastic  deformations  for 
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strain  energy  U  let  us  have 

03 

U  =  K  |  +«’)/** + 

0 

Just  as  in  the  case  of  uniiaitedly  elastic  shells  (§1)#  it  will 
consider  that  v*=const  with  s<«. 


rig.  11. 


Page  68. 

Further,  assuming  by  v  by  comparative ly  small  with  s>«,  let  us 
drop/onit  term  v*/2  in  the  differential  linkage  of  functions  u,  v 

u'  -h  ti  ^ — 2~  = 

Record/fixing  a,  let  us  find  the  minimums  of  functional  0  and 

rtf' 

functions  u,  y,  which  it  realize. 

Since  v*=const  with  s^w,  and 
v  (0)  =  —  I ,  v  (o)  =  0. 

that  with  s<o 


Knowing  v(s)  with  s<«,  we  find  u  (s)  ,  utilizing 
conmunication/connection  between  these  functions 

«'  +  «  +  -y  =  ° 

Taking  into  account,  that  u(0)=0,  we  obtain  the  following  expression 
for  u  (s)  with  s^w: 
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For  determining  the  functions  u  (s)  and  v(s)  with  s^»  we  minimize 


the  functional 


jV  +  «5)ds 


in  the  nonholonomic  constraint  between  the  varied  functions 

o'  ■+■  «  =  0. 

The  solution  of  this  task  in  no  way  differs  from  that  given  in  §1, 
and  it  gives  the  following  expressions  for  functions  u  and  v'  with 
s>»: 


where 


(a),?0*'  •»-<’>  +  (Oje“>>  <'-«>), 


ii  = 


3/2 

(_  a,  ea,  u-D  4.  <»-•)), 

3V2 


Wi  =  -p^(— 1  +  0-  w2  =  y=(—  1  —  0- 


Page  69. 


After  substituting  the  obtained  values  of  functions  u,  v  into 
the  expression  of  functional  U,  we  will  obtain  its  value  depending  on 
the  parameter  a 

& (0)  -  K  {^r-  +  li  +  T~W)  °3 }  +  nr4-  • 


Further  we  must  minimize  expression  0 (w)  on  w.  However,  we  see 
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that  U(<0  monotonicall y  decreases  with  9*0.  This  leans  that  the 
examine/considered  by  us  tasi  ot  regular  solution  does  not  have, 
since  with  9*0  in  cut  (0,  #) 

,  I 

V  = - >  CO. 

o 

The  physical  sense  of  the  obtained  result  lies  in  the  fact  that 
the  appearance  of  plastic  detonations  on  the  boundary  of  bulge 
conducts  k  against  the  formation  ot  an  actual  fin/edge  on  the  surface 
of  shell  (k*1/#*-)  •  Not  difficult  to  explain  the  mechanism  of  the 
formation  of  fin/edge  demonstrative  reasons.  Actually,  the  elastic 
state  of  shell  before  the  appearance  of  plastic  deformations  is 
determined  in  essence  by  bending  in  the  plane,  perpendicular  to 
fin/edge,  and  accompanying  this  oending  by  the  elongation  of  median 
surface  in  outer  zone  and  by  compression  in  internal  (Fig.  12).  If  at 
point  C  on  fin/edge  appear  plastic  deformations,  then  the  flexural 
rigidity  of  shell  is  decreased.  In  this  case,  the  elongation  of 
median  surface  in  outer  zone  and  compression  in  internal  increase 
bending  strain  in  C.  This  leads  to  further  weakening  of  shell  on 
bending.  As  a  result  the  shell  takes  the  form  with  very  large, 
theoretically  infinite  curvature  in  the  direction,  perpendicular  to 
fin/edge. 


Fig.  12. 


Page  70. 

The  appearance  of  plastic  detonations  on  the  boundary  of  bulge 
stops  supercritical  deformation,  fleally/actually ,  supercritical 
deformation  is  accompanied  oy  a  change  in  the  region  of  bulge,  and 
therefore  by  the  displaceaeut/moveaent  of  the  fin/edge,  which  limits 
this  region.  If  at  the  particular  point  of  fin/edge  appear  plastic 
deformations  from  bending,  then  curvature  k  of  surface  in  the 
direction,  perpendicular  to  tin/aage,  becomes  very  large  (in  our 
examination  infinite).  The  displaceaent/novement  of  fin/edge  is 
connected  with  the  bending  or  shell  first  in  one  direction  to 
curvature  k,  and  then  with  the  sending  in  the  opposite  direction, 
which  virtually  reduces  initial  form.  The  energy  per  the  unit  surface 
area  of  shell,  connected  with  this  deformation,  is  egual  to 

o,*6« 

■-w  —  € 

—  2  * 

Therefore  the  displacement  of  the  cell/element  of  fin/edge  to  to 
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value  As  requires  the  execution  of  the  work 

M  As. 

This  work  must  fulfill  the  effective  on  shell  load.  But  load  is 
final,  and  value  k  is  very  great  (is  infinitely  great).  Consequently, 
As*0,  i.e.,  the  appearance  of  plastic  deformations  stops 
supercritical  deformation. 

Now  we  can  formulate  principle  A  in  connection  with  limited 
elastic  ones  shell. 


Limitedly  elastic  shell  allow/assuraes  only  such  supercritical 
deformations,  determined  by  principle  A  with  which  the 
voltage/stresses  «  on  the  boundary  of  the  bulges,  determined  on 


formula  (§1) 


a  =  c'E 


do  not  exceed  tine/temporary  resistances  o,  (we  consider  that  the 
tensile  strength  is  elastic  limit) . 


Let  us  use  the  obtained  result  for  the  investigation  of  the 
supercritical  deformations  of  strictly  convex  hulls  under  external 
pressure. 


Page  71. 
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Under  the  assumptions  p.  J,  smallest  received  by  shell  load  pt 
during  transcritical  deformation  is  determined  by  the  maximum 
permissible  deformation  and  is  calculated  from  the  formula 

Pi  =  }  (*i  +  V'*£  y^~  . 

In  the  case  of  unlimitedly  elastic  shells,  maximum  deformation  2h ,  is 
determined  by  the  geometric  dimensions  of  shell.  In  the  case 
Unitedly  elastic  shells,  maximum  deformation  can  be  determined  by 
the  condition  for  appearance  on  tne  boundary  of  the  bulge  of  plastic 

deformations,  i.e.,  by  condition  (page  56) 

c'EV2hi*:,‘\rkj:i=o,.  (.) 

Determining  hence  2/i,  and  substituting  it  in  formula  for  we  will 

obtain  lower  critical  load  for  limiting  the  elastic  shells 

The  application/use  of  this  formula  logically  assumes  that  the 
deformation,  determined  by  condition  (*) ,  is  geometrically 
permissible. 

In  the  case  of  the  spherical  shell  of  radius  R,  the  formula  for 
a  lower  critical  load  tales  the  form 

*(-£)'• 

$3  about  the  stability  of  the  supercritical  axially  symmetric 
deformations  of  spherical  shell  with  axially  symmetric  loading. 


In  §  1  in  the  examination  of  the  supercritical  deformations  of 
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the  flat  strictly  convex  hulls,  rigidly  attached  on  edge,  it  is  shown 
that  such  deformations  in  Dasic  approach/approximation  are  reduced  to 
mirror  bulge.  The  establishment  of  this  fact  substantially  rests  on 
two  assumptions:  1)  the  deformation  of  shell  must  be  considerable  and 
2)  the  attachment  of  the  edge  of  snell  is  sufficiently  rigid.  Bith 
the  disturbance/breakdown  at  least  of  one  of  these  conditions,  we  are 
right  to  expect  another  result.  Of  this,  us  convince  data  of  the 
corresponding  experiments. 

Page  72. 

The  supercritical  deformation  of  spherical  shell  with  the  bulge  of 
the  region  of  small  size/dimeusions,  and  also  with  the  insufficient 
rigidity  of  the  attachment  of  edge  can  not  possess  axial  syaaetry, 
although  the  shell  and  the  method  of  its  loading  are  axially 
symaetric.  The  region  of  bulge  freguently  has  a  fora  of  triangle  or 
quadrangle  with  the  rounded  off  apex/ver texes.  In  connection  with 
this  in  present  paragraph  we  want  to  investigate  a  question 

concerning  the  stability  of  tne  axially  symmetric  supercritical 
deformations  of  spherical  shell  with  an  axisy aaetrical  load.  Bill  be 
examined  two  load  cases  of  the  shell:  by  uniform  external  pressure 
and  concentrated  force.  In  the  latter  case  the  results  of  theoretical 
examination  will  be  conpared  with  the  data  of  the  corresponding 
experiment . 
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1.  Bending  of  spherical  segment.  Equations  of  bending.  F  -  flat 

spherical  segment  with  single  curvature  and  radius  of  basis/base 

/ 

p„«1.  Let  us  introduce  t be  Cartesian  coordinates  y,  z,  after 
accepting  tangential  plane  in  the  apex/vertex  of  segment  for  plane 
xy,  and  internal  standard  -  as  the  positive  semi-axis  z.  In  these 
coordinates  the  segment  is  assigned  by  the  equation 

*>4y,+  z!-2  z  =  0. 

Let  us  designate  through  j  the  curve  on  the  surface  of  segaent, 

xy 

which  for  plane  ^  is  design/projected  into  the  curve,  assigned  in 

polar  coordinates  r,  9  with  the  equation 

r  =  p(l  4-  A cos  19). 

P<CPo.  A<<1. 

Curve  y  divide/marks  off  the  surface  of  segment  into  two  regions: 
internal  -  P",  limited  by  curve  y,  and  external  -  P*.  Let  us  examine 

the  task  of  the  bending  of  segment  with  the  extrusion  of  region  P" 

T»  The  /ns  it*  * 

the  formation  of  the  fin/edge  of  lengthwise  curved  y  and  by 
the  preservation/retention/aaintaining  of  edge  in  initial  plane  (Fig. 
13) .  Is  proposed  the  following  method  of  solving  the  task. 


For  each  of  the  surfaces  P*  and  FM  we  will  construct  the 
independent  bending.  Such  bending  are  possible  and  besides  with  large 


arbitrar iness 
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By  this  arbitrariness  we  Mill  be  ordered  so  that  the  curved,  limiting 
ranges  P»  and  P",  would  prove  to  be  combined.  As  a  result,  we  will 
obtain  surface  with  fin/edge  lengthwise  y,  iscnetric  to  initial 
segment.  Let  us  examine  the  bending  of  surfaces  P'  and  P" . 

r  -  vector  of  point  of  one  of  the  surfaces,  for  example,  P* ,  and 
r  -  displacement  vector  of  this  point  with  the  bending  of  surface. 
Since  the  linear  cell/element  of  surface  with  bending  does  not 
change,  then  must  occur  the  eguality 

dr 2  =  (dr  -f-  rfv)2. 

Hence  for  a  vector  function  r,  is  obtained  the  equation 

dr  rft  -f-  —  </t2  •=  0 . 

Curve  y  on  the  surface  of  segment,  that  converts  into  fin/edge 
with  bending,  depends  on  the  parameter  K .  The  parameter  K  is  low,  and 
therefore  it  is  advisable  to  decompose/expand  vector  function  r 
according  to  the  degrees  of  this  parameter 

x  =  /.x,  /.:Xj  4-  ... 

He  set/assume  r0  equal  to  zero,  since  with  A*0  the  task  of  bending 
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has  trivial  solution  with  tee  mirror  reflection  of  segment  F" 
relative  to  plane  curved  y.  la  this  field  r  on  surface  F* ,  it  is 
equal  to  zero  identically. 

Substituting  expansion/decomposition  r  according  to  degrees  X  in 
the  equation  of  bending,  we  will  obtain  for  vector  functions  T|r  rt, 
...  infinite  system  of  equations 

dr  rfv,  =  0. 

rft | 

dr  -) — =  0, 


Vector  fields  rXt  r2,  ...  are  called  the  bending  fields  of  the  first, 
second  and  so  forth  of  orders. 

Let  us  introduce  in  space  the  stand ardized/normalized 
cylindrical  coordinates  «,  v.  z.  For  the  arbitrary  point  A,  they  have 
the  following  values:  p*z  -  with  an  accuracy  to  the  sign  of  the 

distance  of  point  A  from  plane  xy.  pu  -  distance  to  point  A  from 

z. 

fl-axis,  9  -  the  angle,  formed  by  the  plane  »,  passing  through  Z-axis 
and  point  A,  with  plane  xz. 
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This  standardization  of  coordinates  is  convenient  in  the  examination 
of  the  task  of  bending  in  the  case  of  the  low  region  F" . 
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With  each  point  A  of  space.  Me  will  relate  the  movable  trihedron 

of  three  single  mutually  perpendicular  vectors  e,,  e2,  e3  (Pig.  14). 

Vector  e3  is  directed  along  the  axis  z  to  side  z>0,  vector  e( 

z 

lie/rests  at  plane  a  and  is  directed  from  ,^-axis,  while  vector  e2  is 
perpendicular  this  plane.  It  rs  obvious,  vector  e3  does  not  depend  on 
point  A,  but  vectors  e,,  e2  depend  only  on  coordinate  v  of  this 
plane.  In  this  case,  it  is  possible  to  count  that  vector  e2  is 
directed  so  that 


dv  2‘ 


Then,  obviously. 


dv 


=  —e,. 


Let  us  examine  the  case  ot  the  low  regions  P”,  i.e.,  the  case  of 
t';e  low  values  of  the  parameter  p.  In  this  case,  it  is  expedient  to 
standardize  the  coordinates  of  displacement  vector  r  with  the  aid  of 
the  parameter  p.  Specifically,,  the  components  of  vector  r  relative 
to  basis  e,,  e2,  e3  are  conveniently  presented  in  the  following  form: 

P*.  f*).  (X • 

Equation  of  the  bending 


dr  d*-\- 


dx> 
—  ■ 


of  the  equivalently  to  the  system  three  equations 


=  0. 

r„vv  +  'VC.  +  *„*„  =  <). 

2 

1  o"  = 


(•) 


Fig.  14. 
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If  we  into  the  first  equation  of  this  system  substitute  vectors 

r  and  r,  decomposed  in  basis  et,  e*,  e,,  precisely, 

r  =  p  ue{  -t  p 3zeit 
t  =  pV,  +  f'V.  + 

and  we  will  use  the  formulae  of  differentiation  for  the  vectors  of 
the  basis 


then  we  will  obtain 

iu  "+■  Zu^u  2"  ^2~  = 

With  small  p  last/latter  term/component/addend  in  this  equation  can 
be  re ject/thrown .  Furthermore,  rrom  the  equation  of  the  segment 

r?z  =  l  —  y  i  —  pV 


with  small  p  is  obtained 


z~u 
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As  a  result  the  equation  for  5.  g. 


presented  in  the  form 


im  -f  «:u  +  ti  > 


at  low  values  p  can  be 

0. 


It  is  analogous,  of  otner  two  equations  of  bending  after  the 
substitution  of  values  r  and,  r  at  the  low  values  of  the  parameter  p 


is  obtained 


l 


*(n.+6)+ 

U  —  9  +  «£,  +  «n,  +  CA  =  o. 


In  the  examination  of  tne  sending  of  surface  P'  us  Bust  solve 
system  of  equations  (*)  for  functions  fc.  g.  C  in  the  region 

1  -f-  A  cos  kv  u  ^  ~ 

under  the  boundary  condition 

‘(*H- 
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However,  in  view  of  the  predicted  smallness  of  the  paraaeter  p,  we 
will  search  for  solution  in  tne  region,  determined  only  by  first 
inequality,  and  boundary  condition  let  us  relate  to  infinity,  i.e., 
let  us  consider  that  £(u)-»0  with  u-»-. 

Analogous  examinations  can  be  conducted  for  the  bending  of 
another  part  of  the  segment  -  e" .  In  this  case,  is  obtained  in 
accuracy/precision  the  same  system  of  equations  for  functions  £.  g.  £. 
But  its  solution  must  be  examined  on  the  remaining  part  of  the  plane, 
i.e.,  in  the  region 


«<  I  4-  A  cos  kv. 
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In  order  for  the  surfaces  obtained  by  bending  regions  F'  and  P", 
was  comprised  the  surface,  toe  isometric  segment  with  fin/edge 
lengthwise  y,  is  necessary  that  tne  corresponding  displacement  r'  and 
rM  in  the  regions  indicated  on  their  overall  boundary 

u  =  I  +  J.  cos  kv 

would  satisfy  the  conditions 

v = r. 

During  the  execution  of  these  conditions,  the  edge  of  the  surface 
F".  obtained  by  bending  trom  F",  after  mirror  reflection  in  plane  xy 
will  be  combined  with  edge  of  surface  F'.  obtained  by  bending  from 
F* ,  and  is  formed  the  interesting  us  the  surface  with  fin/edge, 
isometric  to  segment. 

Subsequently  conditions  indicated  above  for  solutions  of  r*  and 
r"  for  curve  u=1*k  cos  kv  will  be  called  the  conditions  of  coupling. 

2.  Solution  of  equations  of  bending.  The  ccmmon/general/total 
plan/layout  of  the  solution  of  the  task  of  the  bending  of  segment 
will  consist  of  following.  First  of  all,  we  note  that  ^=-1.  This 
directly  escape/ensues  from  tue  condition  of  the  coupling 

C'  +  C"  +  =  o 

As  far  as  components  are  concerned  two  others  ^  and  v  without 
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limiting  generality,  them  it  is  possible  to  take  as  equal  to  zero. 
This  can  always  be  achieved  by  motion,  parallel  to  plane  xy. 
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Further,  we  will  determine  the  bending  first-order  fields  r*t, 
r"  i  for  surfaces  F',  F",  and  by  tae  arbitrariness  which  in  this  case 
is  obtained,  we  will  be  ordered  that  so  that  the  conditions  of 
coupling  would  be  satisfied  with  an  accuracy  to  the  values  of  order 
X.  Then  we  determine  the  bending  fields  of  the  second  order, 
satisfying  the  conditions  of  coupling  with  an  accuracy  to  X*,  and  so 
forth. 

The  bending  fields  of  the  first  order  satisfy  the  system  of 
equat ions 

lu  +  <  =  0. 

%  "+-  l  =  0. 

lv  - 1 4-  u*v  4-  «n„  =  o. 

If  we  from  these  three  equations  exclude  functions  f  and  g.  then  for 
5  is  obtained  the  equation 

=o 

It  is  the  equation  of  Laplace  in  polar  coordinates  u.  v 


Let  us  search  for  the  solution  of  equation  for  C  in  the  form  of 
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trigonometric  series.  In  this  case,  in  view  of  the  symmetry  of  the 
expected  solution,  it  is  possible  to  count  that  in  this 
expansion/decomposition  are  present  only  the  terms,  which  contain  the 
cosines  of  arcs,  multiple  fcv.  Tnus, 

t  =  12  <•„(«)  cos  nv, 

where  n  accepts  only  integral  multiple  k  of  value.  The  general 
solution  for  £  in  this  tore  taxes  the  form 

In  the  case  of  the  bending  of  surface  F*,  it  is  necessary  to 
assume  ao  =  0  and  ^,  =  0.  since  £-»0  with«-»oo.  Thus,  for  component  £  of 
the  bending  field  r*  of  surface  F*  is  obtained  the  expression 

*  =  nv- 

where  the  addition  begins  with  n>0  and  goes  over  by  the  whole  n,  by 
multiple  It. 
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According  to  the  considerations  of  convenience,  we  will  give  £  the 
following  form: 

y  v  /  v  n  —  1  cos  nv 

an)~ - ~n ~  • 


Having  £,  it  is  not  difficult  to  find  from  the  equations  of 


bending  two  other  components  t  and  rj.  It  is  obtained 


Integration  constant  are  accepted  equal  to  zero  due  to  the  predicted 
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synmetry  of  bending. 

In  the  case  of  the  bending  field  *'  surface  F"  in  the 
expression 

it  is  necessary  to  place  equal  to  zero  constants  since  £  must  be 

limited  in  zero  (with  u=Q) .  Ihe  absolute  term  of  expansion  b0  also  it 
is  possible  to  consider  it  equal  to  zero,  since  it  corresponds  to  the 
simple  shift  of  surface  as  wnole,  and  this  shift  is  taken  into 
account  especially.  Just  as  for  surface  F*,  according  to  the 
considerations  of  convenience,  £  for  surface  of  F"  we  represent  in 
the  form 

t  =  2  (—  b» )  cos  nv. 

With  the  aid  of  the  system  of  equations  of  bending  and  obtained 
expression  for  £,  we  find  €  and  g 

Let  us  find  now  the  solutions,  which  satisfy  the  conditions  of 
coupling  with  an  accuracy  to  the  values  of  order  h.  The  conditions  of 
coupling  can  be  written  in  the  fora 

x*;+o(x*)«i4;+o(x*), 

+  +  l  +2X  cos kv+  0^  =  0. 

(€"o*  -1)  • 
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Isolating  in  these  equalities  the  terms,  which  are  of  the  order  A,  we 
will  obtain 

22  an  cos  nv  —  22  bn  cos  nv, 

V  (  —  sin  nt'  =  V  (  —  — )  sinnt>, 

( — a.)  -  —  —  cosno-H  Y(-f>n)  —  cos  nv  4-2  cos  kv  =  0. 

n  n  jJ  \  /  n 


We  hence  consist  that  with  n>k  all  an  and  />„  are  equal  to  zero,  but 
with  n=k  they  are  determined  iroa  the  system 

ak  =  b„.  -a„  *±1  +  2=0. 

Solution  of  this  systea  following: 

=  ^  = 

In  such  a  way  as  to  satisfy  the  condition  of  coupling  with  an 
accuracy  to  the  values  of  order  X ,  it  is  necessary  to  take  the 
bending  first-order  fields  in  the  following  fora. 
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Poe  surface  P*: 


cos  kv 


’ll  = - 


sin  kv 


c.= 


For  surface  of  F": 


k  —  1  cos  kv 


*+» 


£,  =  11*  +  ' cosfcv,  rj,  = - jp-sinfev,  tj  =  -— j 


U*COikV 
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Let  us  turn  now  to  the  bending  fields  of  second  order.  They 
satisfy  the  system 

lv  —  fl  +  +  “9b  4-  =  0. 


This  system  is  heterogeneous  relative  to  the  unknown  functions,  and 
its  general  solution  is  obtained  by  the  addition  of  any  of  particular 
solution  and  general  solution  of  the  corresponding  uniform  system. 

The  latter  is  system  of  eguations  for  the  which  bends  fields  first 
order . 

By  the  additions  of  the  bending  fields  of  first  order  when 
obtaining  general  solutions  for  the  bending  fields  of  the  second 
order  we  will  be  ordered  so  as  to  satisfy  the  conditions  of  coupling 
with  an  accuracy  to  the  values  of  order  X2.  It  proves  to  be,  these 
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additions  by  the  condition  indicated  are  determined  unambiguously. 

Lovering  the  appropriate  unpackiny/f acings,  let  us  give 
expressions  for  the  components  of  displacement  r  with  an  accuracy  to 
second-order  quantities  in  the  parameter  X. 


For  surface  F*: 


.  X  cos  kv  —  l)2  , 

i - ~ - K  .  — •"•••• 


9  = 


■t*-i  4u2*+l 

X  sin  kv 
ku*-‘ 

k  —  1  cos  kv  ^  ^  (k  —  l)2 


k  u * 


4u***» 


For  surface  of  F": 


»)==  - 


v_ 

4 

-sin  kv  .... 

A+l„* 


£  =  Xu* 4 1  cos  kv - j-(k  -j-  l)2  u2k~l  +  .... 

Xu**1 


X« 


X2*2 


£  =  —  1  —  k—j—u*  cos  kv  \f  uu-i - g--)- 


Here  are  not  everywhere  extracted  the  members  of  the  form 


1M  cos  2kv,  l2B  sin  2kv. 
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They  although  are  of  the  order  X2,  in  our  further  examinations  they 
are  unessential. 


3.  Determination  of  some  values  for  surface,  obtained  by  bending 
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of  spherical  segaent.  In  p.  2,  we  found  expressions  for  the 
coaponents  of  the  displaceaeut  vector  r  of  the  point  of  spherical 
segment  with  its  bending.  Their  values  are  obtained  with  an  accuracy 
to  the  values  of  order  A*.  Us  subsequently,  they  will  interest  soae 


integral  expressions  of  the  fora 

7=JJ n(t.  Ta.  t„  ...)dudv. 

where  the  integration  for  is  fulfilled  within  the  liaits  of  0.2*. 
It  is  obvious,  if  we  take  r  with  an  accuracy  to  the  values  of  order 


X.2,  then  with  the  same  accuracy/precision  we  will  obtain  value  J. 


It  proves  to  be,  if  we  in  expression  r  drop/omit  the  aembers  of 
the  fora 

A5  cos  2kv,  sin  2kv. 

then  with  an  accuracy  to  the  values  of  order  A2  is  obtained  the  sane 
value  J.  Really/actually,  connected  with  this  process/operation 
change  in  the  integrand  will  take  the  fora 

)?C  cos  2kv  4-  tX"  sin  2kv  +  O  (A3). 

where  C'  and  C"  they  do  not  depend  on  .  But  during  the  integration 
of  this  expression  is  obtained  the  value  of  order  A3.  For  this  very 
reason  at  the  end  of  the  preceding/previous  point/item  we  gave  the 
simplified  expression  for  functions  5,  n-  after  drop/oaitt ing  in 


then  the  members  of  order  A2,  having  the  form 

AM  cos  2kv.  ).2B  sin  2kv. 
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Let  us  designate  through  F'  and  F"  the  parts  of  the  isoaetric 
to  the  segaent  of  the  surfaces,  which  correspond  on  isoaetry  to 
regions  F*  and  F",  Let  us  find  the  equations  of  these  surfaces.  So  as 
the  standardized/nor aalized  coapouents  of  the  shift  of  point  with  the 
bending  of  segaent  are  equal  to  f,  *1.  £,  that  true  shift  will  be 

PC  P3’!.  P^ 


Therefore  the 
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equation  of  surface  F'  can  be  written  thus: 

r  =  <?,  (|)u  -I-  p3V)  -I-  (P3'!')  4-  e3  +  p^'j . 

u  >  1  -)-lcos  kv. 


Respectively  the  equation  of  surface  F"  will  be 

r  =  #,  (pa  4-  (>V)  +  »,  (pY)  ~  *a  +  PC) . 
u  •<  1  -+-  X  cos  kv. 

In  view  of  the  fact  that  we  assuae  the  paraaeter  p  sufficient  to 
snail  ones,  the  aeabers  of  order  p3  in  the  equations  of  surfaces  it 
is  possible  to  drop/onit.  Then  we  obtain:  for  a  surface  F' 

r  —  ex  (pu)  e3  +  pC) . 

for  a  surface  F" 

r  =  e{  (p«)  -  e3  (-*y-  -f  pC) . 

Surfaces  F'  and  F",  forming  isoaetric  to  segaent  surface,  are 


divided  by  fin/edge  y.  Let  us  deteraine  angle  a  with  this  fin/edge 
between  F*  and  P".  Por  this,  let  us  first  find  the  unit  vectors  of 
standards  n*  and  nN  surfaces  along  fin/edge. 
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In  view  of  the  fact  that  tue  surface  F  is  obtained  by  the 
isometric  conversion  of  segment  F,  the  denominators  of  these  foraulas 
at  the  points  of  fin/edge  y  nave  tne  same  value,  as  for  a  segment.  A 
for  it  with  small  ones  p 

lr«  X  f«,l  —  P2** 

Let  us  calculate  derivatives  of  a  vector  r'  according  to  u  and 
v.  We  have 

ri==*lP+ *3^  (“  +  £,). 

K  =  epu  +  ep\. 

Hence,  determining  vector  multiplication  by  the  equalities 

=  e,X»3“*i.  *aX*,  =  «a. 

we  will  obtain 

r'u  X  K  =  e3  <P*«)  -  *2  (P^)  - *,  (P3"’  +  P*<). 
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Analogously  we  find 

r]Xf‘  =  *3  (*>-«)  +  e,  (p3Q  +  <?,  (pV  4-  P3"^). 

Thus, 

_<?>p  (“+*;)• 


*"  =  *i  4“  *2  (7  +  ^P  (“  +  Q- 
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But  now,  talcing  into  account,  that 

(n'  X  «")J  =  sin5  a. 

where  a  -  angle  with  fin/edge  y,  we  find 

sin5 a  =  p5 j ( ^ -+-(2«  +  Cu  +  Q;]+  •••• 

where  are  not  extracted  the  terns,  which  are  of  the  order  p*.  In  view 
of  snallness  p  with  the  saae  accuracy/precision  (p4)  we  have 

aI=p2{(it±iL)V(2«+cB+::)5}-i- ... 

Let  us  find  the  curvature  of  fin/edge  y  on  surface  F.  It  it  is 
possible  to  express  by  geodetic  curvature  kg  and  angle  with 
fin/edge.  In  view  of  the  isoaetry  of  surfaces  F  and  p  geodetic 
curvature  kg  can  be  calculated  on  initial  surface.  In  this  case,  it 
is  obvious  that  with  snail  p  the  geodetic  curvature  kg,  with  an 
accuracy  to  the  values  of  higher  order  relatively  p,  is  equal  to  the 
usual  curvature  of  curved  not  plane,  assign/prescribed  in  polar 
coordinates  by  the  equation 

r  =  p(l  -f- 1  cos kv). 

Page  84. 

The  latter  is  calculated  fron  Known  foraula  and  for  it  is  obtained 
the  following  expression: 

,  |l-f-l<2-Ms)cos*i.  +  -y.(!+3A5)| 

'  P  (»  +  21  cos  +  (I  +*’))■"  +  " 
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Here  are  not  extracted  the  members  of  order  above  X2  and  the  members 
of  the  order  X2  of  the  fora 

XMcos2*v,  X5fisin2Av. 

In  view  of  smallness  p,  «~p,  and  it  is  possible  to  count  that 

for  curvature  k  of  fin/edge  on  surface  of  F  we  have 

k  ~  kg. 

This  equality  transfer/converts  into  precise  with  p-» 0. 

Let  us  calculate  the  cell/eleaent  of  arc  ds  along  the  fin/edge  y 
of  surface  F.  Taking  into  account  the  isometry  of  surfaces  F  and  F, 
with  small  ones  p  the  cell/eleaent  of  arc  ds  along  fin/edge  y  can  be 

calculated  according  to  tne  foraula 

ds  =  ds,+  .... 

where  ds,  -  a  cell/element  of  the  arc  of  curve,  assign/prescribed  in 

polar  coordinates  by  the  equation 

r  =  p  (l  -f-  X  cos  kv), 

and  the  nonextracted  terms  have  higher  order  of  smallness  on  p.  Thus, 

ds  —  P  [(1  +  21  cos  kv)  +  -y  (1  +  *J)jv*  dv. 

Subsequently  by  us  will  am  necessary  the  mean  curvature  of 
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surface  F  Let  us  calculate  it.  On  known  foraula  the  aean  curvature 
of  surface  is  equal  to 

H  =  i — — • 

where  to  E,  ?,  G ,  L,  II,  t  ■  coefficients  of  the  first  and  second 
quadratic  shapes  of  surface.  As  far  as  coefficients  are  concerned  of 
the  first  quadratic  form,  they  the  sane  as  on  initial  surface 
(spherical  seqnent) . 

Page  85. 

Consequently,  with  snail  p 

C  —  (F.  F~  0.  O'  =  (rul 

Let  us  find  coefficients  of  L  and  N  of  the  second  quadratic 
form.  For  a  surface  F' 

n  =  e3~  — *i(f»«  +  pC,)- 

Hence 

L  —  ruun  =  i)2;,,. 

Analogously  it  is  obtained 

N  —  rvvn  —  -I-  ;,)• 

For  a  surface  F"  are  obtained  the  sane  expressions  of 
coefficients  L  and  N,  only  with  their  function  £  and  opposite  sign. 


Substituting  the  obtained  expressions  of  the  coefficients  of 
quadratic  shapes  of  surface  in  foraula  for  a  mean  curvature,  we  find 
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for  a  surface  F' 

W  =  isr{«,(,+Q  +  ^+“(“  +-Q}- 

for  a  surface  F" 

W  =  +C)+C  +  "(<‘+Q)- 

In  conclusion  let  us  note  also  that  the  Gaussian  surface 
curvature  F  is  equal  to  the  Gaussian  curvature  of  initial  surface, 
therefore,  it  is  constant  and  equal  to  unity. 


i 


4.  Strain  energy  of  shell.  For  the  strain  energy  of  shell  in  §1 
we  obtained  the  following  foraula  (page  33)  : 

(/=  j  c£6”aV'* d,y  4-  J  a(—  k„  +  <tsy  + 

Y  Y 

■+  24  (f  J  J  (A*i  +  Utl+  2vAA,  Mtjdo. 

f 
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Let  us  designate  for  brevity  tecm/eomponent/addends  of  the  right  side 
of  this  formula  through  U • ,  U'*  ana  0'''  respectively,  and  let  us 
calculate  consecutively  each  of  these  term/conponen t/addends . 

The  values,  entering  tne  formula  for  U',  have  calculated  we  in 
p.  2.  It  is  necessary,  nowever,  to  keep  in  tnind  that  the  obtained 
there  values  are  related  to  tne  spnere  of  a  single  radius.  Therefore 
for  the  shell  in  question  tne  radius  of  curvature  of  which  we  will 
designate  R,  linear  values  must  oe  increased  in  R  times. 

In  p.  3  for  an  angle  av.  formed  by  the  tangential  planes  of 
surface  P  along  fin/edge  untamed  following  expression 

-  p3  { m + (2*  -k +Q5}- 

Taking  into  account,  that  an  angle  or,  entering  term/component/addend 
(J *  ,  two  times  less  av.  let  us  have 


Substituting  here 
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Taking  into  account  the  obtained  in  p.  2  expressions  for  k  and  ds, 

let  us  find 

_  I  1  +  >.  (*»  +  2)  cos  *t-  -I-  ~  (3*J  -f-  1)  I7* 

Vk  ds  —  V  P  — 1 - p - rr dv. 

(l  -+-2X cos  +  (*’  +  ])) 

If  we  the  right  side  of  the  eguality  decompose  according  to  degrees 
X,  after  drop/omitting  the  members  of  order  above  X2  and  the 
unessential  members  of  order  X2,  taen  we  will  obtain 

Ykds—  P  { *  +  y  (*5  +  1 )  cos  -f-  XJ  - 1  |  dv. 

For  the  sphere  of  radius  B  result  must  he  multiplied  on  y^.  Thus,  for 
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the  shell  in  question  Me  nave 

\rJds  =  Y  p/?  1 1  (ft2  4-  Dcos  kv  4- 12(-^ V( dv 

Substituting  the  value  a  and  1  kds  in  formula  for  U*,  we  will 
obtain 

U'  =  2jir£6v,A?V|  l+).!  | . 

Let  us  study  now  expression  U**.  In  connection  with  this  let  us, 
first  of  all,  find  normal  curvatures  ft ,  and  ft. 

As  is  known,  normal  curvatures  are  calculated  from  the  formula 

^ _  L  du 1  -(-  2Af  du  dv-\-  N  dv * 

Edu!-\-2F  du  dv  +  G  dv1  ’ 

where  E,  E,  G,  L,  PI,  N  -  coefficients  of  the  first  and  second 
quadratic  shapes  of  surrace.  For  tne  examine/considered  by  us  surface 

/VO 

of  F,  obtained  by  the  bending  or  spherical  segment,  we  have 

£  =  p2,  F  =  0,  0  =  pV. 

As  far  as  coefficients  are  concerned  of  the  second  quadratic  form, 

J 

for  surface  F'  will  be 


Z/=p2  (!+£„„). 


*'  =  P2&v  +  “2  +  0 

Page  88. 


But  for  surface  of  F"  we  nave 
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L- - P^O+Q. 

*' —  p’fc.-l)- 

=  +  “’  +  <) 

Since  curved  y  in  coordinates  u,  V  it  is  assigned  by  the 
equat ion 

u  =  1  -)-  icos  kv, 

its  the  direction  at  the  arbitrary  point  u,  ^  will  be 

du  :  dv  =  —  kk  sin  kv  :  1 . 

Consequently,  perpendicular  direction,  that  is  the  direction,  in 
which  are  measured  normal  curvatures  *i  and  *,.  will  be 

du  :  dv  —  u1  :  (kk  sin  kv). 

Substituting  the  obtained  values  of  the  coefficients  of 
quadratic  forms  and  du,  dv  into  formula  for  normal  curvatures  *(.  ke  and 
by  holding  only  essential  terms,  we  will  obtain 

*,  =  !+  C  +  2  ft,  -  Q>-* »in*®  +  . . . 

Hence 

*,+  *,=  ft.  ~  Q  +  21*  ft,  -  Q  ^  - 

-2JUkft-C3iln**+  ... 

All  this  is  related  to  the  segment  of  single  curvature;  for  the  shell 
in  question  the  obtained  value  *i-|-*«  must  be  divided  into  radius  R. 
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The  cell/element  of  arc  to  curve  y  is  equal  to 

dsy  =  Rp  (i2*2  sin2  kv  +  a2)7*  = 

=  «P{«(l  +  ^Ti+  ...\dv. 

Page  89. 


Talcing  into  account  the  obtained  expressions  for  a, 

rfsv.  we  find 

J  a  (A,  +  *,)rfsv  =  0. 

Y 

Thus, 

"" - 

Y 

Substituting  here  expressions  a  and  dsy.  we  will  obtain 

2.t£ftV  /,  ,  A!*L\ 

^  --  6(!-W\  +  2  J' 

Let  us  calculate  now  the  expression 


fc,  +  A,  and 


u"'  =  -24(f^,  j  j  (**;  +  ^  + 2v  Afe-’)',G 


In  order  to  simplify  unpacicing/facings,  let  us  count  Poisson  ratio 

v  =  0  We  have 

\k\  =  A|.  AAj  —  -p  Aj, 

where  and  k2  -  principal  curvatures  of  surface  F.  Hence  per  the 
unit  surface  area,  we  will  ootain 

where  K  -  Gaussian,  and  H  -  mean  curvature  of  surface  F.  Since  with 
the  bending  of  surface  its  Gaussiau  curvature  does  not  change,  then 


PAGE 


Consequently 


curvdt ure 


Since  our  shell  has  radxus  a,  then  it  with  similar  bending  will  have 


the  mean  curvature 


The  mean  curvature  of  surface  F"  rs  calculated  from  the  same  formula 


but  with  its  function  £  ana  witn  opposite  sign 


Since  the  element  of  area  of  single  sphere  is  equal  to  p2 u  du  dv. 


then  for  the  shell  in  question  element  of  area  will  be 


where  the  integration  is  fulfilled  on  the  region  of  the  variables  u 
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v.  determined  by  the  inequality 

u  >  1  X  cos  kv. 

For  convenience  in  the  forthcoming  unpacking/facings,  we  convert 
integrand  in  Wj"  as  follows: 

^  -  x = (H  -  If + 7  (H  ~  ■*■)  • 


/v 

For  F*  we  have 


;=■ 


l  (k  —  1)  cos  kv  1*  (A  —  1)* 


k  uk  4  u' 


2* +2  ’ 


Consequently, 


Let  us  assume 


2u* 


k-D*  \ 

2*7?  ^ 

u  (v)  =  1  -j-  1  cos  kv. 


Page  91 . 


Then 


=  D*(*+  »+  •••• 

W) 

|  [h  —  -i-  )2  <*«  =  0  +  ••• 


u  (l/l 


Hence 


|  j  («— Jr)’*“0+ 


Consequently,  with  an  accuracy  to  the  values  of  order  X2  will  be 
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*/;"  =  (A -))*(* -H). 

Value  if"  is  calculated  analogously.  For  is  not  obtained  the 
following  expression: 

=  +  5-(*+U,(*-l>]}. 

Thus, 

Um  =  (2  4  V  (2 k*  -  <.*  t  **))  ■ 

Summarizing  teri/co« ponent/adaends  O',  0"  and  a*'*,  we  find  the 
following  expression  for  strain  energy: 

U  =  2 ncEb'hR'up3  1 1  -+.  X1  —  (1  |6*--)  }  4 

'  '•  (#-*). 

5.  Work  of  external  load  during  deformation  of  shell.  We  will 
examine  two  load  cases  of  the  snell:  1)  loading  by  concentrated  force 
f  and  2)  uniform  loading  oy  tne  external  pressure  p. 

Page  92. 

By  loading  by  concentrateu  torce  f,  which  effects  on  the 
internal  standard  of  segment  in  its  center,  the  produced  by  it  work 
is  the  wound 

A  =  fh- 

where  h  -  sagging/de  flection  in  tne  center  of  bulge.  Taking  into 
account  the  equation  of  surface  of  F,  obtained  in  p.  3,  we  see  that 

+  *%)• 
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Consequently, 

^=/«p»(i  +nr). 

In  the  case  of  the  uniform  external  pressure  p  on  shell  for  the 
produced  by  it  work  A  we  nave 

A  =  pV. 

where  V  -  a  change  (during  deformation)  in  the  volume,  limited  by 

shell . 

Volume  change  is  equal 

V  =  J  J"  A z  do. 

P 

where  Az  -  sagging/deflection  of  snell  in  the  direction  of  Z-axis 
during  its  deformation  into  form  of  F.  on  surface  F' 

az=pj;'. 

On  surface  F •  • 

Az  =  —  (uV-fp^")- 

For  computing  value  V,  is  convenient  to  break  it  into  two  parts 
of  V'  and  V'*,  with  respect  to  tne  separation  of  range  of  integration 
by  the  curve  «=l+Xcos*v  Let  us  calculate  value  V*.  He  have 

2jt  od 

V'  «=  J  J  p4C'«  du  dv. 

0  u  (t>) 

Page  93. 
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Substituting  here 


,,  ?.  (*  —  1)  Co*  *r  ,  >.*  (*  —  1  )a  , 

t  .  k  ”t"  .  -k  t2  *  •  •  •  • 

k  a*  iu 


*4-1 

(*  +  !)’  , 

_  *1 1 

* 

4*  ■* 

2  f 

we  will  obtain  with  an  accuracy  to  the  values  of  order  X2  the 
following  expression  for  V*: 

Let  us  calculate  volume  ■«  have 

U  (V) 

y”—jj  —p*(u--\-l")udu  dv. 

0  0 

Substituting  here 

—  _i  —  ®*  tos  kv  "+■ 

/.’(t+o1  7»_j  a***. 

- 4  “  5  r  ‘ 


we  will  obtain 


Store/adding  up  V'  and  V",  we  find  V: 

V  =  +  *.***). 

For  the  shell  of  radius  R  this  result  must  be  multiplied  by  R 3 . 
Thus,  a  change  in  the  liaited  ny  saell  voluae  is  equal 

npVA»  (i  _|_ }ikt) 

Consequently,  the  produced  oy  tne  external  pressure  p  work  is  equal 
t0  2^-0  +X*A*)/>. 

6.  On  stability  of  axially  symmetric  deformations  of  spherical 
shell.  Experiment  shows  tnat  the  spherical  shell  under  the  action  of 
concentrated  force  experience/tests  axially  symmetric  deformation  to 
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the  specific  torque/moment.  Wnen  tae  acting  force  reaches  certain 
critical  value,  the  axial  symmetry  of  deformation  gradually  is  lost. 
The  region  of  bulge  instead  of  tue  circle  taxes  first  the  form  of 
triangle  with  the  smoothed  apex/vertexes ,  then  quadrangle,  etc. 

Page  94. 

Analogously  is  matter,  also,  in  the  case  of  uniform  loading.  The 
considerable  deformation,  not  troubled  by  the  nearness  of  edge, 
differs  from  axially  symmetric  and  has  star  structure.  We  investigate 
the  conditions  for  transition  to  tne  deformations,  which  do  not 
possess  axial  symmetry,  after  accepting  as  initial  ones  axially 
symmetric  deformations. 

Critical  axially  symmetric  deiormation  is  characterized  by  the 
presence  of  the  close  forms  of  equilibrium,  possessing  axial 
symmetry.  We  will  search  ror  tnese  forms  among  the  isometric 
conversions,  constructed  in  p.  2. 

According  to  principle  A,  the  supercritical  state  of  equilibrium 
under  this  load  is  determined  from  stability  condition  of  the 
functional 

V'  =  U  —  A 

on  many  isometric  conversions  of  initial  form.  In  the  case 
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in  question 

U  =  2 «£»' '7?y  {l+X3  (*’- {1  'le*-)  }  + 

with  the  loading  of  shell  by  concentrated  force  f  in  the 
center  of  segment  the  worn  is  equal  to 

For  a  shell,  poised,  the  parameters  p  and  X,  which  characterize 
deformation,  are  determinea  from  system  of  equations 

£«/-*)  =  0.  £-(U-A)  =  0. 

With  that  fix/recorded  p  tms  system  relative  to  f  and  X  always  has 
solution  with  X=0  (axially  symmetric  deformation).  If  p  is 
sufficiently  small,  then  this  solution  will  be  only.  This  means  that 
during  small  deformation  the  regiou  of  bulge  has  a  form  of  circle.  On 
the  contrary,  during  large  deformations  (that  is  with  large  p)  system 
admits  solution  with  \f0.  Tne  value  p,  which  demarcates  these  two 
cases,  determines  critical  axially  symmetric  deformation. 

Page  96. 


Thus,  it  is  determined  by  tae  conditions 


Substituting  these  equations  of  expression  0  and  A,  we  will 
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One  should,  however,  note  tnat  this  conclusion  we  can  draw  only 
with  respect  to  the  disturoance/perturbations,  which  correspond  to 
the  small  values  of  k,  since  >  *  with  large  k.  But  the 
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determination  of  strain  energy  ou  the  boundary  of  bulge  assumes 
sufficient  little  of  the  parameter 


Page  96. 


Experiment  shows  that  tae  loss  of  stability  of  the  axially 
symmetric  form  of  bulge  usually  occurs  with  transition  to  star  form 
with  three  apex/vertexes  (K=i) .  Therefore  we  can  count  the  form  of 
the  bulge  of  axially  symaetrrc  wita 

For  a  radius  of  the  circle  of  bulge  r=Rp,  we  will  obtain 

r<i  VRb. 

Let  us  find  now  force  f  by  which  the  region  of  bulge  begins  to 
take  the  star  form  with  tnree  apex/vertexes  (k=3) .  At  the  moment  of 
transition  to  the  star  term  of  aulge  in  the  state  of  the  equilibrium 
of  shell,  the  acting  force  f  wrtn  the  parameter  of  bulge  p  is 
connected  by  the  relat ionsar p/ratro 

e.-rcfA ’/?V  2 fpR  =  o. 

Me  hence  find  value 

3n£6» 


Mhen  the  acting  force  reacnes  tais  value,  the  region  of  bulge  begins 
to  take  the  star  form  with  taree  apex/vertexes. 


The  obtained  result  auout  the  stability  of  the  axially  symmetric 
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ones  of  the  deformation  of  spnerrcal  shell  with  loading  to 
concentrated  force  was  subjected  to  experimental  check.  Tested 
spherical  segment  freely  rested  on  steel  ring  (Pig.  15).  The  action 
of  concentrated  force  of  p  ia  tne  form  of  the  load  of  several  steel 
washers  was  transferred  througn  tne  vertical  rod  to  the 
experience/tested  shell,  saelr  was  illuminated  with  the  source  of 
light  S.  Ghost  image  along  paracolic  line  on  the  boundary  of  bulge 
was  observed  and  was  photographed. 
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Fig.  15. 


Page  97. 

During  a  gradual  increase  in  lead  P,  was  noted  the  torque /moment  when 
begins  transition  from  bulge  in  tne  form  of  circle  to  the  form  of 
"triangle” . 

The  results  of  experimental  investigation  are  represented  in 
Fig.  16.  Here  solid  line  depicts  tne  obtained  above  dependence  of  the 
critical  force  P  on  the  thickness  of  the  shell 

p _  3.i£A3 

R~~ 

for  the  copper  shells  of  radius  H=80  mm.  Isolated  points  give  the 
values  of  critical  force  for  the  snells  of  different  thickness,  above 
which  was  conducted  the  experiment.  It  is  evident  that  the 
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experimental  value  of  value  P  is  close  to  its  theoretical  value. 


Let  us  examine  now  a  (Question  concerning  the  stability  of  the 
axially  symmetric  deformation  ol  spherical  shell  with  loading  by  the 
uniform  external  pressure  p. 


Just  as  with  the  concentrated  loading,  at  the  moment  of 
transition  to  the  star  lorm  ot  uulge  are  satisfied  the  conditions 

T^u-Ai.r°- 

where 


A 


2 


(1  +  W)  p. 


and  0  has  previous  value.  Substituting  under  these  conditions  of 
value  U  and  A,  let  us  have 


6jicE6'W  -  2.Wp  =  0. 

2nc£6,WV(*2--^6^)  + 

.  np’EV 


np>R'k*p 
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Page  98. 


We  hence  find  the  value  p,  wmch  corresponds  to  ultiaate  strain 

P=_L_JL_  ,/T 

V  3c  *!-l  K  fi  ' 

It  is  interesting  that  this  value  p  has  accurately  the  saae  value,  as 

in  the  case  of  the  concentrated  loading. 


Designating,  as  before  through  r=p/R  a  radius  of  the  circle  of 
bulge,  let  us  have 

Or,  taking  into  account,  that  the  transition  to  the  star  form  of 
bulge  occurs  with  k= 3  (to  star  form  with  three  apex/vertexes),  we 


have 


r=4\//?6. 
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7.  On  lower  critical  load  tor  flat  spherical  shell  at  uniform 
external  pressure.  In  §  2  we  ootaiaed  the  row/series  of  the  formulas, 
relating  to  the  supercritical  deformations  of  spherical  shells.  The 
application/use  of  these  formulas  was  limited  to  the  row/series  of 
the  conditions  of  the  very  common/genera  1/total  and  indefinite 
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content,  guaranteeing  actually  the  axial  symmetry  of  the 
supercritical  deformations  in  question.  Now,  when  ther  stabil ity 
conditions  of  the  axial  symmetry  or  deformations  we  have  explained, 
the  region  of  applicability  01  the  formulas  indicated  can  be 
estimated  more  to  determination. 

For  a  flat  spherical  segment  with  curvature  1/H,  radius  of 
basis/base  r  and  thickness  6  under  the  assumption  of  the  unlimited 
elasticity  of  the  material  of  shell,  was  obtained  (page  55)  the 
following  formula  for  the  lower  critical  load: 


Since  during 


r<rVRb 


deformation  they  are  knowingly  axially  symmetric,  with  such  r 
application/use  of  the  formula  indicated  must  not  be  limited  by  any 
conditions,  including  it  is  possioie  not  to  insist  also  on  the 
special  rigidity  of  the  attacnment  of  edge. 

Thus,  for  flat,  unlimitedly  elastic  spherical  segments  whose 
ratio  of  the  height/altitude  of  segment  h  to  thickness  6  satisfies 
the  condition 

T<“‘ 

lower  critical  load  at  a  uniform  external  pressure  is  determined  from 
the  formula 

P‘  =  *cE(i)7  V 7*-' 


1 
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Or,  which  is  the  sane, 

P,*=$cE  (|-)2  j/’-gj- . 

For  the  spherical  shells,  which  possess  the  United  elasticity, 
was  derived  (page  71)  the  loliowiug  formula  for  a  lower  critical  load 


at  the  external  pressure; 


Page  100. 
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Page  101. 

Chapter  Two. 

LOSS  OF  STABILITY  OF  STKICXLY  CONVEX  SHELLS. 

Present  chapter  is  dedicated  to  the  analysis  of  stability  of 
strictly  convex  hulls  vita  the  different  methods  of  loading.  The 
basis  of  our  method  of  the  study  or  problem  compose  the  following  two 
considerations: 

1)  the  received  by  shell  load  at  the  moment  of  loss  of  stability 
is  stationary  and,  thereiore,  little  changes  with  the  noticeable 
bulge  of  shell. 

2)  With  considerable  bulge  the  deformation  of  shell  out  of  the 
vicinity  of  the  boundary  of  the  region  of  bulge  can  be  considered 
geometric  bending. 

On  the  basis  of  these  considerations,  we  will  formulate  and  will 
base  certain  common/generai/total  principle,  which  then  let  us  apply 
to  the  solution  of  specific  problems.  Specifically,,  in  §  1  we  will 
examine  the  loss  of  stability  of  mildly  sloping  strictly  convex 
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shelLs  under  external  pressure,  and  in  §  3  loss  of  stability  of  the 
shells  of  revolution.  Tne  principle  indicated,  let  us  call  its 
"principle  V",  it  is  connected  uua  principle  A  (chapter  I,  §  1)  and 
reduces  the  study  of  the  problem  concerning  the  stability  of  shells 
to  the  solution  of  certain  variational  problem  for  the  functional, 
determined  on  infinitesimal  bending  of  the  initial  surface  of  shell. 

§  1.  Loss  of  stability  of  strictly  convex  hulls  under  external 
pressure. 

As  noted  above,  the  solution  of  the  task  of  the  stability  of 
shells  in  our  examination  Mill  be  based  on  certain 

common/general/total  principle.  In  present  paragraph  we  will  give  the 
substantiation  of  this  principle  aud  will  use  it  to  the  investigation 
of  a  question  concerning  stability  of  flat  strictly  convex  hulls, 
which  are  located  under  external  pressure. 

1.  Strain  energy  of  sueli.  Let  the  elastic  shell  F  be  under  the 
action  of  certain  load  g,  wnicn  tnus  far  more  precisely  formulate  we 
will  not.  If  load  is  small,  tnen  tne  elastic  state  of  shell  among  the 
forms,  close  to  F,  it  is  determined  unambiguously.  Let  us  increase 
load  q.  Then  can  begin  this  torque/moment,  when  by  the  condition  of 
nearness  indicated  the  elastic  state  of  shell  is  not  unambiguously 
determined.  Specifically,,  together  with  the  basic  form  of  the 
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elastic  equilibrium  of  the  snell,  tor  which  the  deformed  surface  of 
shell  remains  close  to  initial  tora  (P) ,  also,  during  further 
increase  in  the  load  there  are  otuer  forms  which  are  developed 
virtually  without  an  increase  in  the  effective  load,  moreover  this 
development  is  accompanied  by  considerable  changes  in  exterior  form 
of  shell.  The  load  with  whicn  occurs  the  ambiguity  of  the  elastic 
states  of  shell  indicated,  is  called  critical.  The  smallest  critical 
load  is  called  upper  critical  load. 

The  noted  specific  character  of  the  elastic  states  of  shell 
under  the  action  of  critical  load  (considerable  changes  in  the  form 
with  stationary  load)  makes  it  possible  to  reduce  the  problem  of  the 
determination  of  such  loads  to  the  examination  of  the  supercritical 
states  of  shell  and  to  use  the  methods,  developed  in  chapter  1,  to 
the  study  of  these  states. 

Let  the  loss  of  stability  of  shell  under  the  action  of  the  given 
load  be  accompanied  by  the  bulge  ot  region  G,  limited  by  curve  y.  On 
the  basis  of  the  demonstrative  representation  of  the  character  of 
bulge,  we  assume  that  essential  deformations  the  shell 
experience/tests  only  in  tne  vicinity  of  boundary  of  the  region  G, 
and  out  of  this  vicinity  tne  form  of  the  deformed  shell  is  close  to 
initial.  In  this  case,  it  is  logical  to  consider  that  energy  of  the 
deformed  shell  is  concentrated  in  the  vicinity  indicated.  Por 
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determining  this  energy,  we  will  use  the  same  considerations,  as  in 
the  examination  of  s ubstantially  supercritical  deformations  in  §  1 
chapter  1. 

Page  103. 


Identifying  the  isometric  conversion  of  initial  surface  with 
this  guite  surface  and  reproducing  the  reasonings  of  §1  of  chapter  1, 
we  will  obtain  the  same  in  form  as  there,  expression  for  £7y  -  strain 

energy  of  shell  per  the  unit  of  length  y  (boundary  of  the  region  G) . 
Specifically, , 

°-t  ('-■"+ f-  /■£'*• 

-  7  - 1 

The  corresponding  formula  (page  29)  for  substantially  supercritical 
deformations  contained  two  additional  term/component/addends 

7 

D  J  A kv"  ds  Dt  AAl. 

-7 

In  this  case  these  term/component/addends  are  equal  to  zero,  since 

the  isometric  conversion  F  into  F  is  identical  and,  therefore,  Ak=0. 

v 

Let  us  recall  that  in  formula  for  uy  value  u  and  it  designate  the 
displacement  (during  deformation)  respectively  in  the  direction  of 
the  principal  normal  and  binomial  of  curve  y  cf  that  point  of  surface 
to  which  0y  is  related,  and  through  D  and  D*  are  designated  the 
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rigidity  of  shell  to  curvature  una  elongation  -  compression 

v 

respectively.  Displacements  u,  #  are  connected  by  the 
relationship/rat io 

,  .  J  v’* 

u  +  av  +  -5-  =  0. 

where  a  -  an  angle  between  tne  osculating  plane  curved  7  and 
tangential  plane  of  suriace. 


Just  as  in  §  1  of  cnapter  1,  instead  of  the  variables  u,  v,  s 


introduce  new  the  variables  u,  v,  s  according  to  the  formulas 


epa' 


V  ~ 


a 

6* 


s  = 


pe 


Here  p  -  radius  of  curvature  curved  7,  6  -  thickness  of  shell. 


Page  104. 


In  the  new  variables  the  reature  above  which  for  simplicity  of 
recording  let  us  lower,  we  will  obtain 

u=  JV+ «’)<**• 

2- 12^(1  -v2) 

-t* 

Integration  limits  7*  and  unlimitedly  increase  in  the 


we 


absolute  value  together  with  pa/6.  Therefore,  being  limited  to  the 
case  of  such  shells  and  deformations,  for  which  6/pa  is  small, 
integration  limits  can  be  replaced  byioo.  Then 
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As  always,  let  us  assume  tae  symmetry  of  function  -f(s)  and 
antisymmetry  u(s).  Then  it  is  possible  to  be  restricted  to 
integration  in  limits  (0,  -) .  Therefore 


n  fiVV*  f  /  .« 

U~  12*'* (1  —  v2)  J  ^  +u')ds 


Let  us  agree  to  designate  tuat  part  of  region  G,  which  is 

arrange/located  out  of  the  vicinity  in  guesticn  by  curve  y,  through 
A ( ,  vicinity  itself  -  througn  Ai2,  and  the  remaining  part  of  the 
shell  -  through  A2.  The  round  oy  us  expression  for  energy  0  depends 
substantially  on  the  form  of  shell  in  transition  zone  A,2f  which 
(form)  is  determined  by  functions  u,  V,  which  assign  deformation.  So 
as  during  the  investigation  of  supercritical  deformations  in  chapter 
1,  energy  U  we  will  determine  from  the  condition  of  the  minimum 
during  the  assigned/prescnned  common/general/total  deformation.  This 
deformation  we  characterize  oy  sagging/deflection  h  in  the  region  of 
extrusion  near  this  point  of  curve  y,  to  which  (to  point)  energy  U  is 
related.  All  this  acquires  the  precise  sense  when  the  width  of 
transition  zone  A12  unlimitedly  uecreases. 


In  the  initial  vanaoles  #  and  s,  value  h  allow/assumes  the 


cbvious  representation 


i  =  —  j  v'i 


Page  105. 
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If  we  pass  to  new  variaDi.es  and  integration  liaits  t’  and  —  t’ 
replace  by  +•,  then  we  will  octain 

OD 

| vrfs 

—  UO 

or #  taking  into  account  the  predicted  symmetry  of  function  1  (s) , 

03 

h  = - )  bxi  j  t'ds 

12  *  • 

0 

Thus,  energies  0  and,  consequently,  also  functions  u,  v,  on 
which  it  depends,  they  are  determined  from  the  condition  of  the 
minimum  of  the  functional 


n  £»’W* 
12*  •  (1  —  v5) 


during  the  additional  limitation 


no 


v  ds  =  h  —  const. 


The  varied  functions  u,  v,  uesides  integral  communication/connection 
indicated,  satisfy  another  reiatiouship/ratio 

»' -t-  v  4-  -TJ-  =  0  (*) 

and  they  turn  into  zero  at  infinity. 


Let  us  examine  the  tasx  of  tne  minimum  of  functional  U.  In 
connection  with  this  we,  first  of  all,  convert 
communication/connection 


On 
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with  the  aid  of  relationsnip/ratio  (*)  .  If  this  relationship/ratio  is 
integrated  within  the  Units  (--,  -)  and  to  considered  in  this  case 
that  a (--) =  u (-) =0,  then  we  will  ootain 


r  Vs 

—  I  vds—  j  Tds- 

J  -OJ 


Page  106. 


V 

Hence,  talcing  into  account  tae  symmetry  of  function  T(s),  we  will 


obtain 


-J 


Conseguently,  integral  comiaunication/connection,  to  which  is 

subordinated  function  #<s) ,  can  be  represented  in  the  form 

0 

Thus,  our  variational  problem  consists  of  the  determination  of 
the  minimum  of  the  functional 


under  the  conditions 


12  •  (1  -v4)  ^ 


1-4^  I  v2  ds  —  h  ^  const, 

121'-  J 

u'  -+-  v  -j — j-  =  0.  (*) 

u  (0)  =  u  (00)  =  v  (00)  =  0. 

Since  us  interests  the  initial  stage  of  supercritical 
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deformation,  in  relationship/ratio  (*)  term/component/addend  vz/2  can 
be  disregarded,  after  giving,  thus,  to  this  relationship/ratio  the 
entirely  simple  for* 

u'  +  v  —  O. 


According  to  £ylera  -  Lagrange's  method,  our  variational  problem 
is  reduced  to  the  examination  or  tne  unconditional  extremum  of  the 
functional 


oo 


12  '•  | 


ils. 


where  X  -  certain  constant. 


Set/assuming  for  the  Brevity 

l7 12 (I  -  v')pX 

huW  • 

we  can  consider  that  the  discussion  deals  with  the  extremum  of  the 

functional 

J ~  J  •  «  4  -  o u")rts. 

which  differs  fro*  tf  only  m  teras  of  constant  factor. 
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The  equation  of  eylera  -  Lagrange  for  functional  J  will  be 

«,v  u  -f-  au"  —  0. 

Its  general  solution  - 

u  (s)  =  rte"'^, 

where  w*  -  roots  of  the  characteristic  equation 

<■)<  -f  1  4-  (TO!2  -  -  0. 

In  order  to  satisfy  boundary  condition  u(«)=0,  it  is  necessary 
that  among  the  characteristic  roots  w,  there  would  be  two  roots  with 
negative  real  part.  If  these  roots  are  designated  u,  and  u2,  then  the 
solution  of  our  variational  problem  it  gives  function  u (s)  of  the 
form 

u  =  c,eM<’  -)-  Cje1*’. 


In  order  to  satisfy  and  to 

it  is  necessary  to  require 

Page  108. 


the  second  boundary  condition 
u{  0)  =  0. 

that 

C,=  —  Cj  =  C. 


In  this  case,  for  function  u (s)  is  obtained  the  expression 

U  =  C 

Let  us  substitute  the  obtained  function  in  the  expression  of 
functional  0  and  in  communicati cn/connection .  Then  we  obtain 
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0>2 

2<l)  1 0>2  \ 

It-* 

‘  T 

«l),  -f-  (l)2  / 

f  i  ,  _L 

\  2to,  2co2 

2 

(J)j  U)2 

/  “i 

2«2i^  j 

VT" 

I-  2 

<l)|  — tt>2  ' 

Noting  that  in  our  case  the  roots  and  «2  are  con jugate/combined  in 

pairs  and  equal  to  unity  in  aosolute  value,  we  can  write 

(o,  =  e'#,  u»2=e-'®. 

The  substitution  of  these  values  into  our  integrals  gives 

f  ,1  .  ,  sin1 « 

J  “  ds  =  c 

f  («2  +  «"*)  ds  =  c2  (2  4  4  cos2  *). 


Hence 


Consequently, 


Page  109, 


u  =  C2  +  4  cos2 d). 

12*/*(I  —  v2)  cos  0 


.  _  /&(■«  c2  sln;» 
12^*  cos  # 


1/  =  (2  4-4  COS2  G). 


Vl2  (1  —  V)  p 


Minimum  *0  at  h=const  is  reacned  with  d-w/2.  And  we  obtain  the 
following  resultant  expression  for  strain  energy: 

U-. 


2  EWa2h 


V  12  (1  —  v')  P 


■>*  i 
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2.  Foruialation  of  principle  \ 1  and  its  substantiation.  Let  the 
loss  of  stability  of  shell  under  tae  action  of  the  given  load  be 
accompanied  by  the  bulge  of  region  G,  limited  by  curve  y.  Just  as  in 
the  examination  of  substantially  supercritical  deformations  in 
chapter  1,  let  us  approach  the  term  of  shell  after  loss  of  stability 
and  noticeable  bulge  the  isometric  conversion  of  initial  surface. 
Taking  into  account,  that  essential  deformations  the  shell 
experience/tests  only  in  the  vicinity  of  the  boundary  of  bulge,  we 
visualize,  that  this  isometric  conversion  is  accompanied  by  the 
appearance  of  two  fin/edges  y‘  and  y",  close  to  y(Fig.  17).  If  y*  and 
y"  they  are  plane  curves,  then  au  example  of  this  isometric 
conversion  is  the  mirror  rerlection  of  the  region,  limited  by  curve 
y",  with  the  subsequent  mirror  rerlection  of  its  part,  limited  by 
curve  y ' .  In  order  to  reduce  designations,  let  us  suppose  that  curve 
y"  coincides  with  y.  Furthermore,  ror  certainty  let  us  consider  that 
the  curve  y*  is  arrange/located  within  region  G  and  limits  region  G*. 

Let  us  examine  the  task  or  tae  isometric  conversion  of  surface 
of  F  with  the  extrusion  of  region  G *  and  the  formation  of  fin/edges 
along  curves  y  and  y*. 


Certain  indeterminancy/uncertainty  of  this  task  is  removed  by 
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requirement  that  unknown  surface  Within  region  G'  and  out  of  region  G 
was  equally  oriented  with  F,  u at  iu  region  G  out  of  region  G',  it  had 
opposite  orientation. 

If  curve  y*  coincides  with  f ,  then  task  has  the  trivial 


solution 
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Fig.  17. 

Page  110. 

The  isometrically  converted  surrace  is  very  surface  of  F.  It  is 
logical  to  assume  that  with  surrrcrent  nearness  of  curves  y  and  y% 
the  isometric  conversion  of  surface  of  F  is  characterized  by 
essential  deformations  only  xn  tne  band  between  these  curves.  As  far 
as  part  is  concerned  remaining  of  the  surface,  here  final  bending  can 
be  replaced  infinitesimal. 

Keeping  in  mind  concrete/specific/actual  application/appendices, 
we  will  not  explain  the  structure  of  the  converted  surface  in  the 
band  between  curves  y  and  y‘,  since  in  actuality  deformation  in  this 
band  for  an  elastic  shell  is  determined  by  energy  considerations.  The 
bending  of  the  band  indicated  we  will  describe  by  certain 
common/general/total  property  wbrcn  will  allow  us  to  explain  the 
conditions  of  the  coupling  infinitesimal  bending  out  of  region  G  and 
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within  region  G*  upon  transfer  to  the  limit: 

Y'-+Y- 

P  -  arbitrary  point  to  curve  y.  Let  us  conduct  fro*  this  point 
inside  region  G  geodetic  perpendicular  before  intersection  with  curve 
y*  at  point  P*.  s  -  lengtn  of  tnis  perpendicular.  Upon  transfer  fro* 
surface  of  F  to  the  isometncally  converted  surface  of  point  P  and 
P’,  will  be  obtained  the  displacement  xp  and  tp..  where  r  and  r'  they 
designate  the  which  bend  surface  fields  of  F  in  the  appropriate 
regions.  Let  us  determine  difference  Tp"  */>■•  assuming  sufficient 
nearness  of  curves  y  and  jr'. 

The  formation  of  fin/euge  according  to  line  y  during  the 
isometric  conversion  of  surface  of  F  is  accompanied  by  the  rotation 
of  tangential  plane  about  tangent  to  curve  y.  Upon  transfer  to  limit 
Y'-*Y  this  rotation  is  reduced  to  mirror  reflection  in  osculating 
plane  by  curve  y.  Hence  it  follows  that  with  sufficient  nearness  of 
curves  y  and  y*  the  vector  xp~j'p,  can  be  considered  directed 
perpendicularly  to  osculating  plane  by  curve  y#  that  is  along  the 
binormal  of  this  curve.  Then 

*P —  tp.  —  oe. 

where  e  -  the  unit  vector  of  binormal.  As  far  as  factor  is  concerned 
a,  at  small  angle  a  between  the  osculating  plane  to  curve  y  and  the 
tangential  planes  of  surface  it  is  equal  to  2as. 
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As  noted  above,  in  connection  with  the  forthcoming 
application/appendices  us  it  will  interest  the  case  of  close  curves 
7*  and  7.  In  connection  witu  this  we  pass  to  limit  y'~*\  Bom  the  task 
of  the  bending  of  surface  F  lies  in  the  fact  that  to  find  the  fields 
infinitesimal  bending  -  field  r*  within  region  G  and  r  -  out  of  this 

region  which  on  overall  boundary  ot  the  region  y  satisfy  the 

condition 

t  —  T  —  ae.  (*) 

Here  e  -  unit  vector  of  binormai  curved  y,  and  a  -  certain  function, 
assign/prescribed  in  this  curve.  Condition  (*)  we  will  call  the 
condition  of  coupling. 

Knowing  the  bending  rieids  r  and  r*,  we  know  the  form  of  the 
deformed  shell  out  of  the  vicinity  of  the  boundary  of  bulge  7, 
therefore,  we  can  determine  strain  energy  0  and  produced  by  external 
load  work  A.  Really/actually,  in  the  expression  of  strain  energy  TT 
(p.  1)  is  contained  value  h  -  sagging/deflection  in  the  region  of 

bulge  near  boundary  7  (more  precise,  a  change  in  the 
sagging/deflection  upon  transfer  through  the  boundary) .  This 
sagging/deflection  there  is  nothing  else  but  value  *,  entering  under 
the  condition  of  the  coupling  ot  fields  r  and  r'.  Thus,  it  is 
possible  to  count  that  the  strain  energy  is  determined  by  the  bending 
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fields.  Further,  since  the  bending  fields  determine  in  essence  the 
form  of  the  deformed  shell,  mtfl  cue  assigned/prescribed  load  they 
determine  produced  by  this  loaa  work  by  deformation. 

We  see  that  to  the  state  ot  tne  elastic  equilibrium  of  shell 
with  bulge  under  the  action  of  critical  load  corresponds  the  field 
infinitesimal  bending  witn  Breakage  along  some  lines,  which,  as 
usual,  communicates  to  the  functional 

W  —  u  —  A 

steady-state  value. 

Thus,  we  come  to  whicn  rollows  principle  b 

If  the  effective  on  suen  load  critical,  then  variational 

problem  for  the  functional 

W  —  U  —  A 

on  the  disruptive  infinitesimal  bending  of  median  surface  of  shell 
has  the  nontrivial  solution,  that  is  the  bending  field,  which  is  the 
solution,  not  is  equal  to  zero  identically. 

Page  112. 

Functional  W  is  determined  in  the  fields  infinitesimal  bending 

with  the  breakage,  which  satisfy  the  condition 

t  —  t'  =  ae. 
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where  r-r '  -  breakage  or  Ud  bending  field,  and  e  -  unit  vector  of 
the  binormal  curved  y,  along  whicn  occurs  the  breakage. 


Addend  U  of  functional  u 


is  determined 

yT2  (1  —  v*)  p 


from  the 


formula 


v 

Here  p  -  radius  of  curvature  curved  y,  where  occurs  the  breakage 
the  bending  field;  a  -  angle  oetween  the  osculating  plane  curved 
and  tangential  plane  of  surface;  a  -  component  of  the  breakage  of 
bending  field  in  binormal  curved  jr,  6  -  the  thickness  of  shell,  E 
the  raodule/modulus  of  elasticity  v  —  Poisson  ratio.  Integration 
fulfilled  according  to  arc  s  oy  curve  y. 


of 

T 

the 

is 


Addend  A  of  functional  is  defined  by  the  usual  method  as  the 
produced  by  external  load  woe*  by  the  deformation,  given  by  the 
bending  field. 


The  solution  of  tasx.  regarding  critical  load  with  the  aid  of 
principle  B  is  con jugate/commued  with  known  difficulties,  since  we 
know  either  lines  of  discontinuity  for  the  bending  field  or  character 
of  breakage  (function  a )  .  However,  in  specific  problems  we  can  obtain 
the  appropriate  information  from  experimental  data  and  thus  remove 
the  difficulty  indicated. 
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In  conclusion  we  want  to  pay  attention  to  one  aore  fact, 
connected  with  the  applicatiou/use  of  principle  B  If  the  effective 
on  shell  load  is  concentrated  along  certain  line  and  loss  of 
stability  occurs  so  that  tms  line  proves  to  be  in  the  vicinity  of 
the  boundary  of  bulge,  then,  by  determining  wort  A,  produced  by  load, 
it  is  necessary  to  consiuer  the  totm  of  the  deformed  shell  in  the 
vicinity  indicated.  As  this  one  should  make,  we  will  show  in  p.  5 
based  on  the  specific  example  of  the  loss  of  stability  of  slightly 
curved  shell  of  rotation  unaer  tne  action  of  the  normal  external 
pressure,  evenly  distributed  along  certain  parallel. 

Page  113. 

3.  Determination  ot  critical  load  for  strictly  convex  hulls  at 
uniform  external  pressure.  Let  the  strictly  convex  shell,  rigidly 
attached  on  edge,  be  under  tne  external  pressure  p.  When  pressure 
reaches  critical  value,  snell  loses  stability  and  it  begins  to  be 
swelled.  Let  G  -  the  region  of  buige  and  y  -  limiting  it  is  curved. 
According  to  principle  B,  with  critical  loading  the  variational 
problem  for  the  functional 

\X=U-A. 

determined  on  infinitesimal  oending  with  discontinuous  change 
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lengthwise  y,  has  the  nontrivial  solution.  Me  will  use  this  property 
of  critical  load  for  its  determination. 

First  of  all,  we  will  restrict  the  class  of  the  bending  fields, 
in  which  is  examined  functional  w .  For  this,  we  will  use  rigidity 
condition  of  the  attachment  of  shell  along  edge. 

r*  -  bending  field  out  of  region  G,  and  r  -  bending  field  within 
this  region.  On  the  boundary  y  of  region  G  cf  field  r  and  r' ,  they 
satisfy  the  condition  of  the  coupling 

t  —  t'  =  oe, 

where  e  -  the  unit  vector  or  oinormal  curved  y.  In  view  of  the 
rigidity  of  the  attachment  01  edge  of  surface,  we  must  consider  field 
r*  at  edge  of  surface  eyual  to  zero.  But  then  according  to  known 
theorem  it  is  equal  to  zero  on  an  entire  surface,  i.e.,  out  of  region 
G.  Hence,  taking  into  account  the  condition  of  the  coupling  of  fields 

r*  and  r,  we  consist  that  to  curve  y 

x  =  oe. 

Is  known  the  theorem  according  to  which  satisfying  this 
condition  bending  field  r  either  is  equal  to  zero  identically,  if 
curved  y  not  flat/plane  1  or  it  is  the  velocity  field  of  the  notion 
of  surface  as  whole,  if  is  curved  y  flat/plane. 

POOTMOTE  *.  Generally  speaking,  m  that  form,  as  it  is  here 
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formulated,  this  theorem  tor  twisted  curve  y  inaccurate.  But,  on  the 
basis  of  the  demonstrative  picture  of  deformation,  it  is  possible  to 
count  that  curve  y  differs  little  from  plane  curve,  and  that  oatconsi. 
but  under  such  conditions  tne  corresponding  infinitesimal  bending 
differ  little  from  trivial  ones.  (Editor's  notes).  ENDPOOTNOTE. 

Page  114. 

In  the  latter  case  this  motion  is  rotation  about  the  straight  line, 
which  lies  at  plane  curved  jr ;  in  particular,  this  can  be  shift/shear 
in  the  direction,  perpendicular  to  this  plane. 

Thus,  the  rigidity  of  the  attachment  of  edge  of  surface 

predetermines  the  form  of  tne  region  of  bulge  and  the  character  of 

the  bending  fields.  Specifically,,  the  region  of  bulge  is  limited  by 

plane  curve,  moreover  out  of  this  region  the  bending  field  v'=0,  and 

T  =  a  X  r-\-  ft,, 

within  the  region  the  bending  field^ — ^  where  r—  a  radi us- vector 

of  surface,  a  and  b  -  constant  vectors. 

Let  us  note  that  the  appcoacn/appr oximation  of  the  form  of  the 
deformed  shell  infinitesimal  isometric  conversion  which  we  obtained, 
there  is  actually  approach/approximation  by  twofold  mirror 
reflection.  Here  the  role  of  curves  y'  and  y”,  close  to  y,  play  plane 
curves.  Isometric  conversion  is  or  the  mirror  reflection  of  the 
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region,  limited  by  curve  y*  ,  in  the  plane  of  this  curve,  and  then  the 
mirror  reflection  of  its  part,  limited  by  curve  y" ,  in  plane  the 
latter  (Fig.  18)  . 

Let  us  introduce  the  system  ot  Cartesian  coordinates,  after 
accepting  the  tangential  plaue  of  surface,  parallel  to  plane  as  curve 
y,  for  plane  xy.  and  point  of  contact  of  tangency  P  -  in  the  origin 
of  coordinates,  of  the  axes  01  coordinates  x  and  y  is  directed  along 
the  main  directions  of  surface  at  point  P.  Since  field  t  =  #Xf  + b-  then 
for  its  component  £  along  tue  axis  z  we  will  obtain 

C  =  ctx  -f-  c2y  -{-  ft. 

where  x.  y —  coordinates  of  the  point,  at  which  is  calculated  this 
component,  and  c,,  c2  and  h  -  constants. 

Let  us  assume  now  that  tne  region  of  bulge  is  small.  In  this 
case  it  has  a  form  of  tne  ellipse,  similar  to  the  indicatrix  of 
curvature  at  point  P,  and  its  ooundary  y  can  be  assign/prescribed  by 
the  equations 

x  =  1  cos  t,  y  =  A,  sinf. 

Here  R,  and  R2  -  main  rauii  of  curvature  in  the  center  of  bulge  P, 
and  X  -  parameter,  which  caaracter izes  the  size/dimensions  of  the 
region  of  bulge. 
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Fig.  18. 
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Let  us  calculate  the  strain  energy  of  shell.  We  have  (page  109) 

U-  f  -i*”*  4,. 

J  V'  12  11  -v*>p 

Here  a  -  angle  between  the  plane  curved  y  and  tangential  plane  of 

surface  by  lengthwise  curve,  p  -  radius  of  curvature  curved  y,  and  C 
-  sagging/deflection  in  tue  region  of  bulge  by  lengthwise  curve  y. 


Let  us  determine  values  a  and  p,  entering  the  formula  for  strain 
energy  U.  We  have  _ 

1  V'Rtt _ 


P  ~  M sin2 1  4-  R,  cos2  f  )** 

On  Heusnier's  formula  the  angle 

a~p*„, 

where  kn  -  normal  surface  curvature  of  shell  in  the  direction  of 
tangential  curve  y.  On  the  Euler  formula  the  curvature 


1  /  R,  slns<  \  1  /  Ri  cos’  I  \ 

k’>~  /?,  \  /?,  sin2/  R2  cos2  tj  "t"  R,  \  R,  sin1/  +  R,  cos » f  /  ' 


i*  6  t  f 


"  R ,  sin2  /  -f-  R 2  co s* t 


k 
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The  cell/element  of  arc  to  curve  j  is  equal  to 

ds  =  X  </?,  sin2 1  4-  R2  cos5  t)’h  dt 


Substituting  the  obtained  values  in  foraula  for  a,  we  will 

obtain 


2.n 


°-j 


IE  b%V-  dt 


V 12  (l-  ' 


i.  e . , 


4 nE  WhV 


V 12  (1  —  V*)  \rRtR, 


Let  us  calculate  now  the  worit  A  produced  by  external  load.  We 
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Here  Q  -  total  load,  acting  oa  the  region  of  bulge,  and  h  - 
sagging  in  the  center  of  ouige  1.  It  is  obvious, 

Q  =  pS. 

where  S  -  area  of  the  region  ot  bulge,  and  p  -  pressure.  In  the  case 
in  question  area  S  as  the  area  ot  ellipse  with  seai-axes  X\ZH7^and 
xI/rT,  is  equal  to 


Consequently, 

A  =  Qh  —  pSh  =  np  V  W|/?2  hK2. 

Now  froa  the  condition  of  the  equilibrium 

d(U-A)  =  0 


we  find  the  received  by  snell  load.  We  have 

f  4 n£  W).' -  ygfc  hX,  |  =  Q 

( y  12  (1  —  v»)  1  /?,/?,  J 


whence 


2  E  V 

P  _  Vi  (1  —  v»>  R,R,  ' 


As  one  would  expect,  load  p  was  stationary  with  respect  to  parameter 
hX  2 ,  characterizing  bulge. 


Thus 


upper  critical  pressure  P <•  for  the  flat  strictly  convex 


I 
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hull,  rigidly  attached  on  edge,  is  determined  from  the  foraula 


2  E  6* 


*  yJ  (i  —  v»)  /?,/?,  * 

where  Rlf  R2  -  main  radii  or  curvature  of  shell,  6  -  its  thickness,  E 
and  v  -  ■odule/modulus  oi  elasticity  and  Poisson  ratio. 


Let  us  note  that  ‘\/&tdx  there  is  Gaussian  curvature.  Therefore 

foraula  can  be  written  also  in  tnis  fora: 

2  £  6 

p,~~  yj  (i — v*)  ’ 

where  K  -  Gaussian  curvature  of  median  surface  of  shell. 
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For  the  spherical  shell  of  radius  R,  we  have 

R,  =  R2  =  ti, 

and  foraula  for  the  value  of  critical  pressure  takes  the  fora 

—  2£  l±V 

p '  yj  (i— v»)  \  r)  " 


In  view  of  the  fact  that 


I  —  Vs  —  1  •• 


this  foraula  gives  actually  well  known  result  for  the  spherical 


shells 


n  =  - _  /_»  y 

‘  y.Trr^)  ( /?/  • 


The  derived  study  of  the  pronlea  concerning  critical  load  at  a 
unifora  external  pressure  on  slightly  curved  shell  substantially 
rests  on  assumption  about  the  rigidity  of  the  attachment  of  edge.  In 


1 
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§3  we  again  will  turn  to  this  question.  Without  assuming  the  special 
rigidity  of  the  attachment  of  edge,  we  will  proceed  froa  soae  natural 
assumptions  about  the  character  of  bulge,  prompted  by  experiment.  It 
is  interesting  that  the  critical  pressure  in  this  case  will  be 
obtained  the  same. 

From  the  formula,  which  is  determining  the  value  of  the  received 
by  shell  pressure  with  bulge,  we  see  that  this  value  does  not  depend 
on  parameter  hi2,  which  characterizes  deformation,  in  particular, 
froa  the  size/dimension  of  the  region  of  bulge  (parameter  X) .  It  is 
hence  logical  to  draw  the  conclusion  that  at  the  nonunifora,  but 
slowly  changing  external  pressure  on  shell  the  critical  load  is 
determined  by  the  value  of  maximum  pressure. 

4.  Effect  of  initial  bending  of  shell  on  stability.  The 
determination  of  critical  load  for  strictly  convex  hulls,  which  are 
located  under  external  pressure,  was  the  object/subject  of  numerous 
experimental  experiments.  They  experimented  usually  with  spherical 
shells.  The  results  of  these  investigations,  as  a  rule,  did  not  give 
the  specific  critical  pressure.  Is  singular,  which 
constant/invariably  was  observed  tnis  the  fact  that  the  critical 
pressure,  obtained  in  experiment,  is  always  less  than  theoretical 
value  p,’  determined  on  the  formula 

p  —  — -  l—Y 

K3  (I-v')  [r)  * 
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The  basic  reason,  which  lowers  the  value  of  critical  pressure, 
is  the  imperfection  of  the  form  of  real  shell  or,  as  they  say, 
initial  bending.  The  thoroughly  placed  experiments  with  the 
accurately  prepared  spherical  segments  show  that  the  theoretical 
value  of  critical  pressure  is  realized.  Thus,  for  instance,  in  the 
experiment  regarding  lower  critical  load,  which  is  described  in  §2  of 
chapter  1,  was  determined  also  the  upper  critical  pressure  by  which 
the  shell  lost  stability. 


Figure  19  gives  the  curve  of  the  dependence  of  the  upper 


critical  pressure 


V3  (l-v») 


L_/±y 

-V»)  \RI 


on  thickness  6  for  the  copper  shells  of  radius  R=80  an.  Isolated 
points  give  the  critical  value  of  pressure,  obtained  in  the  described 
experiment.  For  simplicity  the  modulus  of  elasticity  is  accepted 
egual  to  1*10*  kg/cm2.  If  we  consider  the  actual  value  of 
nodule/nodulus  E,  then  theoretical  curve  virtually  traverses 
experimental  points. 


The  fact  that  the  true  critical  pressure  for  the  real  shell. 
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which  has  initial  bendiug,  cau  oe  considerably  lower  than  theoretical 
value,  causes  serious  difficulties  during  the  design  of  shells,  since 
this  value  cannot  be  accepted  for  calculated.  As  natural  output/yield 
fron  this  position  it  would  be  accept  as  design  load  lower  critical 
load.  This  load  is  determined  oy  considerable  deformations  and 
therefore  it  is  less  sensitive  to  the  imperfections  of  the  form  of 
shell.  If  we  accept  lower  critical  load  for  calculated,  then  the  loss 
of  stability  of  shell  completely  is  eliminated,  since  the  received  by 
shell  load  during  supercritical  deformation  is  more  than  lower 


critical 
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Fig.  19. 


Key:  (1)  .  kg/cm* . 
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The  solution  of  a  question  indicated  concerning  design  load  is 
simple  and  reliable.  However,  it  cannot  be  accepted  because  of  the 
very  low  value  of  lower  critical  load.  Let  us  examine  this  based  on 
the  example  of  the  shell,  which  has  the  form  of  flat  spherical 
segment,  which  is  located  under  external  pressure.  For  it  upper 

critical  pressure  P«  is  determined  from  the  formula 

„  _  2 E  fb\l 

Pt  K3(i-v*)Ur 

where  R  -  a  radius  of  curvature  of  shell,  and  6  -  its  thickness.  As 
far  as  pressure  is  concerned  lower  critical,  it  is  equal 

Pi  =  '*cE  (4)  Y ih  ' 


where  h  -  a  height/altitude  of  segment,  and  the  constant  csO.19 
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Hence 

Me  see  that  already  with  a=86  p,'pe~  o.l  i.e.,  the  lower  critical 
value  composes  0.1  froi  upper. 

The  acceptable  solution  oi  a  question  concerning  design  load 
would  be  definition  it  as  the  load,  with  which  occurs  the  loss  of 
stability  taking  into  account  xnitial  bending.  How  we  will  make  the 
attempt  to  determine  this  load  in  connection  with  the  load  case  of 
flat  strictly  convex  hull  by  external  pressure. 

In  §2  of  chapter  1  tor  the  value  of  the  received  by  shell  load  p 
with  bulge  on  height/altitude  2nr  is  obtained  the  formula 

p  =  3cEH)  KvYb'  <*) 

where  K  -  Gaussian,  and  H  -  the  mean  curvature  of  shell.  It  is 
logical  to  assume  that  when,  in  the  shell,  initial  bending  is 
present,  which  corresponds  to  the  fora  of  bulge,  it  will  lose 
stability  at  the  pressure  whxcn  is  determined  by  this  formula.  Thus, 
during  initial  bending  2h  we  propose  to  determine  the  critical 
pressure  p  according  to  formula  (*)•  considering  it  calculated. 

It  must  be  noted  that  formula  (*)  have  derived  we  under  the 
assumption  of  sufficient  smallness  of  the  parameter  6/2h.  Therefore 
its  to  apply  is  possible  only  in  the  presence  of  considerable  initial 
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For  a  spherical  shell  formula  (*)  takes  the  form 

P  =  3 cE  (■£)*  kE  (-*)’  • 

Accompanying  graph  (Figure  20)  aepxcts  the  dependence  of  the 
dimensionless  coefficient  k  as  a  function  of  initial  bending  2h/6. 

From  this  graph  it  is  evident  that  the  high  precision  of 
manufacturing  shell  is  hardly  justified  by  orientation  at  the  values 
of  critical  pressure,  close  to  theoretical. 

5.  Loss  of  stability  of  shell  and  critical  loads  in  other  load 
cases  by  external  pressure.  As  shown  above,  obtained  by  us  result 
about  loss  of  stability  with  the  loading  of  strictly  convex  hull  by 
external  pressure  is  related  not  only  to  the  case  of  uniform 
pressure.  To  a  certain  extent  by  it  it  is  possible  to  use, 
determining  critical  load  at  a  continuous,  compulsorily  constant 
pressure.  Now  we  want  to  examiue  other  cases  where  the  continuity 
condition  of  load  distribution  according  to  the  surface  of  shell 
substantially  is  not  satisfied.  Among  these  cases  basic  are  the  load 
distribution  along  certain  line  and  the  loading,  concentrated  at 
point. 
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A  question  concerning  the  concentrated  leading  of  strictly 
convex  hull  by  us  has  already  beeu  examined  in  chapter  1  (p.  2  §2), 
where  it  is  shown,  that  thrs  loading  does  not  lead  to  loss  of 
stability.  Thus,  for  the  coapleteness  of  the  investigation  of  a 
question  to  us  it  regains  to  exaaine  the  load  case,  distributed  along 
certain  line  on  the  surface  of  shell.  It  is  not  difficult  to  give  the 
exaaple  where  this  loading  is  realized.  He  bear  in  aind  the  loading 
of  shell  by  pressure  the  tightly  drawn  on  it  filaaent.  Let  us  exaaine 
the  task  of  loss  of  stability  and  critical  load  in  this 
concrete/specific/actual  setting. 
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Pig.  20. 

Page  121. 

Thus,  let  the  strictly  convex  hull,  rigidly  attached  on  edge, 
experience/test  pressure  the  tightly  drawn  on  it  filaaent  (Pig.  21a). 
With  certain  tension  of  filaaent  Q,  the  shell  loses  stability  with 
the  education/foraation  of  tne  regions  of  bulge  along  the  line  of  the 
adjoining  of  filaaent  (Pig.  21b).  Let  us  deternine  the  value  of  this 
critical  tension. 

In  contrast  to  the  exaained  case  of  pressure,  distributed  over 
the  surface  where  the  loss  of  stability  is  accoapanied  by  the  bulge 
iaaediately  of  certain  finite  doaain,  in  this  case  the  bulge  spreads 
froa  certain  center  on  the  line  of  the  adjoining  of  filaaent  to 
shell . 

It  is  natural  to  approach  the  fora  of  shell  during  supercritical 
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deformation  with  the  aid  of  simple  mirror  bulge,  as  this  was  made  in 
chapter  1  (§2).  In  this  case,  tor  energy  U  of  elastic  deformation  of 

shell,  is  obtained  the  expression  (page  49) 

U  —  ncE(2h)  "  6  (A(  +  kt). 

Here  2h  -  sagging/deflection  in  the  center  of  bulge,  k,  and  k2  - 
principal  curvatures  of  shell,  6  -  thickness,  E  -  the  module/modulus 
of  elasticity,  but  is  constant  ceO.19. 


Produced  by  the  tension  of  filament  Q  work  is  equal  to 

A  =  Q\1. 

where  M  -  common/ge neral/total  displacement  of  the  ends  of  the 
filament,  connected  with  the  bulge  of  shell. 

Assuming  that  friction  cetween  the  filament  and  the  shell  is 
absent,  and  therefore  filament  fits  closely  to  shell  according  to 
certain  arc  AB  of  geodetic  line,  easily  we  find  A/.  It  is  equal  to  the 
difference  between  arc  AB  and  chord,  connecting  the  ends.  If  we 
designate  the  normal  curvature  of  surface  of  shell  in  the  direction 
of  the  filament  through  k„.  and  sagying/def lection  in  the  center  of 
the  bulge  through  2h,  then 

(•) 


Ai  =  -j  (2h)  '  \' kM  . 
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Fig.  21. 

Page  122. 

Really/actually,  if  we  introduce  the  Cartesian  coordinates  x,  f , 
z,  after  accepting  the  osculating  plane  of  filaient  in  the  center  of 
bulge  for  plane  xy ,  and  tangent  foe  x  axis,  then  is  filaient,  fitting 
closely  to  surface  on  geodetic,  it  will  be  assigned  by  the  equations 

y  =  ^£--i-0(x3).  z  =  0(x3), 

where  through  0(x3)  designated  are  the  values,  which  are  of  the  order 

x*. 

If  chord  A8  has  length  2d,  then  arc  length  AS  is  equal  to 

s  —  |  klx1  dx  ~  2d  +-  ~~  . 

-j  3 

Or,  noting  that  2A^A„rf2  we  get 

s  =  2d  +  i(2A),,'VX-' 

Hence  is  obtained  indicated  on  foriula  (•)  value  A/. 

Substituting  the  value  A/  m  the  expression  of  wort  A,  we  will 
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obtain 

A=\QVh)‘l\K- 

Now  from  the  condition  or  the  equilibrium  of  the  shell 

d(U  —  .4)  =  0. 

where  is  varied  saqg ing/def lection  2h,  we  find  the  received  by  shell 
load  Q.  He  have 

d  J  ncE(2h)‘i'b''(ki  +  k2)-~  Q{2hj>  YVn  }  =  0. 

Hence 

Q=ZncEb'''(k,-\-k7)~r. 

He  see  that  as  in  the  examined  case  of  the  continuous  loading  of  the 
surface  of  shell,  tension  Q  is  stationary  with  respect  to  the 
parameter  2h,  which  characterizes  bulge. 

Page  123. 

Thus,  critical  tension  Q,  of  filament,  by  which  the  shell  can 
lose  stability  and  begin  to  be  swelled,  is  determined  from  the 
formula 

Q,  =  3.tcE6‘’  (h[  -j-  k2)  ~  . 

t  "n 

Por  the  spherical  shell  of  radius  R,  we  have 


and  formula  for  the  value  of  critical  tension  takes  the  form 

Q.  «  6jif£6*  -|/A  . 
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Let  us  examine  a  question  concerning  the  loss  of  stability  of 
the  flat  conical  shell  of  revolution.  Let  the  flat,  rigidly  attached 
on  edge  conical  shell  unaer  the  uniform  external  pressure  p  lose 
stability,  having  the  axial  symmetry  of  bulge  (Fig.  22).  Let  us 
determine  the  value  of  critical  load. 


p  -  radius  of  the  circle  of  bulge  y,  and  a  -  angle  between  the 
plane  of  basis/base  and  generatrix.  Then  the  strain  energy  of  shell 
(with  bulge)  per  the  unit  of  the  length  of  circumference  y  will  be 


(page  109) 


-  _  2£W/i 

—  yis  (i — v*)p ' 


where  h  -  sagging/def lection  on  tne  region  of  bulge.  Total  energy  of 

the  deformation  of  shell  will  be  equal  to 

//  —  4n£ft-Vft 

The  produced  by  external  pressure  work  by  the  bulge  of  shell  is  equal 
to 


A  =  np*hp. 


where  p  -  the  critical  pressure  under  action  of  which  occurs  the 
bulge. 


Fig.  22. 


Page  124. 


-  d&M*, 


9*  ‘ 
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Fro.  the  condition  of  tn*  eiastic  equilibria,  of  shell  »ith  the 

bulge 

-j^(U  —  A)  ~  0 

we  obtain  the  value  of  the  critical  pressure 

p~~  V~S  (i  —  v1)  p2 ' 

The  minimus  value  p,  i.e.,  upper  critical  load,  is  obtained  with 

maximum  p.  As  this  value  p,  it  is  necessary  to  take  a  radius  of  the 
basis/base  of  shell  r. 

Thus,  upper  critical  load  for  the  flat  rigidly  attached  on  edge 

conical  shell,  which  is  located  under  external  pressure,  it  is  equal 
to 

2C6V 

P  VJ  (1  —  v»)r*  ' 

where  6  -  thickness  of  shell,  r  -  a  radius  of  its  basis/base,  and  .  - 
an  angle  between  plane  of  basis/base  and  generatrix. 

Formula  is  derived  under  the  assumption  about  the  axial  symmetry 
of  the  form  of  loss  of  stability. 

In  conclusion  let  us  examine  a  question  concerning  loss  of 
stability  and  critical  load  for  slightly  curved  shell  of  rotation, 
which  is  located  under  the  action  of  the  external 


pressure,  evenly 
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distributed  along  certain  parallel.  In  the  study  of  this  problem 
principle  B  it  is  not  possible  to  directly  use.  Reason  consists  of 
following.  If  the  effective  on  shell  load  is  continuously  distributed 
over  surface,  then  strain  energy  is  localized  in  the  vicinity  of  the 
boundary  of  bulge,  while  the  load  in  essence  is  located  out  of  this 
vicinity.  Specifically,  on  tais  basis/base  we  during  the 
determination  of  strain  energy  simply  minimized  functional  l), 
disregarding  the  effective  on  shell  load  in  the  vicinity  of  the 
boundary  of  bulge.  In  now  the  task  in  question  the  load,  as  strain 
energy,  is  concentrated  in  the  vicinity  of  the  boundary  of  bulge. 
Therefore,  varying  the  form  of  shell  in  the  vicinity  indicated,  it  is 
not  possible  to  disregard  the  produced  by  external  load  work. 

Page  125. 


Let  for  certainty  the  effective  on  shell  effort/force  Q  be 
transferred  through  the  rigid  ring,  adjacent  to  shell  by  the  parallel 
of  a  radius  p.  In  this  case,  it  is  logical  to  assume  that  the 
deformation  of  shell  at  the  moment  of  loss  of  stability  possesses 
axial  symmetry.  The  expression  of  strain  energy  in  standardized 
variables  u,  v ,  which  assign  deformation,  takes  the  form 


y2’«(i — v*>  J +u')'is 

-4) 

The  produced  by  pressure  ring  work  by  the  bulge  of  shell  is  equal  to 
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In  these  fornulas  p*-  a  radius  of  the  circle  of  bulge,  and  sv-  the 
value  of  the  dimensionless  parameter  s,  which  corresponds  to  a  radius 
of  ring. 

From  demonstrative  considerations  it  is  logical  to  consider  that 
p*=p.  As  far  as  value  is  concerned  s*,  about  it  it  is  possible  to  say 
following.  It  is  obvious,  sagging/deflection  will  be  maximum  along 
the  parallel  where  fits  closely  ring.  Therefore  s*  corresponds  to  the 
maximum  of  the  integral,  which  is  determining  sagging/deflection. 
Thus,  it  is  possible  to  count  tnat 

.«•  .1 

I  v  ds  =  max  f  v  ds. 

<*>  J 

.  “  OO  JO 

The  determination  of  the  state  of  elastic  equilibrium  with 

noticeable  bulge  is  reduced  to  task  to  the  extremum  of  the  functional 

W  =  U-  A. 

where  the  varied  functions  u«  v  are  connected  by  the 
relationship/ratio 

o  (••) 

and  they  satisfy  the  boundary  conditions 

u  (oo)  =  u  ( —  co)  =  0,  v(-X))z=v(—  oo)  =  0. 

Page  126. 

This  variational  problem  is  solved  by  the  numerically  following 


9 


method.  On  the  basis  of  the  demonstrative  representation  of  the 
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character  of  the  examined  deroraations,  we  count  function  y(s)  in  the 
vicinity  of  the  parallel  where  occurs  loading,  by  the  function  of  the 
forn 

V(S)  =  *.(0  -  |*().  |S|<0, 

where  ^  and  «  -  some  parameters.  In  this  case,  function  u (s)  in  the 
sane  interval  |s|<w  is  determined  by  coaaunicat ion/connection  (,**)  Out  of 
this  interval,  i.e.,  with  jsji«,  functions  u,  v  are  deteraiaed  froa 
stability  condition  of  functional  U  and  of  condition  of  the 
saoothness  of  coupling  with  values  within  interval. 

If  we  by  the  method  indicated  find  functions  u  (s) ,  v  (s)  and  to 
substitute  then  in  the  expressions  of  functionals  Cl  and  A,  then  the 
latter  will  becoae  the  specific  functions  of  the  paraaeters  ^  and  a. 
Bow,  record/fixing  the  value  of  function  A,  i.e.,  the  value  of  the 
integral 


Sv 


ds. 


let  us  search  for  the  niniaua  of  function  0  or,  which  is  the  sane, 
aininua  of  the  integral 

uu 

f  (v  ‘~h  u7)ds. 

—  CO 

Let  us  designate  this  aininua  J  (ft) .  now  our  variational  problea  is 
reduced  to  task  to  the  extreaua  of  the  function 


«£6*;'g‘ V* 
12,/4(1  —  v*) 


W  =  "T*-  -  J(K)  _  Q  /6pa  K 


!2 


Proa  stability  condition  of  this  function,  we  find  the  received  by 
shell  load  Q  with  bulging: 

<?■ 


nESW  dj 


dK 
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Upper  critical  pressure  answers  maximum  dJ/dK.  Numerical  calculation 
according  to  the  described  diagram  gives  for  this  value  of  dJ/dK  a 
value  -3. 


Consequently,  critical  force  Qt.  which  effects  on  slightly  curved 
shell  of  rotation  through  tne  rigid  ring,  is  deterained  froa  the 
f oraula 

Y72(\-v>)  • 

Page  127. 


Let  us  recall  that  here  p  -  radius  of  the  parallel  on  which  fits 
closely  ring  to  shell,  a  -  an  angle  between  the  plane  of  parallel  and 
the  tangential  planes  of  surface,  6  -  thickness  of  shell,  and  E  and 
v  -  the  elastic  constants  of  aaterial.  For  the  spherical  shell  of 
radius  R  a~p/R  and,  therefore. 


3ji£6V 

ru  (I  -  V*)  R1 ' 


Formula  for  critical  force  Qr  in  the  case  of  spherical  shell  was 
subjected  to  experimental  check.  Tested  spherical  shell  1  freely 
rested  on  rigid  ring  2  (Fig.  2J) .  The  action  of  load  Q  through 
vertical  rod  3  was  transferred  to  cap/hood  by  4,  which  rested  on 
shell  along  the  parallel  of  diaaeter  d=2p. 
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Experiment  consisted  in  the  ract  that  load  Q,  consisting  of 
steel  washers  5,  gradually  increased  to  the  torgue/aoaent  of  the  loss 
of  stability  of  shell,  which  was  accompanied  by  distinct  click  and 
sharp  dropping  of  rod  3.  Value  Q,  which  corresponds  to  the 
torque/noaent  of  the  loss  of  staoility  of  shell,  was  accepted  for 
upper  critical  value. 

Por  one  and  the  saae  of  shell  the  experiment  was  carried  out 
four  times  with  four  different  cap/hoods  by  4,  diameter  d=8,  10,  12 

and  14  am.  Just  as  in  the  preceding/previous  experiments,  the 
specimen/samples  of  spherical  shells  were  obtained  frcm  copper  by 
metal  spraying  in  vacuum  to  steel  fora. 

In  Pig.  24  they  are  represented  graphs  of  the  dependence  of 
upper  critical  load  Q,  on  diameter  d=2p  of  the  parallel,  along  which 
is  distributed  the  pressure.  Three  curves  answer  three  different 
shells  with  one  and  the  saae  with  a  radius  of  curvature  of  8=150  am, 
but  different  thicknesses  4*0.047,  4=0.055,  6*0.072  am. 
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The  isolated  points,  depicted  by  circles,  give  the  experimental 
values  of  upper  critical  load  Q,.  which  corresponds  to  four  different 
values  d=8,  10,  12  and  14  as.  As  we  see,  experiaental  values 
practical  do  not  differ  troa  theoretical  ones. 

6.  Loss  of  stability  of  three-layered  shells.  The  obtained  by  us 
results  about  the  stability  of  fiat  strictly  convex  hulls  with  the 
different  aethods  of  loading  can  be  postponed  by  the  case  of  the 
so-called  three- layered  shells.  Three-layered  shell  consists  of  the 
thin  skins,  prepared  froa  material  with  high  aechanical 
characteristics,  and  a  comparatively  thick  layer  of  filler,  prepared 
from  weak  naterial.  Just  as  for  usual  shells,  with  the  bulge  of 


peegs 


■  '•  '•VH 
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three-layered  shell  energy  ot  its  deformation  is  concentrated  in 
essence  on  the  boundary  of  taw  region  of  bulge  and  it  consists  of  the 
strain  energy  of  skins  and  strain  energy  of  filler. 


Designating  througn  u  and  v  snifts  (during  deforaation)  of  the 
points  of  the  surface  of  shell  in  tangential  plane  and  along  the 
normal  respectively,  we  ootained  for  the  strain  energy  of  skins  per 
the  unit  of  the  length  7  of  the  ooundary  of  bulge  the  following 


expression: 


Here  (,  ~  thickness  of  skins,  p  -  radius  of  curvature  7,  E  -  modulus 


of  elasticity,  v  -  Poisson  ratio.  Integration  is  fulfilled  on  the 


vicinity  of  the  conditional  boundary  of  bulge  7 
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Pig.  24. 

Page  129. 

In  order  to  obtain  the  strain  energy  of  aiddle  layer  (filler) , 
ve  let  us  assuae  that  the  skins  axe  deforaed  equally  (Pig.  25).  In 
this  case,  in  aiddle  layer,  are  ootained  the  shearing  strains, 
deter ained  of  derivative  v,  and  strain  energy  per  unit  voluae  of 
filler  will  be  equal  to 

Gv'1 

where  G  -  aodulus  of  shear  of  filler.  Respectively  the  strain  energy 
of  filler  per  the  unit  of  the  length  of  the  boundary  of  bulge  will  be 

U,  —  -^r  f  v  ’ds, 

-r* 

where  t  -  thickness  of  filler. 
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Thus,  total  energy  of  unit  deforeation  y  of  three-layered  shell 


is  equal  to 


u,+  o,= -j-^r  J  +  y) ds  +  <Jr  J v ” '/s 


Further,  as  for  usual  shells  in  jjl,  we  standardize  the  variables  u. 


v,  s,  set /assuming 


-  u  -  v'  -  s 
u  «pa*  '  V  ~  a  ’  O' 


where  a  -  an  angle  between  the  osculating  plane  curved  y  and  the 

tangential  planes  of  surface,  but 

*„4_  ** 
e  120*0*  • 

In  this  case,  for  strain  energy,  is  obtained  the  expression 

0.  +  D,~  W  +  *>'* "• 

A  '*• 


Fig.  25. 


Page  130. 


Being  lieited  to  the  case  of  such  shells  and  their  deformations  when 
the  paraeeter  6/p*  is  low,  let  us  replace  integration  lieits  on 


Then  we  obtain 


_  —  £6*  7a y,p  f  /  /2  .  i)\  j  ,  Gfa?pe  C  o  ^ 

^,+  f//=V.(l-v5F  J  (v  +“5)rfi+— 2—  ./  vtls 

— UO 

The  feature  above  the  designations  of  the  variables  a,  7 ,  s  for 
simplicity  of  recording  here  and  subsequently  lowers. 
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The  fora  of  shell  kith  bulge  xn  the  zoae  of  powerful  local 
bending  we  will  deteraiue  Iron  the  condition  of  the  ainiaua  of  energy 
during  the  assigned/prescribed  coaaon/qe neral/total  deformation 

oo 

A  =  ~  TIi?7  1  ^  J  *d* 

—  oo 

(see  §1)  .  Thus,  task  is  reduced  to  ainiaize  the  functional 

U.  +  U, 

under  the  condition 

h  =  const. 

He  have  „ 

-g|*g.  J  t Pds=tGah. 

—  *JL> 

Consequently,  functional  U  for  a  three-layered  shell  differs  froa  the 
appropriate  functional  for  a  usual  shell  in  terms  of 
tera/coaponent/addend,  not  depending  on  the  varied  functions  u,  v . 
This  aeans  that  now  the  functional  in  question  obtains  the 
steady-state  value  with  the  sane  u,  v,  as  in  the  appropriate  task 
froa  §1. 


utilizing  that  obtained  into  $1  result,  we  find  for  the  strain 


energy  of  three- layered  shell  the  expression 

2£6Jasti 


U . 


U:^=  _ 

'  V 12  (l  — v*)p 


-f  tGah. 


In  order  to  obtain  total  energy  of  the  deforaation  of  shell,  this 
expression  it  is  necessary  to  integrate  over  arc  curved  y,  that 
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limits  the  region  of  bolge. 


Page  131. 

The  integration  of  first  ter®  in  expression  0, 4-  U,  is  carried  out 
in  §1  chapter  1.  If  we  use  the  obtained  there  result,  then  we  will 

0l,tli"  f 

J  '  i-iT ,i_»>>j^7r  ' 

V 

where  R,  and  R2  -  main  radii  of  curvature  in  the  center  of  bulge. 


Let  us  find  now 


/  U,<lsr 


We  have  (§1  chapter  1) 

where  kn  -  normal  surface  curvature  of  shell  in  direction  y.  Since 

l _ Y  R<  Ri _ _ ^ 

~p  A  [R,  sin-  <j  R  cos2.))’'1  ’ 

1 

/?,  slnJ  <i  -f  R.  cos- 1 1  ' 
dsy  =  1  (/?,  sin-  <f  +  R,  cos'  (f)V*  d<f, 

).UR,  sin2  >i  +  R:  cos-  <f)  . 
ads= - a<p' 


that  hence  we  have 


f  —  .  C  nOt  (/?i  +  Ri)  i,i  j 

J  t/,  dsy  =  Oht  J  adsy= 


Thus,  total  energy  of  the  deformation  of  shell  is  equal  to 

_ 8n£6*/iA2  n(/<  ( R ,  ■+ 

^  YR>bi 
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Produced  by  the  external  pressure  p  work 

A*=nPVRfcltV. 

Page  132. 


Now  from  the  condition  of  tne  equilibrium  of  the  shell 

d(U  -Aj  =  0, 

where  is  varied  parameter  AX2.,  we  tind  value  of  the  received  by  shell 

pressure  with  bulge,  i.e.,  the  critical  pressure 

__  4£6- _ at  (/?,  4-  R,) 

P~  Vi  (1-v»)  /?,/?,  R,R, 

Let  us  recall  that  here  Bt  and  Bz  -  main  radii  of  curvature  of  shell, 
6  -  the  thickness  of  skins,  t  -  tne  thickness  of  the  layer  of  filler, 
S  and  v  -  the  aodule/moaulus  of  elasticity  and  Poisson  ratio  for 
skins,  G  -  shear  modulus  for  a  filler. 


Formula  for  p  can  be  presented  even  in  this  fora: 


P  = 


— - 1-  2 OtH. 

V  3  (l-v») 


where  K  -  Gaussian,  and  H  -  mean  curvature  of  shell  in  the  center  of 


bulge. 


§2.  Special  infinitesimal  bending  of  strictly  convex  surface. 


The  application/use  of  principle  B  for  the  study  of  the  loss  of 
stability  of  shells  and  determination  of  critical  loads  assumes  the 
construction  infinitesimal  bending  of  the  surface  of  shell  with 
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discontinuous  change  on  the  boundary  of  the  predicted  region  of 
bulge.  In  the  general  case  for  arbitrary  surface  and  arbitrary 
boundary  of  bulge,  this  task  is  sufficiently  difficult.  However,  in 
row/series  practical  of  tne  important  tasks  of  the  region  of  bulging 
are  small  and  have  a  form,  close  to  ellipse.  In  these  cases  for 
shells  with  sufficient  regularity  of  surface,  the  task  of  the 
construction  infinitesimal  bending  indicated  can  be  solved  in  the 
closed  form.  This  solution  will  be  given  in  present  paragraph. 

Let  us  recall  the  formulation  of  the  problem.  P  -  regular 
strictly  convex  surface  and  G  -  low  elliptical  region  on  it  with 
center  P.  It  is  reguired  to  construct  the  field  infinitesimal  bending 
r,  regular  everywhere,  besides  the  boundary  y  of  region  G  where  it  is 
disruptive,  this  breakage  satisfying  the  following  condition  of 
coupling : 

= 

where  e  -  the  unit  vector  of  binormal  curved  7,  and  a-  -  certain 
function,  assign/prescribed  lengthwise  7.  In  connection  with 
concrete/specific/actual  application/appendices  we  still  will  assume 
that  the  field  r  disappears  (it  vanishes)  during  removal  from  the 
region  of  bulge. 
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1.  General  idea  for  bending  fields.  P  -  center  of  the  region  of 
extrusion  G.  Since  the  essential  defornations  of  surface  P  are 
limited  to  snail  vicinity  of  point  P,  logical  to  introduce  the 
rectangular  Cartesian  coordinates  * ,  y ,  z,  after  accepting  tangential 
plane  at  point  P  for  plane  xy  »  standard  of  surface  for  Z-axis,  and 
point  itself  P  in  the  origin  or  coordinates.  In  this  case,  if  ire  for 
the  direction  of  axle/axes  x  ,  y  accept  aain  directions  at  point  P, 
then  surface  P  near  this  point  can  be  assigned  by  the  equation 

z  =  (a x7  -f-  by*), 

where  a  and  b  -  the  principal  curvatures  of  surface  at  point  P.  In 
the  siaplest  case  when  region  G  is  coaxial  with  the  indicatrix  of 
curvature  at  point  P,  it  is  assigned  by  the  inequality 

Ax'2  +  By-  <  I. 

Let  us  introduce  on  the  surface  of  coordinate  u,  y,  set/assuaing 

u  =  x\^a,  v  =  y  yT  ■ 

In  these  coordinates  our  surface  is  assigned  by  the  equations 

— *•  ’-yr 

l  tT)i  5  -  coaponents  of  the  bending  field  along  the  axes  y,  z 
respectively.  Proa  the  equation  infinitesimal  bending 

dr  dt  =  0, 

where  r  -  vector  of  the  point  of  surface,  and  r  -  vector  of  the 
bending  field,  is  obtained  the  following  system  for  functions 

__l_t  _i_«;  =o, 

yr  “ 

yT  9.  +  ^  U + 


Iff 


t 
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If  we  from  this  system  exclude  functions  f  and  n.  then  for  £  is 
obtained  the  equation  of  haplaca 

du*  ^  0v2 

Set/assuaing 

w  =  u-\~  tv. 

we  can  present  the  coaaon/general/total  expression  for  component  £ 
with  the  aid  of  analytic  complex  variable  function  w 

t=  Ret(w). 

As  far  as  two  other  coapoaents  of  bending  field  f  and  n.  are 
concerned,  they  through  the  function  £(w)  are  expressed  on  the 
foraulas 

£=  ^  Ref—  «£(«)  +  J 

»,=  yj  Ref— »£(»)  — i  J  £  (w)dw). 


The  obtained  representation  for  the  bending  fields  in  equal 
degrees  is  related  also  to  the  general  case.  However,  keeping  in  Bind 
the  solution  of  the  task  of  coupling,  it  is  represented  by  advisable 
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to  expression  for  the  which  needs  field  in  the  general  case  to  give 
sonewhat  other  fora. 


The  region  of  extrusion  G  in  the  general  case  is  assigned  by  the 


inequality 


On*2  4-  2a„jcy  -I-  a^y1  <  1 . 


Let  us  introduce  the  new  variables  u,  y  according  to  the  foraulas 

x  =  +  X12t>. 

y  =  >-ji«  *.  jo- 

Coefficients  \lt  of  these  foraulas  let  us  select  so  that  in  the 
coordinates  u,  Mfc  ^surface  would  be  assigned  by  the  equation 

Z  =  ~  !U?  -(-V*), 

while  the  region  of  extrusion  G  by  the  inequality 
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Au:- 'rbv1  <  1. 


The  possibility  to  select  coefficients  thus  is  guaranteed  by  the 
positive  certainty  of  the  quadratic  foras 

i(a*2  +  />yJ),  +  2alsjfy  +  a2Jy!I 

which  by  the  tr ansforaation  indicated  are  led  siaultaneously  to 
canonical  fora. 

Let  us  introduce,  furtheraore,  the  variables  y  according  to 


the  equalities 


Values  A  and  B  are  the  eigenvalues  of  the  fora 

aux7  +  2altxy+  a„y7 

relative  to  the  fora 

ax7  +  ty1- 

therefore,  are  the  roots  of  tne  cnaracteristic  equation 

|*l* - 

I  fl»i  an —  ^ 

As  shown  above,  into  variable 'T,  7  bending  field  is  assigned  by 


the  equalities 
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where  if(z)  -  analytic  complex  variable  function  z=x*iy 


Let  us  pass  in  these  formulas  to  to  the  variables  u,  loting 


that 


~  analytic  complex  variable  function  w 


where 


Is  such  representation  for  the  bending  surface  fields  in  the 


2.  Coupling  of  bending  fields  r  and  r'  in  simplest  case.  In  p. 
(page  134)  we  found  general  idea  for  the  bending  fields  with  the  aid 
of  analytic  coaplex  variable  function  w=u*iv.  Specifically,* 


t  =  Ret(w). 

I  «=  V'o  Rc  i it  (w)  +  j*  Uw)  rf«>) , 
rj=  V  (- (w)  —  /  j t(w)dvj 
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To  the  bending  field  r •  corresponds  analytic  function  CM*)  within 

region  G,  i.e.,  within  the  ellipse 

Au*  +  ^v'=l. 

a  b 

while  to  the  bending  field  r  corresponds  analytic  function  £ <w)  out 
of  the  ellipse  indicated. 


The  which  interests  us  difference  in  the  bending  fields  to  curve 


y,  i. e. ,  with 


a  o 


is  assigned  by  foranla  system: 


At  =  Re  M  M- 

a;  =  R«  (-«#+/  ^  <*>  '  • 

where  A£(w)  -  designates  a  difference  analytic  functions  C(w)  and 


£•  (w)  on  the  ellipse 


—  v*  =  1 

a  o 


Let  us  pass  fron  complex  variable  w  to  variable  uf  set/assuning 


W  =  X.0)  -f-  —  • 


Let  us  select  constants  X  and  p  in  such  a  way  that  to  the 
circumference  (e|=  1  from  the  plane  of  complex  variable  u  would 


correspond  the  ellipse 


i 
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on  plane  w.  It  is  obvious,  toe  this  it  suffices  to  subordinate  values 
X,  h  to  the  conditions 

x-  H-*y  4'- 

Page  138. 


On  boundary  of  the  region  G,  i.e»,  on  the  ellipse 
u—e1*  and,  therefore. 


.4  ,  ,  B  . 

m  "  tT1,'  =  l' 


U  =  (>.-(-  p)  cos  q .  »  =  ().  —  p)  sin  qi. 

Let  us  pass  in  the  formulas,  which  assign  Ar=r — r*,  froe  the 
variable  w  to  w  =  «,f.  set/assuaing 

A?,  (w)  =  P  («p)  /<?  (q>). 

Then  we  are  have 

A  ;  =  />. 

A*  { (X  +  M)  P  cos q  + 

-(-  J  sin  <p-f(X  —  pJQcosq)  rfq 

An=  (X-  P>  P  sin  q  -4- 

-f  J ( (X  —  p)  P co* q>  —  (X  -t-  p)  Q  sin  q)  rfq  }. 


Let  us  coapose  equation  n*y  curve  j  -  boundary  of  the  region  G  on 
surface,  after  accepting  as  the  parameter  on  this  curved  angle  #=arg 
u.  He  have 


x  +  h 

x~\ri  Y~* 
x-p 


cos  q. 


v - —  =  -  simp. 

V-yi  Yb 

u1  4-  v2  _  X1  +  i>a_  _|_  Xp  cos  2q>. 
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Thus,  out  curve  is  assigned  by  tue  equations 

*=WC05?’  y==^rsins' 

2  =  -+-  >-M  tos  2<f. 

Let  us  find  the  vector  of  nruoraal  by  curve  7.  Its  coaponents 
along  the  axes  *,  y,  z  are  the  amors  of  the  aatrix/die 

(*'  y'  2'\ 

U"  y"  W 

Page  139.  Let  us  assuae 


/ 

y  2 

z'  x' 

X'  / 

ll 

y"  2" 

•  "-'=  2-  x" 

.  «*  = 

x"  y* 

Lowering  the  appropriate  unpackrng/facings,  let  us  give  the  resultant 
expression  for  values  ak#  a2,  a2; 

fli  =  ~  (i—  MUM  cos'if , 

I  P 

a2—  4-  M)  >-M  sin3^. 

I  a 


0 

The  condition  of  the  coupling  of  the  bending  fields  it  is 
possible  to  write  in  the  fora 

A-  =  oa,. 

At)  =  ofl2> 

K  =  oai- 


after  include/connecting  the  factor,  which  standardizes  the  vector  of 
binornal,  in  «. 


Let  us  differentiate  these  conditions  of  coupling  for  *  and  will 
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substitute  in  thea  the  obtained  above  expressions  for  A*.  \i|.  V.  He 
have: 

(AC  )'  =  />'. 

(A*)'=  —  Vo  |(X*-+-  pjP”  costf  +  Q(X  — m)cos«||. 

(At l)'  =  —  V b  |(X  —  p)P'sin<p  +  Q(X  +  p)sln 

The  conditions  of  coupling  take  the  fora 

(X  -f  p)  P  cos  <f  +  Q  (X  —  p)  cos  cf  =  j~  (X  —  |D  Xp  (a  cos 3  <( 

(X  —  p)P'  sin  q+Q  (X+  P)sin(f  =-p4=(/.-tMiXp(osin'<()'. 

P'=  -tL(X2-  P'jo'. 

V  ob 


Page  140. 


Including  factor  •  /V  af>  in  «,  we  Mill  obtain 

(X  p)  P'  cos  <r  -(-  Q  (X  —  p)  cos  <p  *=  4  (X  —  p)  Xp  (o  cos’q-V. 

(X  —  p)  P'  sin  <p  -I-  Q  (X  +  p)  sin  <j>  =  —  4  (X  +  p)  Xp  (o  sin3  <p)'. 

P'  =  (X»  — pW. 

At  first  glance  under  tbese  conditions  it  is  possible  to 
perceive  certain  incorrectness  of  our  initial  task  of  bending,  since 
function  •  ,  in  view  of  arbrtrar mess  curved  y,  is  actually  arbitrary 
function,  and  for  two  functions  P  and  Q  are  obtained  three  eguations. 
However,  as  can  easily  be  seen,  the  third  equation  is  the  consequence 
of  first  two.  Thus,  we  have  in  the  essence  of  two  equations  for  two 
functions  P  and  Q,  froa  which  tney  are  deterained. 


In  the  which  interests  us  application/appendix  where  for  the 
region  of  extrusion  G  is  accepted  an  known  sense  the  siaplest  fora  ~ 
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ellipse,  it  is  advisable  to  take  as  •  the  simplest  function,  such  as 
is  constant1. 


FOOTNOTE  ».  There  is  the  foundations  for  expecting  that  both  our 
assunptions  -  that  the  low  region  of  bulge  has  a  fora  of  ellipse  and 
that  the  function  *=const  -  taey  escape/ensue  froa  the  solution  of 
the  comaon/general/total  variational  problea  to  which  is  reduced  the 
problen.  However,  for  this,  would  oe  reguired  a  sore  detailed 
investigation  of  a  guestion.  JSMDFGOTNOTE . 

Entire  further  exanination  will  be  conducted  for  this  case. 

Thus, 


a  =  const. 


Then 

p  —  (X*  —  (i*)  a.  Q=  —  Blpo  sin  2q>. 

% 

Conseguently,  for  analytic  functions  £  and  £•,  that  assign  our 

bending  fields,  to  curve  y  is  satisfied  the  condition 

£_  £'  =  (>.*  —  —  /61posin  2<p.  (•) 

Let  us  find  now  analytic  functions  theaselves  £  and  £*.  In  this 
case,  froa  function  £,  we  will  reguire  so  that  deterained  by  it  which 
bends  the  field  r  out  ot  region  it  would  disappear  at  infinity. 

This  condition  is  dictated  by  the  subseguent  application/appendices. 
It  will  be  carried  out,  if  we  reguire  so  that  at  infinity  function  £ 
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would  decrease  as  1/w2. 

Page  141. 

Condition  (*)  deter mines  nemann's  known  task,  which  in  our  case 
has  unique  solution.  Let  us  find  this  solution.  Let  us  assuae 

r_  a  , 

*  =  P«'24-c. 

where  a,  0  and  c  -  soie  constants. 


On  boundary  of  the  region  G#  i.e.,  with  |u^1,  will  be 

;  =  -^  =  u  (cos  2<(  —  l  sin  2<f) , 

J'  =  p  (a®+-£)  +f  = 

_p  ((tf -i-ft?)  cos  2t(>  —  ji3)sii)2<|  -f  2/.ji)  *-  c. 


Hence 


£  _  5'  =  |o  -  P  (i2  4-  t>2)  1  cos  2*p  — 

_  i  ia  +  p  (L*  _  ,i»)  1  sin  2*f  -  2>.|*P  -  r. 


Taking  now  into  consideration  condition  (*)»  we  obtain  for  constants 
a,  0  c  the  following  systeu  of  equations: 


a  -  p (A.-  -+■  |i2)  =  0. 
a  4-  p  (1-  —  |i-)  —  (i/.na, 

—  21up  —  c  =  (/,-  -  (i-)  o. 


Prom  this  system  we  find 

p  =  i£L,  a  — 2p.(X*  +  n^.. 

After  determining  functions  fc  and  C*,  we  found  thereby  the 
bending  fields  r#  r*  and  solved  the  task  of  the  bending  of  surface  F, 
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placed  in  p.  1.  If  initial  surface  is  assigned  by  vector  function  r, 
then  the  isometrical ly  converted  surface  is  assigned  by  vector 
function  r*r»  within  the  region  of  extrusion  and  vector  function  r *r 
out  of  this  region.  Vector  functions  v  and  +•*  are  determined  with  the 
aid  of  analytic  functions  &  and  £'  from  the  formulas,  obtained  in 
this  p.  2. 

Page  142. 

3.  Coupling  of  bending  fields  in  the  general  case.  Just  as  in 
the  examined  simplest  case,  the  sending  fields  r  and  r'  on  the 
boundary  y  of  the  region  of  extrusion  satisfy  the  condition  of  the 
coupling 

t—  t'  =  ae, 

where  e  -  a  vector  of  binoraal  curved  7,  and  0  -  certain  function, 
assign/prescribed  in  this  curve. 

for  the  bending  fields  r  and  r*,  occurs  the  representation  with 
the  aid  of  the  appropriate  analytic  functions  C (w) : 

t=Re£r«0, 

%~=VaRt\-(u  cos  ft  —  «sln  ft)£  (w)4-  f  Z  (w) </«’  J, 

g  =r  Y  f>  Re  ■[  —  (a  sin  ft  +vcos  ft)  £  (w)  —  le ,fl  J  Z  1  w)  riw  | . 

For  a  field  r,  the  function  i  (v)  is  analytical  in  the  region 

Au2  -f  Bv2  1. 
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while  for  a  field  r*  ,  the  corresponding  function  C  (w)  is  analytical 
in  the  region 

Au2  -f-  Bt»5<  I. 

The  boundary  of  these  regions  is  the  ellipse,  given  by  the  eguation 

A  u2  -4-  Bv2  =  1  • 

A  difference  in  the  bending  fields  r-r*  by  lengthwise  curve  y  is 

assigned  by  the  systen  of  tne  formulas 

A;  =  Re  \Z(u». 

M  =  Y~a  Re  |  —  (u  cos  6  —  v  sin  0)  At  4-  J  AC  (tr)  rfw  } . 

Aij=  yT  Re  |  —  (usind  4-  v  cos  6)AC—  /e'B  J  AC(w)dw|. 

where  AC  (w)  is  a  difference  analytic  functions  C(w)  and  C*(w)  on  the 
ellipse 

Au2  4-  Bv 2  —  1 . 
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Just  as  in  the  simplest  case, 
set/assuning 


w 


,  .  •* 
=  • 


we  introduce  conplex  variable  w. 


and  constants  X,  p  we  deteraine  froa  that  condition  so  that  to  the 
unit  circle  |u^=1  on  plane  w  would  correspond  the  ellipse 

Au2-\-Bv-  —  1. 


Por  this,  it  is  necessary  to  require,  in  order  to 

" +  M  —  v  A  ’  ■  11  ~  VW  ' 

On  boundary  of  the  region  S,  i.e.a  to  curve  y. 


U)  =  e*' 
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and,  therefore. 


«=»(>.  cos<p.  t>  -  )«> sin 


Let  us  pass  in  the  formulas,  which  assign  a  difference  in  the 
bending  fields  At  by  lengtnwj.se  curve  y,  from  the  variable  v  to«"-^*1 
Set /assuming,  as  in  the  simplest  case  on  y 

&L(w)  =  P(y)  +  tQ(<(). 

let  us  have: 

A*^  Y'a  Rc|—  ().  cos  (if  -M)4  >»cos(fl  -*i))(P  t  i<Ji  4 

+  lei0  J  (P  +  iQ){W*  l1*1  '*)  <h|  |  = 

=  Ya  |  —  (>•  cos  (<|  4  <*)  +  M  cos  M )  >  f*  ~ 

—  j  (1  sin  (if  -hO)  —  )»  s>iu  (ft  —  ) )  Pd*\ 

—  J  (Icosoi  4^)—  I*  cos « #»  g  ) )  </  */•! '  • 

d  (a-) - yT[(3Lcos(M  4-h>-4-l»c«>»(ft  -1 ))r  + 

d<t  4  (lcos(.|  4- •(*)-- |i c.»s i«—  MUt/l- 

Analogously  it  is  obtained 

jL(Ah)  =  —  x'b  K/.siu(«4‘(»4  !<sin(»  g ) ) /''  4- 


Hence 


Pinally, 
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4-(l!,in(i|  r«)  —  psiiHd—  mDQJ- 


If  we  designate  the  components  of  the  vector  of  the  binormal  of 
curve  through  at,  a2,  a3,  then  the  conditions  of  coupling  after 
differentiation  with  respect  to  #  will  be  written  as  follows: 
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^-(ATD  =  (ajO)'. 

.£  (AO  «(«*.)'. 

Let  us  find  expressions  tor  components  a»#  a*,  as  and  will  substitute 
thee  into  these  formulas. 


Surface  F  in  coordinates  u,  v  is  assigned  by  the  equations 

X  =  — L-  (H  cos  0  —  v  sin  fl). 

\a 

v  =-  — («  sin  #  4-  v cos  d), 

* 

Z  =  -j  («'•’  + V2)- 

By  lengthwise  curve  y 

u  _  (X  4  p)cos<p,  v  =  (l  —  P)sin<P 


Substituting  these  values  of  u,  V  into  the  equations  of  surface,  we 

will  obtain  equations  by  curve  y: 

x  ~  ( (X  4-  p)  cos  q)  cos  ft  —  (1  —  p)  sin  q>  sin  ft). 

V  a 

y  ~  ( (1 4-  p)  cos  f  sin  0  4  (1  —  P)  sin  tp  cos  ft). 

z  =  — —  4  ip  cos  2q>. 

With  the  aid  of  the  equations  of  curve,  we  find  the  components  of  the 


vector  of  the  binormal 


—  ~4=-(X  +-  p) sind  sin3  <p  — 

V  b 

—  _  p)  cos  0  cos3  if  , 


4ip 

Yz 


(h  4  p)cos  ftsin3<p — 


—  —  p)  sin  ft  cos3  <p, 

Va 


x'  y' 

x"  y" 
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Substituting  the  obtained  values  a,,  a2,  a3  under  the  conditions 
of  coupling  and  by  including  factor  1  in  a,  we  will  obtain 

—  (1  cos (<p  4-  fl)  4-  m  cos  (ft  —  <p) ) P'  —  Q (1  cos (»|  +  — 

—  pcos(«  —  <{,))  =  — 41|i  (o(l-|- n) sind  sin3 m  4- 

-t-  o(l  —  (Ocosftcos3<()'. 

—  (1  sin (<f>  +  <*)  4- P sin (0  —  <J>))  P'  -  Q(lsin(«r-fd)  — 

—  p  sin  (0  —  <p) )  =  41p.  (o (1  4-  (i)  cos  ft  sin3  <f  — 

—  o(l  —  (Osin  0  cos3  «(■}'. 

z*'  —  !«<i*  —  !**>!'- 

Multiplying  the  second  eguality  on  j  and  adding  to  the  first,  we 

obtain  —P'( le"v+*»4  (»*'  •*-*)  — <?(!*' w '*'  — (*«' '•-*)  — 

=  (4lno(l  +  |») /siirV  —  4l|io  (1  —  (0  e1*  cos3  q }'. 

If  now  this  eguality  is  reduced  on  and  to  separate/liberated  real 

part  of  apparent/inaginary,  then  ace  obtained  the  following  two 

relationship/ratios: 

P'  (1  -(-  p)cos«f  4-  Q(1  -  lOcostp  =  (41|i(l  —  lOocos'q 
P’  ( 1  —  (Osin  q  4~  Q(1  4-  (0  sinq>  =  —  (41|i  (1  -f  (Oosiii'q 


He  see  that  in  the  general  case  for  functions  P  and  Q  is 
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obtained  accurately  the  saae  sys tea  of  equations  as  in  the  simplest 


case.  Just  as  there,  we  set/assuae 


Then 


After  this,  just  as  in  the  examined  case,  we  find  analytic 
functions  £  and  £*,  the  assigning  sending  field 
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sit h  the  aid  of  functions  t  and  C*,  we  Clad  through  the 
appropriate  foraulas  the  beading  fields  r  and  r*,  bat  eith  then  and 
the  vector  function,  which  assigns  the  isoaetricall y  converted 
surface. 

3.  Loss  of  stability  of  the  shells  of  revolution  with  the  different 
eethods  of  loading. 

haong  strictly  convex  hulls  aost  widely  used,  perhaps,  are  the 
shells  of  revolution,  la  connection  with  this  the  study  of  the 
problea  concerning  the  stanility  of  such  shells  is  of  considerable 
practical  interest.. In  present  paragraph  we  will  exaaine  the  loss  of 
stability  of  the  convex  hulls  of  rotation  with  the  different  aethods 
of  the  loading:  internal  pressure,  external  pressure  and  twisting.  In 
particular,  we  will  deteraiae  critical  loads  in  each  of  these  cases. 


To  the  study  of  the  problea  concerning  the  stability  of  the 
shells  of  revolution  we  will  preaise  the  suppleaentar y  investigation 
of  a  question  concerning  tae  loss  of  stability  of  flat  strictly 
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convex  halls  under  uniforn  external  pressure.  As  shown  ia\1#  the 
rigidity  of  the  attachaent  of  the  edge  of  this  shell  predeteraines 
the  forn  of  the  region  of  bulge  ana  the  character  of  the  beading 
fields,  in  which  is  exaained  the  variational  problen  for  functional 
8=0-A.  How  we  will  not  reguxre  the  special  rigidity  of  the  attachaent 
of  edge,  but  will  assune  the  snallaess  of  the  region  of  bulge  and  its 
fora  let  us  consider  it  elliptical. 


1.  Loss  of  stability  of  strictly  convex  hull  under  uniforn  external 
pressure.  Let  the  loss  of  stability  of  shell  under  external  pressure 
be  acconpanied  by  the  bulge  or  finite  doaain  G  of  the  elliptic  fora 
of  snail  size/dinensions*.  It  is  logical  to  consider  that  region  G  is 
coaxial  with  the  indicatrix  of  curvature  in  its  center  P.  In 
particular,  region  G  and  indicatrix  can  be  siailar  and  siailarly 
arrange/located,  which  corresponds  to  the  case,  exaained  infl. 

The  fora  of  shell  with  noticeable  bulge  we  will  approach  the 
isonetric  conversion  of  initial  surface,  which  is  obtained  in  *'  2  (see 
end  p.  2)  . 

Page  147. 

In  this  case,  as  shown  in**,  the  strain  energy  of  shell  is 
concentrated  in  essence  in  curve  jr  -  boundary  of  the  region  of  bulge. 


DOC  «  78221906 


PAG8 


Oil 

and  per  the  unit  of  length  by  curve  y  it  is  determined  from  the 
formula 


Here  h  -  normal  sagging/deflection  on  the  region  of  bulge  along 
boundary  y,  p  -  radius  of  curvature  y,  «  -  angle  between  the 
osculating  plane  curved  jr  mad  tangential  planes  of  surface,  B  - 
modulus  of  elasticity,  v  -  Poisson  ratio. 

Bor  the  isometric  conversion  of  surface,  constructed  im  S 2. along 
the  boundary  y  of  the  region  of  bulge  we  have 

-  /,  =  r,ma;v 

where  <a;iv  -  a  difference  along  y  analytic  functions,  which  assign  the 
bending  fields  out  of  region  G  and  within  this  region. 

Since  the  region  of.  extrusion  G  is  small,  then  angle  «  can  be 
deter  nine d  from  the  formula 


where  k  -  curvature  carved  y,  and  k„  -  moraal  curvature  of  initial 
surface  in  direction  y.  Let  us  calculate  k  and 

Let  us  introduce  as  earlier  the  system  of  Cartesian  coordinates 
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2J0  : 

x  ... 

7,  j,  if  after  accepting  tangential  plane  in  the  center  of  bulge  P 

—  - '  -  —  t. 

for  plane  xy,  noraal  to  tne  surface  -  for  ^-axis,  and  point  P  -  in 
the  origin  of  coordinates.  Of  the  axes  of  coordinates  Jr  and  y  is 
directed  along  tangents  to  canber  lines  at  point  P.  Then  near  point  P 
surface  is  assigned  by  the  eguation 

2  =  1  (ax'  -(-  by?) 

The  first  and  second  quadratic  shapes  of  surface  near  point  P  will  be 

I  =  dx-  +  dy-, 

II  =  a  dx*~\-  b  dy*. 

Hence  for  noraal  surface  curvature^  is  obtained  the  expression 


a  dx 3  b  dy- 

dx  f-  dy* 


Page  148. 


Is  shown  in  §  2.  carve  y  is  assigned  by  the  equations 


where 


,  x*=p  cos<j>.  y  =  <7*lnq>. 


while  x  and  p  they  are  found  fr os  the  equations 

x+,i“Vlr>  = 
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The  constants  h  and  B  deteraiae  the  region  of  bulge  6: 

Ax,~\-Byi  <  1. 

In  view  of  the  fact  that  region  6  is  snail,  curvature  y  can  be 
deteraiaed  according  to  its  projection  on  plane  *y.  which  is  assigned 
by  the  saae  two  equations 

x  —  p  cos  <f ,  y  =  <7  sin  «p. 


In  this  case,  is  obtained  the  following  expression  for  the  curvature: 


pq 


( p -  sin*  +  q9  cos*  q>)  '■ 

Substituting  in  the  coaaon/general/total  expression  for  the 
nor sal  surface  curvature  of  the  expression 


dx  =  — p  sin  q  d({,  dy  —  q  cos  <p  dq\ 


we  will  obtain  noraal  surface  curvature  in  direction  y 


k  -  (l  +  lO1  +  —  a)*co»«» 

"  p1  sln!<f  -)-  q7  cos*  <f 

If  we  now  substitute  the  obtained  values  into  fornula  for  0  and 
to  integrate  over  arc  to  curve  y,  then  we  will  obtain  total  energy  of 
strain.  Be  have 
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y  =  \  p- sin’s  \-  ?' co*  *  '  Pq 

ds  =  (p2  sin-  n  4  <V  cos3  4) /f  ^4- 


jpage  149 .]  Hence 


jn 

j‘  *L  ds  =  J  ((X  4-  i*)3  s»«:  <(  4  &  -  n)3  cos5  <p)3  ^  ■ 


>  (X4  4  i'4  +  «>•*»**)  ~  • 


Taking  into  account  values  of  p  and  q,  we  will  obtain 


f^rfi 

*  O 


2n  I  tib 


rf*  =  Jpryr(X44  i«44  4>.1m*). 


Total  energy  of  strain  la  egual  to 

^  =  f  -  ‘llCHL  (X<  y  4.  4^,,?). 

J  1  12  (1  —  v3)  —  H* 


In  view  of  tk«  snallness  of  region  G,  daring  oar  selection  of 
the  coordinate  systen  value  h  can  be  taken  as  equal  to  a  difference 
in  the  conponent  along  tbe  axis  z  oending  fields  r  and  v •  <§  2).  in 
this  case, 

h  —  P (<p)  --  (>.*  —  M3)o 


Is  a  result  for  the  strain  energy  of  shell,  is  obtained  the  foliosing 
resultant  expression: 
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Let  as  calculate  that  now  produced  by  the  external  pressure  p 
work  A.  If  a  change  (during  strain)  in  the  voluae*  United  by  shell* 
is  designated  AT,  then  the  work 

A  =  pW. 

Since  region  6  is  snail*  then  essential  strains  shell 
experience/tests  only  near  point  P. . Therefore  value  AV  is  deterained 
with  t.he  aid  of  the  integral 

bV  =  J  J  Idxdy. 

where  £  -  a  shift  of  the  points  of  surface  during  strain  in  the 

direction  of  /-axis.  The  value  of  nixing  £  is  deter ained  by  two 

(0 

analytic  functions  £  (nr)  and  £•  (w)  » 

Page  150. 

Specifically**  out  of  the  region  of  the  bulge 

;=ReC(w). 

while  within  this  region 

^  t  =  Re  S'  (w). 

(expressions  for  functions  £{a)  and  £*(w)  they  are  obtained  in  §2.) 
Thus 

SV  =  Re  |  J  j*  t'  (w)  dx  dy  -(-  J  j  *  (■»)  dx  dy  j . 
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Here  in  first  tera  integration  applies  to  the  interior  of  the  ellipse 

/4jc2  +  8y5=l- 

while  the  second  -  to  the  renaming  part  of  plane  xy 

Transfer/converting  froa  the  variables  X>  y  to  to  the  variables 


let  as  have 

I*  j  H'(v>)dxdy=j~  {  |  V{v»dudv, 


where  integration  it  is  fulfilled  to  the  right  on  the  interior  of  the 
ellipse 


on  the  plane  of  coaplex  variable  w=u*iv.  For  coapating  this  integral, 
let  us  exaaine  the  line  integral  on  the  boundary  of  the  ellipse 


r 


'  (w)  w  dw. 


Converting  integral  J*  to  integral  by  the  area  of 


DOC  *  78221906 


PAGE 


22-3 


6 


ellipse  with  the  aid  of  grina  -  Ostrogradskiy *s  foraula  and  taking 
into  account  the  analyticity  of  fuaction  ('(*)•  let  us  have 


|  £  (W)wriw  =  —  2/  J  J  C'  (W)  rfu  dv. 


Page  151. 


It  is  analogous,  the  integral 

J  —  ^  i(w)  wdw 

is  converted  to  integral  on  the  exterior  of  ellipse.  Here  it  is 

jUJ  -  •  ‘  -  •• 

substantial  to  note  that  ((O')  decreases  at  infinity  as  1/w*.  in  the 
sane  direction  of  contour  integration  of  ellipse,  it  will  be 


<j;  Z(w)  k>  dw  —  2i  [  f  £(«>)  riu  dv. 


Substituting  the  obtained  expressions  of  integrals  in  fornula 
for  Aft  we  will  obtain 

AK  =  — tL=-  Re  —  1  (£ (v)  -  (ic> » )  v>  ( 1v> . 

)  ah  21  * 

Let  us  note  that  on  the  outline/coatoor  of  the  integration 

£<«')  -;'(«')  =  a;  =  fJ~t  iQ. 

where  P  and  Q  have  the  following  values: 

P  —  (i*  —  |i-)  o,  Q  —  —  6).|io  sin  2«f. 
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Let  us  now  wove  oa  fro a  the  variable  w  to  w,  after  assaaing 

W -  Xl«l  ■+-  —  . 

ul 

On  plane  w  the  outline /contour  of  integration  is  the  unit  circle  and, 
therefore,  on  outline/contour  we  have 

w  —  ).e"'  fie - 
w  ^  }.e  'i  -f-  ft?'*, 

A£  =  ().*  -  ft^)  o  -  3Auo (e-1*  -  e  ). 

Substituting  the  obtained  expressions  w,  a,  AC  in  the  integral 

i.  &i(W)W  dw. 

i«M 

we  easily  fulfill  integration  and  find  the  following 
relationship/ratio: 

if  A£(w)wtfir  —  (A.4  -f-  fi*  -f 

i-l-i 

Together  with  this  we  obtain 

Al/  (/.'  +  p4  -t- 

X  ab 

Page  152. 

Consequently, 

•*  ♦  •  •.*■*•••*  •  •  4  '  *  •* 

/t«=:pg-a«-H.<  +  4XV). 

Values  y,  m  characterise  the  fora  of  the  region  of  bulge,  and  • 
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-  a  value  of  bulge.  In  connection  with  this  is  represented  by 
advisable  to  introduce  the  single  parameter 

e  =  .no  (l4  +  n4  -f 

that  characterising  the  supercritical  deformation  of  shell.  Depending 
on  this  parameter,  the  strain  energy  of  shell  and  the  produced  by 

external  pressure  work  are  deterniued  froa  the  formulas 

..... .  •.  .*  ....  •-  — 

*fiVVa*r 
ri2  (1  —  v*)  ' 

A=*. 

Vnh 

How  from  the  condition  of  the  equilibrium  of  shell  at  the  nonent 
of  the  bulge 

-  i<y-'4>=0 

we  find  the  received  by  shell  load.  He  have 
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where  Ht  and  Bc  -  aain  radii  of  curvature. 


Be  see  that  and  under  noce  coaaon/general/total  assuaptions 
about  the  character  of  the  bulge  of  shell  at  the  aoaent  of  loss  of 
stability  is  obtained  the  saae  critical  pressure*  as  in  siaplest 
exaaination  of  §  *• 

Page  153. 

2.  Special  isoaetric  conversion  of  convex  surface  of  revolution. 
Bxperiaent  shows  that  the  convex  hull  of  rotation  under  internal 
pressure  can  lose  stability  with  tne  foraation  of  the  systea  of  the 
correctly  arranged/located  elliptical  dents  along  certain  parallel 
(Pig.  26)  .  The  physical  cause  for  this  fora  of  loss  of  stability  lies 
in  the  fact  that  for  the  dents*  elongated  in  the  direction  of 
aeridians*  during  the  deforaation  of  shell  indicated  can  occur  the 
coaaon/general/total  increase  in  the  United  by  it  voluae*  in  spite 
of  the  extrusion  of  shell  along  the  systea  of  dents  inside  this 
voluae  k. 


POOTHOTE  It  is  possible  to  give  another  consideration*  which 
elucidates  the  loss  of  stability  of  the  convex  hull  of  rotation  under 
internal  pressure.  During  a  specific  ratio  between  the  principal 
curvatures  of  shell,  internal  pressure  can  cause  the  appearance  of 
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coapressive  forces  in  the  direction  of  parallels.  These  effort/forces 
at  their  known  intensity  cause  loss  of  stability.  BIDFOOTIOTE. 

Just  as  in  the  preceding/previous  exaaination,  we  will  approach 
the  fora  of  shell  with  bulge  the  isoaetric  conversion  of  initial 
surface.  In  this  case,  we  will  n ox,  investigate  the  parts  of  this 
conversion  and  will  be  restricted  to  the  deter aination  only  of  such 
values,  connected  with  deforaation,  which  by  us  will  be  necessary 
daring  the  solution  of  a  guestion  concerning  the  stability  of  shell. 
In  particular,  us  interests  a  guestion  concerning  that,  to  what 
extent  they  separate  froa  one  another  of  the  plane  of  the  parallels, 
which  liait  the  systea  of  dents. 

In  view  of  the  fact  that  the  deforaation  of  shell  out  of  the 
zone  of  the  appearing  dents  is  saall,  the  final  bending  of  surface  in 
this  part  can  be  considered  inf iaitesiaal  bending.  The  appropriate 
bending  field  we  will  deteraine  via  the  superposition  of  the  bending 
fields,  connected  with  the  education/for nation  of  separate  deats.  The 
bending  field,  caused  by  the  education/f oraation  of  one  dent  (region 
of  bulge),  we  take  in  the  saae  fora  as  it  is  obtained  la  §  2. 
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A  -  arbitrary  point  o£  surface,  which  is  located  on  the  snail 
distance  of  h  froa  the  parallel  jr,  along  which  are  arrange/located 
the  regions  of  bulge.  Let  us  determine  5  -  component  of  the  which 
bends  fields  in  the  direction  aeridian.  P  -  basis/base  of  the 
geodetic  perpend icular,  oaitted  froa  point  A  to  parallel  y.  Let  us 
introduce  the  Cartesian  coordinates  X ,  y,  x,  after  accepting  tangent 

to  aeridian  for  x  axis,  tangent  to  parallel  for  y  axis,  and  noraal  to 

% 

the  surface  for  2-axi a  and  point  P  in  the  origin  of  coordinates. 

«  1  * 

—  — •  •  »  ..  .  .  *  ^t_L_  «. 

It  is  logical  to  aasnae  that  the  value  of  conpoaent  ? 

substantially  affect  only  the  bulges  of  shell  near  point  P. 

Therefore,  if  coaponent  of  the  bending  field  on  aeridian  froa  the 

region  of  bulge  with  center  P  is  designated  ? (X,  y) ,  then  which 

-  - -  •  *■  4  ... 

interests  us  constituting  €,  connected  with  the  advent  of  an  entire 

systea  of  regions  of  bulge,  it  will  be 
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where  y*  designate  the  coordinates  of  the  centers  of  the  adjacent 
regions  of  bulge. 


Let  us  exanine  in  sore  detail  the  function  %(x.  y).  In 

connection  nith  this  let  os  recall  that  together  aith  by  the 

x  -  —  -  y-  -  x 

variables  i,  y  we  introduced  the  variables  u,  y,  connected  with  by  %, 

y  relationship/ratios 

conplex  variable 

..  .  „  w  =  u  Iv 


and  conplex  variable  u. 


W  =  X.01  -f  — 


(see  §  2)  .  Here  a  and  b  -  principal  carvatnres  in  the  center  of  bulge 
*  H  -  paraaeters,  which  characterize  the  fora  of  the  region  of 

bulge.  It  is  substantial  to  note  that  for  the  low  regions  of  bulge  - 
this  by  us  will  be  assuaed  -  X  and  m  they  are  saall. 


In  f  2  for  coapoaent  6  of  the  beading  fields  connected  with  the 
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advent  of  one  region  of  bulge,  we  obtained  the  following  expression! 

where  £(w)  -  analytic  coeplex  variable  function  *,  which  out  of  the 
region  of  bulge  is  detersined  iron  the  foreula 

;  =  4.  a  =  Tr-(Xs-f-  n*)o- 
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Substituting  this  value  (  in  foreula  for  f  and  fulfilling 
integration,  we  will  obtain 

*  «oV7Re{-£-v  +  .. 

Let  us  note  that  at  the  hounded  below  value  |»|  the  corresponding 
value  u,  deterained  by  the  relatxoaship/ratio 


■a,  =  Xu  +  — . 

with  snail  ones  X  and  p  is  sufficiently  great  in  absolute  value. 
Therefore  with  snail  ones  X  and  p  ter n/conponent/ad dead  p/3»J  in 
for aula  for  f  can  be  disregarded;  furthernore,  it  is  possible  to 
count  that 


If  we  consider  these  observations,  then  forsula  for  conponent  f  can 


t 
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be  presented  in  the  following  entreated  fora: 

ReJ-^  +  vi- 

Isolating  real  part,  we  will  obtain 

i 

1^-VaVa  -  ■ 

Row 

t»*=  V*  y> 

Then 

where 

u  =  li  Va. 

Addition  in  the  right  side  of  the  equality  by  hypothesis  applies  to 
adjacent  regions.  However*  in  view  of  rapid  convergence  of  series,  it 
is  possible  to  count  that  the  aadation  is  fulfilled  on  all  hr  i*e.» 
that 
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f  _  3ii  y~a  Xu  (X»  -f  n1)  a 

»  O  A. >  • 


2  Aw 

If  point  A  is  taken  fro*  another  aide  of  the  xone  of  the  regions  of 
bulge,  then  it  daring  the  defornation  in  question  will  obtain  in 
accuracy/precision  the  sane  shift  in  meridian,  but  in  the  opposite 
direction. 


Page  157. 


Bence  it  follows  that  the  which  interests  as  reaoval  of  the  planes  of 
parallels,  which  liait  the  xone  oi  the  regions  of  bulge,  it  occurs  to 

.....  -  -  .  _  ...  .ax-  .  *• 

value 


e  = 


3n  V~a  Xu  -|-  na)  a  cos  a 


Aw 


where  a  -  an  angle  between  the  tangent  to  aeridian  and  the  axle/axis 

........  -  y 

of  surface.  If  we  introduce  instead  of  i  variable 


VT  • 


that 


Ay 


Let  us  recall  that  here  a  and  b  -  nornal  curvatures  of  surface  in 


direction  meridian  and  parallel  respectively.  Ay  -  distance  between 
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centers  of  the  adjacent  regions  of  bulge,  while  ip{  i**>j*)  •  -  value, 
which  characterizes  the  separately  undertaken  region  of  bulge* 

By  the  deter ainat ion  of  value  t  we  will  finish  our  examination 
of  isoaetrically  converted  surface  and  will  pass  to  the  investigation 
of  a  guestion  concerning  the  stability  of  shell. 


3.  Critical  internal  pressure  for  convex  hull  of  rotation.  The 
critical  internal  pressure,  by  which  occurs  the  loss  of  stability  of 
the  shell  of  revolution  with  the  formation  of  the  system  of  the 
regions  of  bulge  along  certain  parallel,  we  will  determine,  examining 
elastic  equilibrium  with  noticeable  bulge.  The  condition  of  the 
equilibrium 

d(U  —  j4)  =  0, 


. 
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Let  us  turn  now  to  nock  4.  If  the  connected  *ith  bulge  change  in 
the  volune,  United  by  shell,  is  designated  AV,  then  to  work  it  is 

T  —  •  ~  ■  . .  ' 

equal  to 

A  =  pW. 

where  p  -  internal  pressure. . 

Let  us  conduct  perpendicularly  to  the  axle/axis  of  the  surface 
tuo  planes,  which  linit  the  zone  of  the  regions  of  bulge.  A  change  in 
the  voluae  A 1  is  caused  by  the  reaoval  of  the  planes  conducted  during 
the  deforaation  of  shell  and  by  the  edncation/f or nation  of  wery 
regions  of  bnlge.  Let  us  designate  counterparts  A»  through  sv,  «»d 
t&v 

Value  W,  is  negative  and  for  one  region  of  bulge  is  deterained 
froa  foraula  (st.p.1) 

sv‘  ™  +  + 4*V). 

Consequently,  for  all  a  of  the  regions 

hV ,  =  -  {V  4-  M4  +  41V)  n. 

y  uo 


Further,  we  have 
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where  p  -  a  radius  of  the  parallel,  along  which  are  arrange/located 
the  regions  of  bulge,  and  e  -  reaoval  of  the  planes  of  parallels, 
which  liait  the  zone  of  the  regions  of  bulge,  during  the  deforaation 
of  shell.  Substituting  here  tue  waiue  e.  found  in  p.  2  we  will 
obtain 

sv,  =  v fj-  ^ <*2  +  ^°co‘° 

Thus,  for  work  A,  produced  by  the  internal  pressure  p,  is 
obtained  the  expression 

,  no  (A1*  ■+-  M4  +  4aV)  P"  , 

...  YTb  + 

4-  np2  y  In  (V  4-  nJ)  ap  cos  a. 

Record/fixing  the  fora  of  the  region  of  bulge  (paraaeters  X,  p) 
let  us  wary  sagging/deflection  in  tfca  regions  of  bulge  (paraaeter  •) 

Page  159. 

Then  froe  the  condition  of  the  eguilibriua 

-  'ST  (U  —  A)  =  0 

•id  *  i.<  .  .  . 

is  obtained  the  following  relatioashi p/ratio  for  the  value  of 
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pressure  p,  received  by  shell  with  the  bulge: 

£■+,,<+  4X:|>;)  +  -rrW-  (>-4  +  I'4  +  «/»  - 

lr  12  (1  —  v=) 

_  j|jP  I  '  *-  /.H (k-  +  p-J  /'  «  =  0. 

Multiplying  this  relationshipA*tio  on 


Av  ./■— r 

tt-v-  V  "*• 


and  noting  that 


Ay  n  2.7o, 


let  us  have 


_4 EVab_  (>  4  _j_  |(4  _j_  4. 

/12  (1  —  v5) 

-f  +  ^*  -}  4>V>  F  -  T  a*M  +  P  “S  ^  °' 


Let  us  divide  this  relationship/ratio  on 


X*  4  jiM  -4a-!*2 


and  let  us  assuae 


ie  vill  obtain 


4 F.  b7‘il>  j  „  _  3<*P  fos  n 

it- hi-*)  2  >+2r 


Bence 
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•here 


0*  by  known  fora  is  expressed  as  the  parameters 
it  characterizes  the  fora  of  the  region  of 


bulge,  let  as  explain  the  interval  of  the  allowed  values  of  the 


For  this  let  us,  first  of  all,  note  that  value 


aonotoaically  depends 


Consequently,  is  included  between  -1/3  and  0/3 


Taking  into  account  the  interval  of  the  allowed  values  #*,  we 
consist  that  the  snail  pressure  at  which  the  shell  can  lose  stability 
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X  4- X  —  u 
X=  — G-cosq\  y  =  ~T7=~  sin <p. 

V  a  Vi 

degenerates  in  axis  intercept  X  (aeridian)  . 

Page  161. 


The  physical  sense  of  this  result  lies  in  the  fact  that  the  appearing 
as  a  result  losses  of  stability  of  the  shell  of  dent  aust  be  strongly 
elongated  along  aeridians.  This  really/actually  is  observed  in  the 
appropriate  experiaents. 

Let  ns  use  the  obtained  by  us  foraula  to  the  deter ainat ion  of 
critical  pressure  for  the  oblate  ellipsoid  of  rotation,  a  and  b  - 
seai-axis  of  ellipsoid,  b<a.  In  vie*  of  the  fact  that  the  Gaussian 
curvature  of  the  oblate  ellipsoid  aonotonically  increases  in 
proportion  to  approach/approxraation  to  the  eguator  together  with 
radius  of  parallel  p,  arnj.au  a  p  is  obtained  with  bulge  along  eguator. 
At  the  eguator 

P  =  a.  /?,  =  0,  «s  =  -fr- 

He  ace 

-  _  2  ew  i 

’  J'l<i-v»)  *!..,■ 

‘  •  2  0 
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In  the  case  of  strongly  oblate  ellipsoid  (b«a) 

P - 

V  3(1  —  v*)  a- 

It  is  substantial  to  note  that  the  value  of  critical  pressure  with 
any  of  flattening  does  not  descend  below  this  value. 

•  •••  .» 

4.  Loss  of  stability  of  convex  hull  of  rotation  under  external 
pressure.  Is  §  land  p.  1  of  present  paragraph,  was  exanined  a  guestion 
concerning  the  loss  of  stability  of  flat  convex  hull  under  external 
pressure.  In  this  case,  for  value  p  of  critical  pressure,  was  found 
the  forsola 

_  2£62 
P  1A  3  (1  -v") 

Obtaining  this  result,  we  during  determination  by  that  produced  by 
external  pressure  the  worh 

A~  pSV 

utilized  an  assuaption  about  the  flatness  of  shell.  Specifically,,  a 
change  in  the  voluse  A  V#  lisiteu  by  shell,  we  calculated  according  to 
the  forsula 


AV'  =  J  f  +  dx  dy. 


r*' 


gde  C  *  cosponent  along  the  axis  z  of  the  bending  field  during  the 
defornation  of  shell. 
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Page  162. 

This  fotaula  would  be  precise,  if  the  bending  field  was  perpendicular 
to  plane  xy.  .la  actuality  this  can  be  considered  carried  out  only 
near  the  center  of  bulge,  la  coaaection  with  this  for  unsloped  shell, 
we  can  expect  another  result  about  the  value  of  external  critical 

r 

pressure.  Let  us  exaaine  tnis  guestion  for  the  convex  hulls  of 
rotation. 

Let  us  assuae  that  the  convex  hull  of  rotation  under  the  action 
of  external  pressure  loses  staoiixty  with  the  foraation  of  the  systea 
of  the  dents,  arrange/located  along  certain  parallel  (Fig.  27). 
Judging  according  to  the  result^  obtained  in  p.  2,  it  is  possible  to 
think  that  this  fora  of  loss  of  stability  can  realise  itself,  if  the 
dent  greatly  stretched  along  the  parallel  on  which  they  are 
arrange/located.  as  in  the  case  of  internal  pressure,  a  change 

(during  def  or  nation)  of  tae  voluse.  Halted  by  shell,  we  will  coapose 
of  two  parts  -  W,  aad  \\'f;  W,  -  decrease  of  voluae,  connected 
directly  with  the  education/for nation  of  the  regions  of  bulge,  and 
\Vt  is  caused  proxiaity  of  tne  planes  of  parallels,  which  liait  the 
soae  of  the  regions  of  bulge.  He  have 
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AV(  =  y=r  (A.4  -4-  l‘4  +  V)  *• 
b\'  =-np>¥-  ).\i  (A.5  +  PJ)  o  cos  a 

Consequently,  the  conducted  by  the  external  pressure  p  work  during 
the  defornation  of  shell  is  equal  to 

<4=-^r(A4  +  P4+4A.V)  P*  - 

)  ab 

—  np2  ]/"■£■  A.H  (A.1  -+-  u*)  op  cos  o. 

This  forsula  differs  only  is  teres  of  sign  froe  the  appropriate 
foraula  for  the  case  of  internal  pressure. 
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Page  163. 

As  far  as  straio  energy  is  concerned,  for  it  reaains  the 
previous  expression 


U  =  y  ab  (V  +  4.  4>.V) 

Vl2  <1  —  v») 


an 


Just  as  in  the  case  of  internal  pressure,  fron  the  condition  of 
the  eguilibriua  of  the  shell 


JL(U-A)  =  0 

ve  obtain  the  following  relationship/ratio  for  the  value  of  pressure 
p,  received  by  shell  with  tne  bulge: 

2  E  622ji  VTb 


1^12  (1  —  v») 


y=-(/.<  |i«  4-  41Jji5)  np  4- 

+  0-J  4-  |»->  p  cos  n  —  0. 


This  relationship/ratio  by  known  aethod  is  siaplified  and,  being 
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solved  relative  to  p,  it  gives  lor  it  the  following  value: 

4  E  Vah _ 1 _ 

P  ~~  V\~2  (1  —  v*)  3flp cos  a  (  ’ 

where,  as  before, 

-T+2F- 

The  snail  value  p  is  obtained  at  the  greatest  in  absolute  value 
negative  value  that  is,  with  *•-1/3. 

If  this  value  ♦'‘is  substituted  into  fornula  for  p,  then  we  will 
obtain 


_  4  EVab  1 

P~  Ki2(i-v*,  ^cosa+,  • 

Page  164.  , 

i  .  t  ...  ...  i  .  ■ 

Application/use  of  this  fornula  for  slightly  curved  shells  gives 
the  value,  which  differs  uttie  iron  that  obtained  earlier 

_  2  Eb’ah 

p  Vla-vV 

-  *  .  >  ee«* 

since  for  slightly  curved  shells  mnw/2  and,  therefore,  cos  a-0. 

Let  as  explain  the  fora  of  the  regions  of  bulge.  So  kft  »*=-l/3. 


then  *>-1/2.  Base*  it  follows  that  X— p.  the  rwgion  of  bulge  is 
assigned  by  tke  equation 

‘--7Teo‘*'  ’,*“Trs"”1' 

litk  X«-p  our  ellipse  degenerates  in  axis  intercept  y.  Physically 
this  aeans  that  tke  regions  of  bulge  with  tke  loss  of  stability  of 
shell  under  external  pressure  are  strongly  elongated  along  parallel. 

Just  as  in  tke  case  of  internal  pressure,  foraula  for  a  critical 
load  can  be  converted  to  tne  fora 

_  4£V _ 1 

P~  VY2  (I-*)*.*,  -5^+1  ' 

or 

2  Eb1 _ 1 

P~  Vr~3  (1  v*)  £+*,/?,  ' 

Let  us  recall  that  here  B»  and  Bc  -  sain  radii  of  carvature  of  shell 
along  tke  parallel  where  occurs  bulge,  p  -  a  radius  of  parallel. 

Is  the  application/appeadix  of  tke  obtained  result,  let  us 

*  — 

exasine  the  loss  of  stability  of  dosed  spherical  shell  of  radios  B. 

Here 

/?!  =  /?,  R <2  R 

Biaisua  p  is  obtained  with  D*B,  that  is,  daring 

edacatioa/f or nation  iadeatatioa  along  equator.  For  tke  valae  of 
critical  pressure,  is  obtained  the  foraala 
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Page  165. 


_ 2£6»  2_ 

P~  Vi  (I—  v*)/?»  3 


Thus,  the  obtained  value  coaposes  2/3  froa  the  value,  obtained  for 
slightly  curved  shells. 


Observation.  According  to  data  soae  experiments  above  spherical 
segments,  described  in  A*  S.  Yoi'axr's  book  [9],  the  bulge  under 
external  pressure  begins  at  the  edge  of  segment.  It  is  possible  to 
think  that  in  this  case  occurs  the  loss  of  stability,  examined  in 
present  point/itea. 


5.  Loss  of  stability  of  covex  shell  of  revolution  during 
twisting.  The  shell  of  revolution,  which  is  located  under  the  action 
of  the  torsional  moment,  appixed  to  the  edge  of  shell,  can  lose 
stability  with  the  educatxon/f or nation  of  the  regions  of  bulge, 
sloped  toward  aexidian  4Pig.  2b) .  Let  us  examine  a  question 
concerning  torque,  calling  the  loss  of  stability  of  this  fora. 


Approaching  the  deformed  surface  of  shell  by  the  isometric 
conversion  of  initial  fora,  we  will  use  the  sane  considerations,  as 
in  p.  2  for  the  case  of  internal  pressure.  In  view  of  the  fact  that 
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the  regions  of  bulge  are  sloped  toward  aeridian,  occurs  the  twisting 
of  shell  to  certain  angle  r.  Let  us  determine  the  value  of  this 
angle. 

Let  us  take  on  surface  the  arbitrary  point  A  out  of  the  zone  of 
the  regions  of  bulge,  but  near  this  zone,  and  let  us  find  the  shift 
of  this  point  along  parallel  during  the  defornation  of  shell  in 
question.  Let  us  conduct  iron  point  A  perpendicular  to  parallel  7, 
where  are  arrange/located  the  centers  of  bulge,  and  let  us  designate 
through  P  the  basis/base  of  this  perpendicular.  Just  as  in  p.  2,  we 
introduce  Cartesian  coordinates,  after  accepting  point  P  in  the 
origin  of  coordinates,  tangential  plane  at  this  point  for  plane  xy, 
and  z  axis  it  is  directed  along  the  neridian  of  surface. 

...  " . ' 

/  ij  -  which  interests  us  shift  of  point  A.  Then,  assuaing  that 
value  substantially  affect  only  the  region  of  the  bulges,  located 
near  point  P,  we  can  write 
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Rare  ri(jf,  y)  -  are  coapooents  along  the  axis  j  of  the  beading  field, 
which  corresponds  to  the  region  of  bulge  with  center  P,  h  -  distance 
of  point  A  froa  parallel  jr,  and  yt  -  coordinate  of  the  centers  of 
the  regions  of  bulge,  close  to  F» 

let  as  exaaine  the  function  n(.r.  y).  It  is  expressed  as  analytic 
function 

r~  0 

on  the  foraula 

T)  =  a  yi>  Re  |  —  (u  sin  6  4-  t>  cos  ft)  —  /e'ft  J  J  dv>  J- . 

Substituting  in  this  foraula  ^aw2  and  noting  that 


=  Ji. 

0) 
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■ith  the  aid  of  these  relationsbip/rutios  the  expression  for  i|  is 
converted  to  the  fora 
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n  —  2/  -u  r'  b  >  h  CO!>  —  (3xyJi>  l  a  -j  -r3**  I  a  >  >m  2« 

'  (ax-  by1)*  • 

Substituting  this  value  is  expression  >].  1st  as  have 

'  n  ,/rV  *■'**'  I  *  cos  ~  (3*}'**  I  "  ~f  '<  I  •' )  *i«  2# 

11  —  2/ -a  1  b  V - - — - - . 

(ulr + 

la  view  of  the  fact  that  the  regions  of  bulge  are  arraage/located 


symmetrically  relative  to  poiat  A,  sussation  over  first  ters  can  be 
drop/onitted,  after  accepting 


„  3frnA  rtf  +  /1  «/  I  </ 

11  =  —  2/.-«  \  b  sin  20  \  — — - — - . 

It  is  further,  as  in  p.  2,  in  right  side  of  addition  we  pass  to 
integral.  Specifically,,  set/assuning 

Ay  =  y»  i’k-v 


let  us  have 


~  2a V±  s»n  2ft  f  Miv-b  ) r a  4  h\, )  , 

Ay  J  (SF+ W? - rf)’- 


Introducing  new  the  variable  t 


y  =  hV  !<• 


we  will  obtain 


2X2a  sin  ‘JO  C  3/z-l-  1 

^  Ay  J  "(1  +  /-•)*  dt- 
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We  have 


Therefore 


Introducing  here 


p*«. 


J  7T+ /»)*  dt  =  2n- 

ou 


sin  20 
Ay 


a=—^0.2-t  (‘2)o. 


we  will  obtain  final  formula  for  >i 


«  _  I2n*.n  (>*-|- 11^)0  sin  2tf 
~  Ay  ’ 

•  ......  Jv  ^  ,  >  ■ .  - . 

Page  168. 

i 

Is  one  would  expect,  the  shift  rj  of  point  A  does  not  depend  on 
distance  of  h. 

low  it  is  possible  to  determine  angle  of  twist  e.  if 
designate  through  p  a  radius  of  the  parallel  y,  along  which  are 
arrange/located  the  regions  of  bulge,  then 

e  =  -?3  _  24nA.n  (A*  -f  P2)  a  sin  2d 
P  p  Ay  • 

Produced  by  torgue/aoaent  8  work  with  bulge  is  equal  to 


•a 
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,  w  24jiA.fi  (Aa  -+■  n3)  oM  sin  2# 

A  —  Me  _  JTa}  . 

Let  us  find  no*  strain  energy  0.  In  §  1  for  strain  energy  0  per 
the  unit  of  the  length  of  the  boundary  of  bulge  is  obtained  the 
fornula  (page  109) 

U  _  lEbWhk 
~  V  12  (1  —  v»)  ■ 

Here  a  -  angle  between  the  osculating  plane  curve  y,  that  limits  the 
region  of  bulge,  and  by  the  tangential  planes  of  surface,  k  - 
curvature  curved  r,  h  -  sagging/deflection  in  the  region  of  bulge. 

In  the  coordinate  systea  which  is  introduced  above,  our  surface 
near  point  P  is  assigned  by  the  equation 

_  z  =  ^(ax'1  -f-  by2). 

Curve  t  is  assigned  on  it  by  the  equations 

U  =  (1  +  H)  cos  <p,  v  =  (X  -  n)  sin  q>. 

The  variables  u,  'f  are  connected  with  by  jf.,  y  formulas 

X  =  77^  («  cos  #  —  v  sin  d). 

V  a 

y  =  y=-  (U  sin  0  -)-  t>  cos  0). 


DOC  *  78221906 


I 


DOC  »  78221906 


PAGE 


ft** 


Strain  energy  on  all  n  to  the  regions  of  bulge  is  egual  to 

u  =  )^(i_v,7 (kA +  >*4 + an 

low  froe  the  condition  of  the  equilibria  of  the  shell 

-  ^(U-A)  =  0 

»e  obtain  relationship/ratio  for  torque/aonent  8,  calling  the  loss  of 
stability  of  the  shell: 


_  24^A)i  (l1  —  |i;)  M  •  sin  20  _ . 

P  Ajf  —  ' 


Bence,  noting  that 


n  Ay  =  2jxp. 


we  will  obtain 


^Uib-Yab  (1  +  2e?)  _  3e/M  sin  2 0  =  0. 

^12(1— V») 


where 


>•!» 

C_  ^  +  ‘ 


Page  171. 


The  snail  value  B  is  obtained  at e  =- l,2and  »=45®.  This  value  is 
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determined  from  the  formal* 


or 


I _ nt>-£6-  )'  ab 

~  KO(l-v») 

_ np;£6; _ 

i'r>(i  —  v-)  i  ' 


Here  R,  and  Bt  -  main  radii  of  curvature  along  the  parallel  mhere 
occurs  bulge,  i*  -  a  radius  of  this  parallel. 


In  conclusion  let  us  note  that  the  loss  of  stability  under  the 

•«* 

.  ....  •  *  •»  - 

action  of  the  torsional  aoaent  H  xs  acconpaaied  by  the 

education/foraation  of  strongly  elongated  dents  (e  ■=  l  sloped  toaard 
meridian  at  angle  of  <*45°. 
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Chapter  Three. 

CYLINDRICAL  SHELLS  DURING  SUPERCRITICAL  DEFORHATI ON S. 

Among  the  shells,  which  are  encountered  in  real 
construction/designs,  most  widely  used  are  the  shells,  which  have  the 
form  of  developable  surfaces.  To  a  considerable  degree  this  is 
explained  by  simplicity  of  their  obtaining  from  sheet  material.  Among 
the  developable  shells  most  widely  used,  perhaps,  are  cylindrical.  In 
connection  with  this  the  study  of  the  strength  properties  of  these 
shells  is  of  great  practical  interest. 


Cylindrical  shell  as  the  element  of  construction/design  can  work 
under  varied  conditions  of  loading.  Among  them  basic  are:  axial 
compression,  external  pressure  and  twisting.  Usually  the 
decomposition  of  shell  occurs  as  a  result  of  the  loss  of  stability. 
The  supercritical  deformations  which  in  this  case  appear,  lead  to 
stress  concentration  in  the  specific  zones,  that  also  leads  finally 
to  decomposition.  In  connection  with  this  appears  the  natural  task  of 
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the  determination  of  the  elastic  states  of  shell  during  supercritical 
defor  aations. 

In  present  chapter  we  investigate  the  supercritical  elastic 
states  of  cylindrical  shells  m  basic  load  cases:  axial  compression 
(§1),  external  pressure  (§2)  and  twisting  (§3).  Just  as  in  the  case 
of  strictly  convex  hulls  (Chapter  1),  this  investigation  will  be 
based  on  principle  A.  The  result  of  investigation  will  be  the 
complete  description  of  supercritical  elastic  state,  in  particular, 
the  determination  of  lower  critical  loads. 

The  methods,  developed  in  tnis  chapter,  can  be  used  also  to  the 
case  of  conical  shells.  In  regard  to  this  see  works  [10],  [11]  V.  I. 
Babenko  in  [12]  V.  V.  Mixallova. 

Page  173. 

§1.  Supercritical  deformations  of  cylindrical  shells  during  axial 
compression. 

As  noted  above,  proposed  study  of  the  supercritical  elastic 
states  of  cylindrical  shell  will  be  based  on  the  use  of  principle  A. 
The  a ppl ication/use  of  this  principle  assumes  the  investigation  of 
the  possible  isometric  transformations  of  the  initial  surface  of 
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shell.  Therefore  we  will  begin  our  study  with  the  study  of  these 
transformations. 

1.  Special  isometric  transformation  of  cylindrical  surface. 
Experiment  shows  that  tne  supercritical  deformation  of  the 
geometrically  modern  cylindrical  shell  during  axial  compression 
possesses  the  specific  correctness  of  structure.  Specif ically, ,  is 
observed  the  distinct  periodicity  of  the  form  of  the  deformed  surface 
on  circumference  and  height/altitude  of  shell.  In  connection  with 
this  we  narrow  our  task  and  are  limited  to  the  examination  of  the 
isometric  transformations,  which  possess  the  correctness  of  structure 
indicated  . 

Let  us  take  correct  prism  witn  even  number  of  sides  (2n)  and 
will  conduct  on  one  of  its  side  faces  at  the  arbitrary  smooth  curve 
7 i ,  which  is  unambiguously  design/projected  for  the  axle/axis  of 
prism  (Fig.  29a) .  It  is  reflected  curve  yt  mirror  in  plane  p,  passing 
through  the  lateral  edge  face  at  and  the  axle/axis  of  prism.  In  this 
case,  to  obtain  the  curve  y2,  which  lies  at  side  face  as,  adjacent 
a|.  Then  we  analogously  plot  a  curve  yx  in  face  ex,  adjacent  a2,  and 
so  forth.  So  in  each  face  a/  let  us  construct  curve  y 

Let  us  conduct  now  through  curves  yt  and  y2  the  cylindrical 
surface  Ztz  with  generatrices,  perpendicular  to  plane  p.  Let  us 
analogously  construct  the  cylindrical  surfaces  Zzx, 


ZX4  and  so  forth 
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Fig.  29. 

Page  174. 

Surfaces  Z12,  Z23,  ...  compose  the  tubular  surface  of  Z,  everywhere 
smoot h ,  besides  fin/edges  y1#  yx,  ...  (Fig.  29b).  It  is  confined 
that  constructed  thus  surface  Z  is  isoietric  to  cylinder. 

In  order  this  to  demonstrate,  let  us  show  first  that  surface  Z 
is  locally  isometric  plane,  i.e.,  that  each  point  of  this  surface  has 
vicinity,  isometric  to  the  piece  of  plane.  This  is  obvious  for  the 
points,  which  do  not  lie  on  fin/edges  Y,  of  surface.  Let  us  examine 
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the  points  on  one  of  carves  V/.  y2. 

It  is  reflected  surface  Z23  airror  in  the  plane  of  face  a2. 

Obtained  in  this  case  surface  Z*2J  is  the  continuation  of  surface  lxz 
beyond  edge  y2  in  the  for*  of  cylindrical  surface.  The  surface, 
comprised  of  Z12  and  Z*22  as  is  cylindrical,  by  lengthwise  curve  y2 
it  i3  locally  isoaetric  plane,  hence  it  follows  that  along  this 
curved  the  surface,  conprisad  of  Z12  and  Z23  and,  consequently,  also 
Z,  is  also  locally  isoaetric  plane. 

The  given  construction/design  allows  to  easily  conclude  also 
that  the  closed  broken  line  J,  coaprised  of  linear  generator  surfaces 

Zt 2,  Z29,  ...,  i.e.,  the  intersection  of  surface  of  Z  with  plane, 

oeroendicular  to  axle/axis  r>r  prism,  .Is  c^ose^  "-eodetic.  ^he  two 

considerations  presented  (concerninr  the  local  isometry  o^  nlane  and  the 
closed  reodetlcj  it  is  sufficient  in  orde^  to  conclude  about  the 
isometry  of  surface  7  to  circular  cylinder. 

Let  us  deteraine  a  radius  of  the  cylinder,  isoaetric  of  surface 

Z.  For  this,  let  us  eraaine  the  intersection  of  surface  of  Z  with  the 
plane,  perpendicular  to  the  axle/axis  of  prisa.  As  it  was  shown, 
obtained  in  this  case  closed  broken  line  y  is  geodetic,  and  therefore 
its  length  L  is  connected  with  radius  R  of  cylinder  by  the 
relationship/ratio 


L  ==  InR. 
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Broken  line  7  is  entered  in  tde  correct  2n-  angle  plate  y0,  on 
which  the  plane  at  which  lie/rests  7,  intersects  the  lateral  surface 
of  prism  (Fig.  30).  Since  both  sides  7  with  the  sides  of  polygon  y0 
fora  equal  angles  (v/2n) ,  tften  independent  of  fora  broken  line  7  has 
always  some  and  the  saae  perimeter  L,  equal  to  the  periaeter  of 
correct  2n-  angle  plate  witn  apex/vertexes  in  the  middles  of  the 
sides  of  polygon  y0. 

Page  175. 

Now  does  not  compose  the  wort  to  find  the  perimeter  of  broken  line  7 
and,  consequently,  also  radius  B  of  the  cylinder,  isometric  of 
surface  Z. 

The  given  consideration  permits  to  draw  an  important  conclusion. 
Specifically,,  a  radius  of  cylinder,  isonetric  Z,  does  not  depend  on 
which  was  undertaken  curve  7  on  the  face  of  prism  a,  during  the 
construction  of  surface  of  Z. 

Let  us  conduct  through  the  axle/axis  of  prisa  and  one  of  its 
lateral  edges  plane.  It  will  cross  surface  of  z  according  to  certain 
curve  7.  On  the  surface  of  the  circular  cylinder  to  which  is 
isonetric  surface  Z,  curved  7  on  isometry  corresponds  linear 
generator.  Consequently,  length  curved  7  is  equal  to  the 
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heigh t/altitude  of  cylinder,  isometric  Z,  and  it  does  not  depend  on 
that,  through  which  of  the  lateral  edges  is  carried  out  the  secant 
plane,  which  is  determining  curve  Y. 

Let  us  assume  now  that  curved  71  on  the  side  face  «t,  with  the 
aid  of  which  construction/desiyn  described  above  is  obtained  surface 
Z,  by  arbitrary  fora  is  deformed,  out  so  that  the  length  curve  y  is 
retained.  In  this  case,  surface  Z  is  also  deformed.  And  since  a 
radius  and  a  height/altitude  of  cylinder,  isoaetric  Z,  does  not 
change,  then  this  deformation  is  geometric  bending.  With  the  aid  of 
this  bending  we  will  approach  elastic  deformation  of  cylindrical 
shell  in  supercritical  stage. 

In  connection  with  the  application/use  of  principle  A  to  the 
investigation  of  the  supercritical  elastic  states  of  cylindrical 
shells  during  axial  compression  us  must  examine  the  functional 

W  =  U  —  A 

on  many  all  isometric  transformations  of  cylindrical  surface,  which 
possess  the  periodicity  of  structure. 
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Pig.  30. 


Page  176. 

If  as  curve  y ,  with  the  aid  of  which  is  constructed  in  a  Banner 
described  above  surface  Z,  to  taKe  periodic  curve,  then  surface  Z 
will  possess  this  periodicity.  On  arises  the  question,  any  whether 
isoaetric  to  cylinder  the  surface,  which  possesses  the  periodicity  of 
structure,  can  be  constructed  taus.  Let  us  show  that  this  is 
really/actual  thus. 

Let  certain  surface  Z  possess  the  periodicity  of  structure  on 
height/altitude  and  in  circular  direction.  It  is  required  to  show 
that  it  is  obtained  construction/design  described  above.  Retaining 
the  succession  of  designations,  let  us  call/nane  0  one  of  the  radial 
planes  of  the  syanetry  of  surface  Z  (Pig.  31).  This  plane  intersects 
surface  according  to  certain  curve  'y.  P  -  arbitrary  point  in  this 
curve.  Since  surface  Z  developing,  then  through  each  of  its  points. 
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in  particular  through  point  P,  passes  linear  generator  g  (P)  .  If  we 
assuie  for  simplicity  that  the  surrace  Z  does  not  contain  flat/plane 
pieces,  then  linear  generator  g  (P) ,  passing  through  point  P,  will  be 
only. 

In  vie*  of  the  symmetry  of  surface  Z  relative  to  plane  0,  linear 
generator  g(P),  being  only,  lie/rests  either  at  plane  0  or  it  is 
perpendicular  to  this  plane.  The  first  possibility  is  eliminated, 
since  otherwise  the  transition  of  cylindrical  surface  into  surface  of 
Z  is  not  accompanied  by  axial  compression.  Thus,  linear  generator 
surfaces  at  the  points  lines  y  must  be  perpendicular  to  plane  0,  and 
therefore  parallel  to  one  another.  But  this  that  means  that  surface  Z 
near  line  y  must  be  cylindrical  surface,  with  generatrices, 
perpendicular  to  the  plane  of  symmetry  0.  The  same  structure  has 
surface  of  Z  from  opposite  siae  near  line  t»  • 

Since  surface  Z  has  n  of  planes  of  symmetry,  then  it  must 
consist  of  2n  cylindrical  surfaces,  with  generatrices,  perpendicular 
to  these  planes. 
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Page  177. 

Being  so  it  is  arranged,  surface  Z  nust  have  special  lines  - 
fin/edge,  y  -  one  of  such  fin/edges,  and  Zt,  Z*  -  cylindrical 
surfaces  which  intersect  on  tais  fin/edge  (Fig.  32) .  Since  surface  Z 
is  locally  isometric  plane,  then  surfaces  Z,  and  Z*  cannot  be 
completely  arbitrary.  Let  us  establish  connunication/connection 
between  then. 

Le.t  y  ~  intersection  of  surface  z4  with  the  plane  of  synnetry  Z, 
perpendicular  to  its  generatrices.  Curve  'y  is  geodetic  line.  Let  us 
characterize  the  position  of  the  arbitrary  point  P  of  curve  y 
distance  u  (s)  of  this  point  fron  y'  on  generatrix  (s  -  arc  lengthwise 
y.  Fig.  31).  Since  surface  Z  is  locally  isonetric  plane,  then  the  sun 
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of  the  geodetic  curvatures  of  line  y  on  surfaces  Z,  and  Z2  oust  be 
equal  to  zero.  In  the  assigned/prescribed  surface  Zt  and  the 
direction  of  generatrices  surfaces  Z2,  this  condition  gives  certain 
differential  second  order  equation  for  function  u (s) : 

u"  =  q>(u',  s ).  (*) 

From  the  uniqueness  of  the  solution  of  this  equation,  it  follows  that 
curve  y  is  determined  unambiguously  (on  surface  Zx) ,  if  is 
assign/prescribed  its  any  point  and  direction  in  it. 

In  view  of  the  periodicity  of  the  structure  of  surface  of  Z  on 
height/altitude,  on  line  y  will  be  located  such  point  P0,  at  which 
the  tangent  to  it  is  parallel  to  the  axle/axis  of  the  surface 
(axle/axis  we  we  call  straight  line  along  which  intersects  the  planes 
of  symmetry) .  Let  us  conduct  through  point  p0  the  plane  a,  parallel 
to  the  axle/axis  of  surface,  so  that  generatrices  of  surfaces  Zt  and 
Z2,  that  proceed  from  point  P0,  would  compose  equal  angles  with  plane 
<x  and  would  be  arrange/located  aloug  its  one  side.  Let  y'  -  it  is 
curved  on  which  the  plane  a  intersects  surface  Zt  and  its 
continuation  for  curve  y.  Curve  y*  -  satisfies  equation  (♦) .  The 
corresponding  surface  Z'2  is  constructed  by  mirror  reflection  in  the 
plane  a  of  that  part  of  surface  Zt  and  of  its  continuation,  that  is 
located  beyond  curve  y*. 


Page  178. 

Since  curves  y  and  y '  have  common  point  (P0)  and  direction  in  it, 
then  they  coincide.  Hence  it  follows  that  surface  Z  is  obtained 
construction/design  described  above.  Plane  a  is  one  of  the  faces  of 
prism. 

In  connection  with  the  computation  of  the  functional 

W  =  U  —  A 

during  the  isometric  transformations  of  the  initial  surface  of  shell, 
let  us  determine  some  values  for  that  constructed,  isometric  to 
cylinder,  surface  Z. 

Let  us  designate  a  one  of  the  faces  of  prism,  into  which  is 
entered  surface  Z.  The  fin/edge  of  this  surface,  which  lies  at  face 
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a ,  let  us  designate  y.  Let  us  conduct  through  the  axle/axis  of  prisn 
and  the  lateral  edge  of  face  a  plane  0,  and  its  intersection  with 
surface  of  Z  let  us  designate  7»  Curve  y  is  noraal  section  of  surface 
of  Z,  perpendicular  to  generatrices. 

Let  us  introduce  in  the  plane  of  face  a  the  rectangular 
Cartesian  system  of  coordinates  xj  y*  after  accepting  for  x  axis 
straight  line,  parallel  to  the  lateral  edges  of  face  and  which  passes 
in  the  niddle  between  the  aini  ones,  but  for  y  axis  -  the 
direct/straight,  perpendicular  x  axis.  Let  in  these  coordinates  the 
fin/edge  y  of  surface  Z  be  assigned  by  the  equation 

y  =  y(*)- 

In  plane  0,  let  us  also  introduce  the  rectangular  Cartesian 
coordinate  system,  after  accepting  for  x  and  y  axes  of  the  projection 
of  the  coordinate  axes,  introduced  in  plane  a.  In  these  coordinates 
noraal  section  y  of  surface  of  L  is  assigned  by  the  equation 

y  =  y  (X)  =  Sin  ■£-  y  (*). 

We  will  assume  n  sufficient  to  large  ones,  and  therefore  it  is 
possible  to  count  that 

y(x)~£y(x) 

On  known  formula  the  curvature  of  the  fin/edge  y  of  surface  Z  is 
equal  to 


I 
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Page  179. 


Normal  surface  curvature  Z  in  the  section/cut,  perpendicular  to 


generatrices,  will  be 


k=  y 

0  +  y'T 


Assuming  n  large,  we  will  drop/osit  tera  y**  in  the  denominator  of 
this  formula.  Then  we  obtain 

Or,  introducing  instead  of  J  function  y. 

Let  us  determine  the  angle  i,  which  forms  the  plane  of  the 
fin/edge  y  of  surface  2  with  tangential  planes.  For  this  purpose,  the 
system  of  coordinates  in  plane  p  let  us  supplement  to  the 
three-dimensional  system  of  coordinates  xyz.  In  this  coordinate 
system,  the  angular  coefficients  of  the  plane  of  fin/edge  y,  i.e. , 
plane  a,  will  be  0,  1,-»/2n,  the  angular  coefficients  of  the 
tangential  plane  of  surface  will  be  wy*/2n,  1,  0.  The  angle  between 
planes  is  equal  to  the  angle  between  vectors  (0,  1,-v/2n) ,  (wy*/2n, 

1,  0)  .  Hence  for  an  angle  A  with  large  n,  is  obtained  the  following 
value: 

‘-isrt'iTT5 

Let  us  find  axial  compression  during  the  isometric 
transformation  of  circular  cylinder  into  surface  of  Z.  Let  us  call  on 
cylinder  region  S,  situated  between  two  section/cuts,  perpendicular 
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to  axle/axis  and  distant  froa  eacu  other  up  to  distance  of  b. 
Isometric  by  it  region  ?a  on  surface  of  Z  is  limited  by  two  planes, 
perpendicular  to  the  axle/axis  of  prism  and  distant  from  each  other 
at  certain  distance  b* .  The  axial  compression,  under  discussion,  to 
eat  difference  b-b,SIAb. 

Height/altitude  b  of  be it/zone  G  on  cylinder,  as  shown  above,  is 
equal  to  length  curved  J  on  surface  Z0 

Page  180. 

Consequently, 

V  1  +  y'2  dx, 

where  the  integration  is  fulfilled  on  the  height/altitude  of 
belt/zone  of  surface  Z,  and 

f  <lx  —  h\ 

Assuming,  as  before  y*«  small,  we  can  write 

/’  dx- 

Hence 

Let  us  assuae  now  that  function  y(x),  that  assigns  curve  y,  is 


periodic  and  even,  m  -  nuaber  of  complete  waves  curved  y.  Let  us 
conduct  through  the  apexes  of  curve  y  plane,  perpendicular  to  the 
axle/axis  of  prisa,  and  will  call/name  their  horizontal  section/cuts. 
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Furthermore,  let  us  conduct  the  half-planes  through  the  axle/axis  of 
prisa  and  its  side  edge  -  radial  sections.  These  planes  divide/aark 


off  surface  of  Z  on  Vm/i 


tne  equal  regions  Q,  each  of  which  is 


isoaetric  to  rectangle  (Fi g.  J3> .  let  us  deteroine  the  sides  of  this 
rectangle  depending  on  the  paraaeters  of  cylinder,  isoaetric  Z,  i.e., 
a  radius  of  basis/base,  height/altitude,  nuabersYand  n. 


If  the  height/altitude  of  cylinder  L,  then,  obviously,  the 
height/altitude  of  rectangle  d  is  equal  to 

h~  2m  ■ 

If  a  radius  of  cylinder  B,  then  the  width  of  rectangle  Q  is  equal  to 


On  isoaetry  to  the  separation  of  surface  of  Z  on  region  Q 
corresponds  the  separation  of  cylinder,  isoaetric  Z,  on  ‘i/n/i 
rectangular  regions  by  the  planes,  perpendicular  to  axle/axis, 
distant  fron  each  other  at  a  distance  of  b,  and  by  the  radial 
half-planes,  which  separate  complete  angle  with  the  axle/axis  of 
cylinder  on  2n  equal  parts. 
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Page  181. 

2.  Strain  energy  of  shell.  Investigation  of  supercritical 
defor nations  during  axial  compression.  According  to  principle  A ,  the 
determination  of  the  supercritical  elastic  states  of  shell  is  reduced 
to  the  examination  of  variational  problem  for  functional  H=U-A  which 
is  determined  during  the  isometric  transformations  of  the  initial 
form  of  shell.  As  shown  in  p.  1 ,  the  class  of  the  isometric 
transformations  during  which  one  should  examine  functional  U  in  the 
case  of  the  axial  compression  of  cylindrical  shells,  it  becomes 
narrow  to  surfaces  of  the  type  2.  In  connection  with  this  we  will 
determine  strain  energy  U  on  surfaces  of  this  type. 

In  p.  1,  we  broke  surface  of  Z  on  the  congruent  regions 

Q,  correctly  located  in  2m  belt/zones  on  2n  regions  in  each 
belt/zone.  Regions  Q  are  isometric  to  rectangle  with  basis/base 
0L~ r R/n ,  height/altitude  b=L/2m  and  are  comprised  of  two  cylindrical 
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surfaces,  which  adjoin  on  fin/edge  j.  In  order  to  find  the  strain 
energy  of  an  entire  shell,  it  suffices  to  find  it  in  one  region  and 
result  to  multiply  on  '-Im/L 

Strain  energy  of  region  tf  consists  of  two  parts:  UQ  -  strain 
energy  over  basic  surface  and  l'y  **  strain  energy  along  fin/edge. 
Energy  UQ  is  determined  oy  the  curvature  of  initial  cylindrical  fore 
into  fore  of  Z  everywhere,  oesides  fin/edge  y.  Per  the  unit  surface 
area,  it  is  determined  froa  the  foraula 

Uq  =  -y  (4*?  -+-  A*  +  2vA*.  \k3y 

Here  Ak,  and  Ak2  -  main  changes  in  the  normal  curvatures  with 
deformation  of  surface  indicated,  but  D  -  the  flexural  rigidity  of 
shell,  i.e., 

u  12(1  -v1)  ’ 

where  5  -  thickness  of  shell,  B  -  modulus  of  elasticity,  and  v-  - 
Poisson  ratio. 

For  the  normal  curvatures  k4  and  k2  of  initial  cylindrical 
surface,  we  have 

*i  =  0.  . 

Page  182. 


In  the  appropriate  directions  normal  surface  curvatures  Z  are  equal 


I 


DOC  *  78221907 


PAGE 


i 


‘.-t-sr/.  t>=° 

(Normal  curvatures  in  adjacent  radial  noraal  sections  of  surface, 
which  fora  angle  v/n,  are  equal  la  magnitude,  but  they  are  opposite 
on  sign.  By  this  is  explained  aabiguity  in  expression  k,).  Thus, 
during  the  deforaation  of  surface  in  question  it  will  be 


Hence 


Ak,=  ±-£y".  AA2  =  jf  • 

uq=t  J  I  +  ~m  ±  2v(^r)i-|rfAr</>' 


Fulfilling  integration  for  y,  we  will  obtain 

Uq  —  ~Y~  I  dx-\-\D  |  y"  (a'  —  a")dx  4-  const. 

<»>  i»i 

where  a*  and  a*'  -  length  of  cuts  which  fora  surfaces  of  Z  into 
regions  Q,  divided  by  fin/edge  y.  iith  large  n 


Therefore 


a'~£-y.  o"~|  +  y. 

J  y"  (a'  —  a")  dx  =  —  2  J  yy"  rfx 


Fulfilling  integration  in  parts  and  noting  that  y*  at  the  ends  of  the 
interval  of  integration  (b)  is  equal  to  zero,  we  will  obtain 


f  y"  («'  -  a")dx  =  2f  y'*  dx. 


Consequently, 


, ,  Dnsa 
U<* - 


J  y"‘  dx  +  |  y'*  dx  -j-  const. 


Page  183. 
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Strain  energy  "v  along  fin/edge  y  is  determined  fro®  the 
for an  la 


where 


i/Y  =  |/$+A{/v, 

l/'v  =  j  cHh  n  tk'h  (is, 

^.-mT /«(-*. +  ^)*- 

V 

Here  k  -  curvature  curved  y,  a  -  angle  between  the  plane  of  fin/edge 
y  and  the  tangential  planes  of  surface  Z  along  fin/edge;  *,  and  *, 

-  noraal  surface  curvatures  Z  in  tne  direction,  perpendicular  to 
fin/edge,  k«  -  the  noraal  curvature  of  initial  surface  in  the 
appropriate  direction.  Integration  is  fulfilled  according  to  arc  s  by 
curve  y. 


Let  us  find  value  \l\.  dorsal  curvatures  */  and  *,  are  equal  in 
magnitude  and  are  opposite  on  sign.  Therefore 


and,  therefore. 


Angle 


,*\'h 


On  the  Euler  foraula  the  noraal  curvature 

*„  =  -£•  sin-  d. 

where  a  -  angle  which  coaposes  linear  generator  of  initial 
cylindrical  surface  with  direction  by  curve,  appropriate  on  isonetry 
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7 #  i»  ® • # 


cos  #  =  - 


(1 +/*)'*  ’ 

Finally,  the  cel 1/el eaent  of  arc  to  carve  y  is  equal  to 


ds  =  (l  -f-  y'*)  dx. 


Page  189. 


Substituting  the  value  a,  *„  and  ds  into  formula  for  bUy,  ue  Hill 
obtain 

»„  £6*  a  k 

at/V 12  (1  —  v2)  nR  ' 

Let  us  calculate  U°s-  rating  into  account  of  expression  for  a,  ds 


and 


we  will  obtain 

U°y  =  cEK’ (±y  j  |  y"  I  -f  y’')dx. 
v 

Total  energy  of  deforaatron  U,  on  region  Q  is  obtained  by  the 
addition  of  values  UQ,  (/”  and  bU v: 


t/,= 


8/i* 


fy"’ 


dx- 


vDn 


i»i 


n/?  J 

(*> 


+  c£6’'’(^-)  J  I y" f* ( 1  -f-  y'*)dx ■+■  const. 


Of  regions  Q,  situated  betHeen  tno  planes,  passing  through  the 
adjacent  apex/vertexes  of  fin/edge  y  it  is  perpendicular  to  the 
axle/axis  of  prisa,  is  forced  circular  belt/zone  with  a 
height/altitude  of  b.  Subsequently  to  us  it  Hill  conveniently  exaaine 
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not  entire  shell,  but  this  belt/zone.  The  strain  energy  U  of  shell 
within  the  belt/zone  indicated  is  obtained  by  the  multiplication  of 
strain  energy  in  region  g  on  2n  -  number  of  regions  within  belt/zone, 

i»6  t| 

, ,  D;i2a  f  „*  .  ,  2 \Dn  f  ,t  .  . 

c-  J  y  dx+-R~  J  y  dx+ 

(*»  (»» 

-f  2c«£6,/»  (£-)■''  J  |  y*  I7*  (l  +  y'*)  dx  +  const. 
ii) 

Let  us  find  the  produced  by  external  load  wort  during  the  axial 
compression  of  shell  under  load  p.  The  axial  compression  of  the 
belt/zone  in  question  is  equal 

=  j  »''dx- 

Page  185. 

Hence  the  work 

A  =  bp  |  y'*  rfjr. 

Into  the  expression  of  the  strain  energy  of  shell  u  and  of  work 
A,  produced  by  axial  compression,  enter  the  integral  parameters  m  and 
n,  the  which  characterize  periodicity  structures  of  surface  of  Z.  In 
order  to  define  these  parameters,  we  let  us  assume  that  the  character 
of  the  periodicity  of  the  sagging/deflections  of  shell  is  retained 
during  entire  time  of  supercritical  deformation  and,  therefore,  it 
remains  the  same  as  at  the  moment  of  loss  of  stability. 
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In  the  linear  theory  of  snails,  it  is  proven,  that  the  noraal 
sagging/deflection  w  of  tne  cylindrical  shell  of  radius  R  at  the 
aoaen t  of  loss  of  stability  satisfies  the  differential  equation 

irA\\ia.  +  -^-SIr  +  ^\(-SIr)=0.  (*> 

>< 

Here  x  and  y  -  curvilinear  coordinates:  JL  -  on  generatrix,  y  - 
according  to  the  circular  section/cut,  perpendicular  to  axle/axis;  D 

-  rigidity  of  shell  to  curvature,  p  -  critical  load,  and 

A  1,3  I  A* 

-  operator  of  Laplace.  Analyzing  this  equation,  they  cone  to  the 
conclusion  about  the  fact  that  tne  sagging/deflection  of  shell  at  the 
noment  of  loss  of  stability  under  the  condition  for  hinged  support 
for  edges  takes  the  fora 

.  2ji  mx  .  ny 
w  —  csin — ^ — sin 

Substituting  this  expression  in  equation  (*)  ,  we  will  obtain  the 
relation  between  the  paraaeters  of  wave  foraation  a,  n  and  critical 


load  p: 


D  l  An2m-  .  . 

-r[~D~  +  + 

l.  I  4n2m2  n 2  \3  /  2 M  n 

W[— )  -  P 1-P-  +  7F]  (— j  =°- 


Page  186. 


Let  us  introduce  instead  of  a  and  n  the  paraaeters  ?  and  n 


2 ’• - IT’ 
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Then,  set/assuming 


let  us  have 


-v,  A 

P  =  PE  -jf  . 


p  = _ ! _ _  v 

p  i2(i -v-)  i-  1  ^  o+iVn  • 


The  small  value  p  answers  upper  critical  load.  It  Is  obtained,  if  the 

parameters  f  and  »1  are  connected  by  the  relationship/ratio 

_JL 

(i- 

Then 


1 


(i+£j>-">i  ri2(i  —  v'> 


(**) 


pt  =  min  p  ■■ 


1 


13(1 -v>) 


:  0,6. 


Helationship/ratio  (**)  is  not  determined  t  and  1'  and 
consequently,  m  and  n  are  unambiguous.  However,  as  is  shown 
experiment,  shell  loses  stability  in  such  a  way  that  value  Cs1.  If  we 
for  ?  accept  this  value,  then  relationship/ratio  (**)  determines  »|. 
and  that  means  m  and  n.  In  particular,  for  n  is  obtained  the 
following  formula: 

When  v  =  0,3 

n~0.91  \  -£  • 

After  assuming  that  the  periodicity  of  the  sagging/deflections 
of  shell  is  retained  during  supercritical  deformation,  and  therefore 
it  the  sane,  as  at  the  moment  of  loss  of  stability,  we  must  consider 
that  size/dinensions  a,  b  of  region  Q  of  shell  are  identical,  since 
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while  parameter  n  is  detecnued  icon  formula  indicated  above. 


Page  187. 


The  true  form  of  shell  during  the  supercritical  deformation, 
which  is  accompanied  by  axial  compression  Ab,  is  determined  from  the 
condition  of  the  minimum  of  functional  0 (y)  in  the  class  of  functions 
yf*),  that  satisfy  the  condition 

y',,lx ■ 

Por  solving  this  variational  problem,  it  is  advisable  to  pass  to 
dimensionless  variable  x  and  y,  set/assuming 


where  h  it  designates  the  axial  compression  of  shell  (i.e.  h  =  Ab) .  In 
new  the  variables  x,  y  the  feature  above  which  we  for  simplicity  of 
recording  lower,  it  will  be 


i 

, ,  2EI>3anh  f  „a  . 

"=3(1 -*■)*-  J  y  dx 


txEVhn* 


3n  (1  —  v;’)  R 


+ 


-f  2ncEt>‘ :  ( bh )'*  J  |  y"  ^  1  +  y'*)  dx  +  const 


Then  the  determination  of  the  fora  of  shell  during  supercritical 
deformation  is  reduced  to  the  determination  of  function  y(xW  that 
realizes  the  minimum  of  functional  J(y)  under  the  condition 
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Relative  to  function  y  £.*) ,  tor  which  functional  J  reaches  the 
minimum,  it  is  substantial  to  note  that  the  graph  of  this  function 
has  point  of  inflection  with  x  =  0,  and  at  points  x=»1,  curvature  is 
stationary  (Fig.  34)  .  Therefore  it  is  natural  to  approximate  this 
graph  by  two  parabolas  with  apex/vertexes  on  the  straight  lines  x*t.1 
arrange/located  it  is  symmetrical  relative  to  the  origin  of 
coordinates,  and  by  the  smoothly  adjacent  them  rectilinear  cut  (Fig. 
35)  . 
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Fig.  34. 


Page  188. 


Function  y (/)  *  given  by  this  graph,  we  will  characterize  two 
paraaeters  k  and  l  .  Value  a  -  tais  is  the  angular  coefficient  of  the 
inclined  sections  of  graph  and  I  -  value  y'(i)  in  zero.  Thus, 

k= | y* '  |  with  x*v1,  and  l  =y*  (0) . 


By  siaple  examination  it  snows  that  the  region  of  the  allowed 
values  of  the  paraaeter  L  ,  determined  the  condition 

Jy'*dx  •ml. 

will  be 

i  ^,/T 


yi<l 


v  - 

*  2 


So  it  shows  that  the  values  X,  which  characterize  the 
coaaon/general/total  deformation  of  shell,  are  limited,  precisely, 

i<T- 


J  y1’  dx  = 

-I 
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Substituting  these  values  in  the  expression  of  strain  energy,  ve  Mill 
obtain 


,f’£A3 


-f  const 


It  is  here  accepted  v  =  0.3.  c=Q.19 


Por  functioning  y  (x)  t ue  fora  indicated  we  have 


while  the  condition 
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transfer/converts  in  coaaumcation/connect ion  between  k  and  Z 

j_  _  .1  _  3_ 

*  “  2/  37*  • 

For  detecaininq  of  ainiaua  J  and  values  k,  'l  ,  at  which  this 
niniaua  is  reached,  were  calculated  values  J  for  different  I  of  the 
interval  indicated  above 

and  values  X,  not  exceeding  4/3.  In  this  case,  it  turned  out  that 
ainJ  with  \*const  is  in  practice  always  obtained  with  one  and  the 
sane  value Z  *0. 82.  But  since  value  J  at  the  point  where  is  reached 
the  ainiaua,  is  stationary,  then,  without  accoaplishing  large  error, 
it  is  possible  to  consider  that  ainiaua  J  is  equal  to  its  value  with 
T=0.82.  Then  we  obtain 

min  7=4,114-  2,241  '  -f-  k\ 


Page  190. 


Consequently,  energy  or  elastic  deforaation  of  shell  in  the 
state  of  eguilibriua  is  equal  to 

U  =  +  2.24l'<-f  lv,)+  const. 

Let  us  turn  now  to  wort  A,  produced  by  the  external  load  p.  He 

have 


A  =2nR  bph 
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Introducing  here  instead  or  a  parameter  X  according  to  the  equality 

1  /  an  i*  k 


h—  1  /ifLr£ 
*“TtE7  T’ 


and  noting  that 


l  = .  =  ,  0_  *ft 

a  *  ’  n 


rt  =  0'91l/f-  *■ 


let  us  have 

A  =  ~^5n  Et*P>' 

Por  a  shell,  which  is  round  in  the  state  of  elastic  equilibrium, 
we  have 

d(U  —  <4)  =  0 

Hence  is  obtained  the  value  o£  the  diaensionless  load  p  depending  on 

the  parameter  X,  which  characterizes  the  axial  compression 

p  =  0,03  X 

X(4.1  ■+•  0.56X-,/,-f-  1 ,25X"‘)- 

Let  us  recall  that  here  as  everywhere  in  the  analogous  cases, 
the  paraneter  X  cannot  be  taten  as  to  saall  ones  as  desired,  since  it 
characterizes  the  detonation  which  is  assuaed  to  be  considerable. 
(Graphically  dependence  of  p  on  x  is  represented  in  Pig.  36.  He  see 
that  the  received  by  shell  load  after  loss  of  stability  falls.  Snail 
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Page  191. 

Thus,  the  lower  critical  load  p  for  a  cylindrical  shell  during 
axial  conpression  is  determined  iron  the  fornula 

p  =  0,18/;-^. 

The  obtained  formula  for  p  warn  subjected  to  experimental  check. 
The  experimental  determination  of  critical  loads  during  the  axial 
compression  of  cylindrical  shell  was  produced  during  the  installation 
which  is  schematically  depicted  in  Pig.  37.  The  basic  cell/eleaent  of 
the  installations  are  two  strictly  parallel  disks  1  which  with  the 
tightening  of  nut  2,  carried  out  in  the  form  of  steering  control, 
converge  and  compress  experience/tested  shell  3. 


Lower  disk  has  a  bushing,  m  which  is  passed  the  rod  of  upper 


DOC  *  78221907  P  AliE 

disk.  Both  of  disks  after  the  articulation  of  bushing  and  rod 
according  to  the  sliding  landrug/fitt ing  are  processed  froa  one 
installation,  than  is  reached  oy  strict  parallelism  to  each  other. 

The  tested  shells  of  radius  8=40  mu,  length  L=80  am  were 
obtained  from  copper  by  metal  spraying  in  vacuum  to  the  geometrically 
aodern  polished  cylindrical  surface.  The  edges  of  shell  were  trimmed 
on  special  mandrel/mount  also  from  one  installation  of  machine  tool. 

In  order  to  ensure  tne  complete  uniformity  of  the  distribution 
of  compressive  force  according  to  the  edge  of  shell,  between 
supporting  disks  1-1  and  end/faces  of  shell,  is  placed  fine/thin 
elastic  it  is  placed  fine/thin  elastic  packing  to  4.  The  edges  of 
shell  were  centered  on  conical  washers  by  8. 

Compressive  force  was  recorded  with  the  aid  of  the  strain 
gauges,  mounted  with  ring  5,  through  which  was  transferred  the 
effort/force  froa  screw/propeller  by  6  to  the  rod  of  upper  supporting 
disk  1.  Strain  gauges  were  calibrated  to  the  value  of  compressive 
force  with  the  aid  of  removable  load  7. 
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Experiment  was  conducted  as  follows.  Test  specimen  was  installed 
between  supporting  disks  1-1.  Kith  the  aid  of  removable  load  7,  were 
calibrated  readings  of  strain  gauges  to  the  value  of  compressive 
force.  Then  by  the  rotation  of  steering  control  2  shells  was 
compressed.  Compressive  force  was  recorded  by  reading  the 
galvanometer,  connected  to  3train  gauges.  When  compressive  force 
reached  upper  critical  value  /,.  shell  lost  stability  with  the 
formation  of  the  system  of  the  correctly  arranged/located  dents  on 
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its  surface  (Fig.  38). 

As  a  result  of  loss  of  staoility,  the  received  by  shell  load 
descended  and  it  continued  to  descend  during  further  approach  of 
supporting  disks.  Finally,  it  reacned  minimum  value  fi  (lower 
critical  value)  . 

Testing  underwent  the  cylindrical  shells  of  radius  R*40  mm, 
height/altitude  L=80  mm  with  different  thickness  6  from  0.03  to  0.09 
mm.  Pigure  39  depicts  the  graph/diagrams  of  the  theoretical 
dependence  of  values  /*  and  f‘  from  the  thickness  of  the  shell 

/,  =  0.6E  ±  (2uRb),  /,.  =  0. 1 8 E  -£•  (2 nRb). 

The  module/modulus  of  elasticity  E  for  copper  is  accepted  equal  to 
0.9«10*  kg/cm*.  (This  average/meau  value  of  the  modulus  of  elasticity 
for  the  copper  speci men/samples,  obtained  by  metal  spraying  in 
vacuum) .  The  isolated  points,  designated  by  small  circles,  give  the 
experimental  value  of  value  /,  As  is  evident,  these  values  are  close 
to  theoretical  ones.  One  should,  however,  note  that  the  nearness  of  /, 
experimental  value  theoretical  was  obtained  only  after  the  careful 
adjustment  of  installation  and  preparation  for  the  specimen/saaples, 
ensuring  the  uniformity  of  the  distribution  of  compressive  force 
according  to  the  edge  of  shell. 
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Fig.  38. 


Page  193. 


Experimental  study  of  the  value  of  upper  critical  force  /, 
gives  grounds  to  confirm  that  in  real  construction/design  theoretical 
value  ft  in  practice  never  is  reached,  and  at  this  value  of  critical 
force  it  cannot  be  been  oriented  during  the  calculation  of  shells  to 
stability. 

The  experimental  values  of  lower  critical  value  in  Fig.  39  are 
noted  by  d  art  circles.  Lower  critical  value  /.  was  characterized  by 
considerable  stability.  Its  experimental  value  was  close  to 
theoretical  in  all  cases,  including  when  upper  critical  value  f,  was 
much  lower  than  the  theoretical.  Furthermore,  value  ft  did  not 
virtually  change  during  repeated  tests,  what  cannot  be  said  about 
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upper  critical  value. 


The  comparison  of  experimental  value  with  its  theoretical 

value  gives  grounds  to  recommend  as  computed  value  for  critical  load 
p  of  the  compressed  cylindrical  saell  the  obtained  above  formula 

p=0,18E-^. 

3.  Effect  of  initial  bending  on  stability.  Limitedly  elastic 
shells.  Our  all  preceding/previous  examinations  were  related  to  the 
unlimitedly  elastic,  geometrically  modern  shells.  Real  shell  is 
limited  by  elastic,  and  its  fora  far  is  not  modern.  Both  these  facts 
can  influence  the  results,  obtained  in  the  preceding/previous 
point/item,  in  particular,  to  the  value  of  critical  loads. 
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Fig.  39. 


Page  194. 

Since  the  upper  critical  load  is  determined  from  the  examination  of 
comparatively  small  deformations  of  surface,  adverse  initial  bending 
can  considerably  change  it.  lower  critical  load,  being  it  is 
connected  with  the  large  deformations  of  shell,  is  less  sensitive  to 
initial  bending,  but  the  limited  elasticity  of  material  can  influence 
it  significantly.  Now  we  will  examine  the  influence  of  the  initial 
bending  of  shell  on  upper  critical  load  and  effect  of  the  limited 
elasticity  of  material  for  lower  critical  load. 

It  is  obvious,  the  effect  of  initial  bending  on  the  stability  of 
shell  will  be  greatest  during  to  the  assigned  magnitude  bending  t. 
if  this  bending  reproduces  the  form  of  shell  during  supercritical 
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deformation.  It  is  logical  to  consider  that  the  critical  load  with 
which  the  shell  with  bending  loses  stability,  descends  to  the  value 
of  the  received  by  shell  load  during  the  appropriate  supercritical 
def or  nation. 

The  received  by  shell  load  p  during  supercritical  deforaation  is 
determined  froa  fornula  (p.  2) 

p  =  0,03  (4.1  -I- 0.561 4-  1 .251'*). 

where  i  -  the  parameter,  which  characterizes  deformation  (axial 

compression)  .  Let  us  establisa  comaunication/connection  between  axial 

compression  (X)  and  aaxiaua  normal  sagging/deflection  which  let  us 

designate  e  As  shows  the  calculation,  given  in  p.  2,  the  curve 

y  (x) ,  which  assigns  the  snaps  of  surface  of  shell  during 

supercritical  deformation,  it  is  determined  one  and  the  sane 

parameters  l  to  k(Z  -0.82).  hence  it  follows  that  in  initial  the 

y 

variables  y  will 

— j —  I  y’1  dx  =  const, 

i.e.,  the  to  the  left  confronting  value  it  does  not  depend  on  the 
amount  of  deformation.  If  we  in  tms  relationship/ratio  pass  to  by 
the  variable  y^  y  as  this  having  done  in  the  preceding/previous 
point/item,  placed 

x  —  y~^-V^hy< 


that  we  will  obtain 
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For  function  yl>),  determined  by  parameters  k  and  Z  (para.  2),  me 

have  , 

ym,i  —  0  65.  f  y'1  dxmzl. 

-I 

The  value  of  the  maximum  sagging/deflection  of  shell  during  the 
deformation  in  question  is  equal  to 


_  “*  .1 

^  y«nax  ~2n  ym.x- 

The  axial  compression  of  shell  is  equal 


h 


. 

y  dx. 


He  hence  obtain  the  re lmtionshi p/ratio  between  axial  compression  h 
and  naximun  transverse  sagging/deilection 

8n-/i  ( _n_\J  _  1  2_ 

as  \  2 nt  I  (0,65):  h 

If  we  here  introduce  instead  of  h  the  parameter  1,  determined  on 
the  formula 


h 


'  an  ?. 

,2F)  T- 


then  we  will  obtain  the  following  dependence  between  e  and  h: 

e  =  1  .6X’a  V 

If  we  substitute  determined  by  this  relationship/ratio  value  i 
into  formula  for  p(X)f  then  we  will  obtain  the  evaluation  of  the 
effect  of  initial  bending  on  stability.  Figure  40  this  dependence 
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depicts  graphically.  Let  us  note  that  the  graph  is  constructed  for 
the  conparati vely  large  values  of  parameter  e/YRb  This  is  connected 
with  the  fact  that  our  all  exaainations  are  related  to  supercritical 
deformations  with  considerable  changes  in  exterior  form  of  shell. 

Let  us  examine  now  the  effect  of  the  limited  elasticity  of  the 
material  of  shell  on  the  value  cf  lower  critical  load. 
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o  v  a.*  as  as  i.o 


C/y/PS 

Pig.  40. 


Page  196. 

The  results  of  the  investigation  p.  2  are  used  only  to  such  shells 
with  the  limited  elasticity,  tor  which  the  there  supercritical 
deformations  in  question  do  not  lead  to  the  voltage/stresses,  which 
emerge  beyond  elastic  limit.  In  order  to  explain,  what  must  be  this 
shell,  let  us  find  maximum  voltage/stresses  during  these 
deformations. 

It  is  obvious,  maximum  voltage/str esses  appear  in  the  zone  of 
the  powerful  local  bending  of  shell  along  fin/edges.  For  these 
voltage/stresses  *,  we  have  the  formula 

o«c'E(i)*«V\ 

where  p  -  a  radius  of  curvature  of  fin/edge,  a  -  an  angle  between  the 
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plane  of  fin/edge  and  the  tangential  planes  of  the  surface  of  shell 
along  fin/edge,  but  c'  -  constant*  egual  to  approxinately  0.9. 


Let  us  find  a  and  p.  tie  nave 

n 

a  =  $r- 

In  the  initial  variables  x,  y  curvature  in  the  apex/vertexes  of 
fin/edges  (it  there  greatest)  xs  egual  to 

J-I/I- 

In  the  dine ns ion less  variables  x  ,  y  ve  have 

W\- 


Taking  into  account,  that 


/  an  \a  X 

T5T)  7* 


b  =  a 


we  will  obtain 

i  _  4n  yi  i r  i 

p  /  2  nR 

In  our  a  pproach/approxisation  of  function  y  (see  Section  2) 


value  | y • *|  *k.  Therefore 


1  _  k 

p  ~~  Y~2kR 


Page  197. 


Substituting  the  value  1/p  and  a  in  fornula  for  •  and  noting 

that 


let  us  have 


n  =  0,91  , 
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o~2£  A(ft  yX)%. 

Into  this  formula  enter  tallies  k  and  X.  As  far  as  value  is 

concerned  k,  it  is  connected  with  ~l  the  relationship/ratio 

1  _  3  3 

*  ~~1i  4/1 

In  the  state  of  elastic  equilibrium  1  r0 . 82 .  Hence  for  k  is  obtained 
value  >2.  Value  X  changes  in  supercritical  deforaation.  Its  maximum 
value  corresponds  to  transition  to  steady  states  of  equilibriua  after 
"cotton/knock",  i.e.,  the  deforaation,  during  which  the  received  by 
shell  load  is  saallest  ( p ,).  This  value  X  is  approximatel y  equal  to 
1.35  (see  Section  2). 

Substituting  the  value  k-2  and  X=1.35  in  formula  for  «,  let  us 
find  the  maximum  voltage/stresses  in  the  material  of  shell  during  the 
supercritical  deformations,  caused  by  loss  of  stability: 

—“■if- 

Hence  we  consist  tnat  the  examination  p.  2,  the  in  particular 
obtained  there  formula  for  the  loner  critical  load 

p 1  —  0.18£  -g  , 

they  are  related  only  to  such  shells  whose  voltage/stresses  by  value 
3E6/R  do  not  cause  noticeable  plastic  deformations.  This  condition 
can  be  considered  carried  out,  if 

<  o«*.  * 

where  o,  -  time/temporary  strength  of  materials.  Such  shells  we  will 
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call  fine/thin. 

Page  198. 


Let  us  exaaine  for  aa  exaaple  the  steel  shells.  Set/assuning 

£  =  2-10*  kg/ca*,  o,  =  4  •  103  kg/cm*, 

we  will  obtain 

~  >  1250. 

This  exaaple  shows  that  our  exaarnations ,  until  now,  were  related  to 
very  files.  The  practically  raportant  case  R/6=500-1250  render/showed 
out  of  this  exaaination.  Ia  connection  with  this  we  will  continue  our 
investigation . 

According  to  our  representations,  the  supercritical  deforaation 
of  shell  is  accoapanied  by  the  appearance  of  fin/edges  on  its 
surfaces  which  in  deforaation  cnange  their  fora.  If  local  bending  in 
fin/edge  proves  to  be  so  considerable  that  on  the  surface  of  shell 
appear  the  plastic  def oraations,  then,  as  shown  in  chapter  1,  §2, 
deforaation  in  this  place  stops.  Supercritical  deforaation  with  the 
advent  of  the  irreversible  changes  in  the  zone  of  powerful  local 
bending  proves  to  be  energetically  unfavorable.  Therefore,  ainiaizing 
strain  energy  0  during  assrgnad/prescribed  axial  conpression  (V) ,  we 
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must  place  as  supplementary  condition  the  limitation  of  the 
voltage/stresses  in  the  zone  of  powerful  local  bending.  This 
condition  appears  as  follows; 

(*VT)'/,<o.5^(4). 

F 

where  k  and  k  have  previous  value  (p.  2) .  For  the  shells  in 

which 

during  the  deformations,  wnj.cn  correspond  to  lower  critical  load  and 
close  to  then,  under  the  condition  indicated  must  occur  the  equality, 

1«  f 

(*  V^)h -f  ('j')- 


Page  199. 


In  p.  2,  we  found  the  following  expressions  for  energy  of 
elastic  deformation  0  and  of  work  A,  produced  by  the  external  load: 


U 


n'EV 


y  + const. 


12(1  —  xs)  n 

J  =  2k».  +  4 L  l"‘  x'u  +  0.61. 

1  *  3  yT 


n 4 


For  the  states  of  the  equilibrium  of  shell  under  the  load,  close  to 
lower  critical,  parameters  k  and  X  in  reason  indicated  above  are 
connected  by  relationship/ratio  (*) .  Furthermore,  we  have 
relationship/ratio  between  k  and  X 


1 


3 


3 
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Thus,  both  of  values  0  and  A  can  be  considered  depending  from  one 
parameter. 


As  this  parameter  me  will  tale 


S~T‘ 


If  we  introduce  parameter  s  into  the  expression  of  strain  energy 
U  and  by  the  produced  external  load  of  work  A,  then  from  the 
condition  of  the  equilibrium  of  the  shell 

d(U  -A)  =  a 

is  obtained  the  following  expression  for  the  received  by  shell  load: 

2ow’  -(-  (o,5  +  ~r  ) 


where 


p  =  0,03  0.6  + 


„  a,  R 
(o  =  0,5  -j- . 


s  —  s* 


Minimizing  expression  p  from  parameter  s,  we  find  lower  critical  load 
in  dependence  on  the  elasto- plastic  properties  of  material  (parameter 
u) .  Piqure  41  depicts  the  graph/diagram  of  this  dependence. 


Let  us  explain  the  region  of  the  applicability  of  the  obtained 
de pendence. 

Page  200. 
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For  this  let  as,  first  of  all,  note  that  in  view  of  condition 
o.  <  3£  A  we  have 

a  R 

*  =  0.5-fT<1.5. 

Thus,  for  values  «>1.5  it  is  necessary  to  count  p-0.18.  Further, 
dependence  p(«)  cannot  be  used  at  too  low  values  w,  since  in  this 
case  the  supercritical  deformat ion,  which  corresponds  to  lower 
critical  load,  it  is  not  possible  to  count  considerable.  Calculation 
shows  that  the  supercritical  deformations  Unitedly  elastic  shells 
with  this  value  of  the  parameter  w  are  limited  to  the  condition 

1  ^  Tj  (S*. 

Therefore,  if  u  is  noticeably  less  than  unity,  then  X  is  very  small, 
and  all  our  examinations  they  are  related  to  such  supercritical 
deformations  which  are  accompanied  by  a  considerable  change  in 
exterior  form. 

The  obtained  dependence  of  the  lower  critical  value  of  load  from 
the  elasto-plastic  properties  of  material  according  to  character 
corresponds  to  the  data  of  experimental  studies. 

4.  Narrow  cylindrical  panels  during  axial  compression.  In  order 
to  strengthen  cylindrical  shell,  worker  under  conditions  for  axial 
compression,  her  they  support  by  the  rigid  longitudinal  elements 
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along  generatrices.  In  tnis  case,  the  shell  is  divide/mar lied  off  into 
narrow  cylindrical  panels.  Let  us  examine  a  question  concerning 
supercritical  deformations  and  critical  loads  for  such  panels. 

Let  the  hinged  attached  on  edges  narrow  cylindrical  panel  lose 
stability  under  the  action  or  the  axial  compressive  load  p. 
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which  after  the  introduction  of  the  new  parameters 

,  Ln  _ n2t> 

1  ~  2nKm  ‘  n~  H 

and  of  the  dimensionless  load 

R 

P^r-EE 

takes  the  form 

-  Q+S,),n  ■  V 

P~  12(1  —  v»>£*  "T  (7  +  «)»iT 

Let  us  find  the  seall  value  of  the  load,  capable  of  causing  the 


loss  of  stability  of  panel.  Set/assuning 


let  us  have 


r_d  +  £»)» 
|j— 


n. 


r  ;  ■  i 

p~  i2(i  -v»;  +  t  • 


DOC  =  79221908 


PAGE 


Page  202. 

In  order  to  deternrne  mlnp.  it  is  necessary  to,  first  of  all, 
find  the  region  of  the  allowed  values  of  the  parameter  C.  Id 
connection  with  this  let  us  note  tnat  froa  the  integrality  of 
expression  nb/vB  it  follows 


Therefore  the  paraneter 


&>*■ 


Further,  despite  all  values  *>0 

£+1 


>2 


Conseguently, 


..  (H-t1)*  ■♦««/?« 

» - |j  ’l  ^  f/2 

Nov  ve  will  refine,  that  ve  Pear  in  Bind,  speaking,  that  the 
panel  is  narrow.  Let  us  call/naae  the  panel  of  narrow,  if  its  width 


i>< 


|/12  (1  —  vJ) 

In  view  of  this  condition  for  the  narrow  panels 


;>  v  1 2  <  i  —  v»). 

It  is  easy  to  see  that  the  absolute  Minima  p  is  obtained  with 


t-ylao- v»>. 
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But  this  means  that  for  narrow  panels  it  be  reached  cannot.  In  view 
of  the  monotonicity  of  increase  pft)  when  ;>  y  12 (1  -  v*».  for  Mrro* 
panels  the  aininuD  p(i)  as  obtained  at  the  smallest  allowed  value  C. 
Let  us  find  it. 
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Parameter  nf  which  characterizes  wave  formation  at  the  moment  of  loss 
of  stability,  is  found  from  the  relationship/ratio 

nb  —  1 

Supercritical  deformation  is  accompanied  by  the  appearance  of  square 
bulges  in  one  row/series  along  generatrix  on  entire  width  panel. 


Let  us  characterize  the  narrowness  of  cylindrical  panel  the 
parameter  r. 


(12  (1  —  v*)  )''•  b 

2n  VW 


Por  the  narrow  panels 


1. 

Upper  critical  load  for  a  panel  allow /assumes  the  following 
representation: 


where  p0  -  upper  critical  load  for  the  closed  cylindrical  shell 
during  axial  compression. 


Let  us  find  the  lower  critical  load  of  narrow  panel.  The 
supercritical  elastic  state  of  cylindrical  panel  during  axial 
compression  we  identify  with  the  supercritical  state  of  closed  shell 
at  the  condition  of  equality  parameters  m  and  n,  which  characterize 


these  states 
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Page  204. 

After  aaking  this  assuaption,  we  can  use  the  finished,  obtained  in  p. 
2  expression  for  the  strain  energy  0  and  of  produced  by  load  work  A 
»)  • 

FOOTNOTB  *.  It  goes  without  saying,  in  this  case,  are  disregarded  the 
conditions  of  attachnent  for  by  generatrix  panels.  Therefore  the 
value  of  the  lower  critical  load  to  which  we  cone,  will  be  less  than 
the  true.  However,  there  is  the  foundations  for  considering  that  it 
all  the  sane  is  close  to  it  at  least  for  not  toe  narrow  panels. 
EKDFOOTHOTE. 


He  have  (page  188) 


„  n«£6*X  f  ..a,.  ,  , 

U=z  12(1— "v*)»*y  J  y  dX+  6(1—  v*)  n|  + 

-I 

I 


+ 


nE^'R^X.'1'  J  |/|»(|  4-  y  y*)dx  +  const. 


For  a  panel  &=1.  while  n  is  deterained  frost  the  relationship/ratio 


nb 

JR 


1. 


where  b  -  width  of  panel.  If  we  introduce  these  values  t  and  n  into 

expression  for  0,  then  it  takes  the  following  fora: 

l  1 

n  «£»» 


v*>  n  j*  J  +  2vA  + 

+  2t1v’J  |/'|*0+2Jl/V*|  +  const 


DOC  =  79221908 


PAGE  ~ 

y3 


Let  us  find  the  produced  by  load  work.  He  hare  (page  190) 


*  k 

n 


A  =  2n.Rbph, 


nR  _  4  n*R  6t» 

T*  VW=?) 


With  the  aid  of  these  relationship/ratios  the  expression  for  work  A 
is  reduced  to  the  fore 

A  =  -&iEVfki*- 

page  205. 


Just  as  in  the  case  of  closed  shells,  true  shape  of  surface  and, 
consequently,  also  strain  energy,  we  determine  froa  the  condition  of 
the  ainiaua  of  functional  U (y)  during  the  assigned/prescribed  axial 
coapression.  This  is  equivalent  to  task  to  the  ainiaua  for  a 
functional 

i  1 

JT  =  X  f  y"a  rix  +  O.fil  +  2t J  4-  2>.y,7)dx 


I 


/ y *dx~  I. 

-I 

/(-!)-/( 0*0. 


ar\<ier  c.ondi’41  o  r>S 
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«ith  r=0  this  task  has  the  ouvious  solution 

.  .  2  .  JUT 

yo(x)=irsin  —  • 

Let  the  function  yTu)  realize  tne  ainiaua  of  functional  Jx  with  saall 
r.  It  is  obvious,  it  is  close  to  y0(x).  In  view  of  the  stability  of 
functional  during  the  function,  which  realizes  the  ainisua,  it  is 
possible  to  take  as  min./,  equal  to  its  value  during  function  y0(x). 
Remissible  in  this  case  error  will  be  of  the  order  v*. 

Substituting  in  the  expression  of  functional  /,  function  y„(x), 
ve  will  obtain 

JT  =  (-£-  +  0.6)  X  +  t^.SX''1  +  3X‘'0. 

Now  froa  the  condition  of  the  equilibriua  of  the  shell 

we  find  the  received  by  shell  load  p  in  dependence  on  deforaation  (X) 

P  =  -^r(3.1  +  t(0.95X_*',+  3.75X,,‘)). 
min  p  ~  (3.1  4-  4.6t). 

The  investigation  of  a  question  concerning  critical  loads  for 
narrow  panels  we  is  sunned  up  oy  following  conclusion. 

Page  206. 
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For  the  narrow  cylindrical  panel,  hinged  along  sides,  daring 
axial  compression  upper  critical  load  is  egual  to 

Pr=P^^.  P,«0.s(t*  +  ^); 

lower  critical  load  is  egual  to 

Pl=PiE-^.  Pi  =  — j-r  (3.1  -f- 4,6r). 


The  parameter  r  through  tne  width  of  panel  b,  radius  of  curvature  R 
and  thickness  6  is  determined  by  tne  eguality 

_ (12(1  —  v»)  >'  ■  » 

2  n  VM ' 

j^anel  is  considered  narrow,  if  r<1. 

5.  Structurally  orthotropic  cylindrical  shells  during  axial 
compression.  The  cylindrical  shell,  reinforced  by  elastic  stringers, 
with  a  sufficient  denseness  of  tne  arrangement  of  the  latter  can  be 
considered  as  orthotropic.  In  present  point/item  we  will  examine  this 
shell,  which  is  found  under  conditions  for  axial  compression. 

Thus,  let  the  circular  cylindrical  shell  of  radius  R,  of  length 

L  and  of  thickness  6  be  supported  by  the  densely  arranged  stringers. 

Ldt 

ff  -  sectional  area  of  stringer,  1  -  moment  of  inertia  in  reference 
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plane  (radial  plane) ,  and  i—  distance  between  stringers.  The 
■odulus  of  elasticity  of  sheathing/skin  and  stringers  let  us 
designate  through  E,  but  lateral  contraction  v  for  simplicity  of 
unpacking/facings  let  us  place  egual  to  zero. 


Let  us  introduce  on  the  surface  of  shell  the  orthogonal 

x  T~ 

coordinates  It’,  y,  after  accepting  tor  lines  X  linear  generator,  (he 

X 

aodule/noduli  of  elasticity  E4  and  E2  according  to  directions  f  and  y 
of  shell  as  orthotropic  will  be 

—  +x)‘  EiW=E' 


where  6*  -  total  sectional  area  of  stringers  per  the  unit  of  length 
along  lines  y,  i.e. 


Page  207. 
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Here  w  -  the  transverse  sagginy/deflection  of  shell  at  the  moment  of 
loss  of  stability  under  load  p,  function  of  voltage/stresses 


while  2  and 


—  differential  operators, 

2  =  (H-<o)^r+2^^r  +  ^r. 


<»* 


f*4 


2'  =0  +  «')  —  +  2  dj(2  0yi  + 


M  = 


dx< 

Pi  -  D;  _  12/ 


r>y‘  1 


fts/  ’ 


<0'  —  e[e1'  £,)  T^F- 


If  we  from  the  equations  of  loss  of  stability  exclude  the  function  of 
voltage/stresses  that  for  w  is  obtained  the  following  equation: 

4ajr.+,£(0'.*+££-«  o. 

let  us  assume  the  fora  of  shell  at  the  moment  of  loss  of 
stability  in  the  form 


w  =  c  sin 


2  nmx 


sin 


ny 

nr 


Page  208. 


If  we  substitute  this  expression  w  into  equation  for 
sagging/deflection,  then  we  will  obtain  certain  relationship/ratio 
for  parameters  a  and  n.  Set/assuaing  for  the  brevity 


Ln 

2  nRm  1 


/i>6  -  PR 

-R-'  P  =  ~Ei- 


I 
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to  this  relationship/ratio  it  is  possible  to  give  the  fora 


-  (l  -+-£*)’  _  ■  V  1 

P—  12f»  n  +  u'  +  O  +  £»)*  il  *  . 


^et  us  find  the  saailest  load,  capable  of  causing  the  loss  of 
stability  of  shell,  i.e.,  upper  critical  load.  Kith  that  fix/recorded 
'  the  ainiaua  p(t  ^  according  to  variable  i)  is  obtained,  when 

->  +  (l+4»>»  _  t*  L 

E? 11  —  b'+O+S*)7  i  ' 
and  this  niniaua  is  equal  to 

Let  us  assuae  that  w>w'.  the  physical  sense  of  this  condition  lies  in 
the  fact  that  the  rein  force aent  ot  shell  by  stringers  relatively  aore 
increases  flexural  rigidity,  than  to  elongation  -  coapression.  Under 
this  hypothesis 

min  p&)  = 


<D 


1 

V~3 


and  it  is  reached  when  'i=sOQm-  But  this  value  .  ^  is  inadaissible , 
since 

r  _  _Ln_ 

*  Km  ’ 


-we- - - 
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while  n  and  2d  take  only  integer  values.  In  connection  with  this,  and 
taking  even  into  consideration  the  nonotonicity  of  decrease  p(\)  with 
increase  &.  we  let  us  tare  for  u  the  snail  possible  value  ns0.5. 


After  accepting  n  =  0.5  let  us  nave 


il= 

tl  n*  /?5 - 


Page  209. 


Now  p  it  is  possible  to  present  in  the  following  forn: 

e(«>  — ©')  ,  i  ,  1 

p  = - 12 - + 


*0(1)  ’ 


where 


*  =  ~P~-’  0<1>  =  «'-M1 +  &’>». 


VinimuBi  of  p  is  reached  at  the  conditioi 


(•) 


and  it  is  equal  to 


—  7l2  (•*>  —  It/)  W  -  1 

Pt  =  u  U  FT' 


If  one  assunes  that  value  ,t  at  which  is  reached  nin  p,  is 
considerable,  then  it  is  possible  to  count 


<>(£)- F 
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Then  relationship/ratio  («)  toe  £  takes  the  fora 


•  Fti - 

T?  *  — 


He  hence  find  that  *,  while  with  it  and  paraneter  n: 

e=‘2'7T’ 

Let  us  note  that  R6/L*  is  usually  saall.  Therefore  our  assuaption 
relative  to  value  £  is  not  deprived  of  basis/bases. 


If  the  setting  of  stringers  considerably  increases  flexural 
rigidity,  and  not  rigidity  to  elongation  -  coapression,  i.e. ,  (o^>a> ' 
then  it  is  possible  to  count  <0  —  <o'  =  e  In  this  case,  for  an  upper 
critical  load,  it  is  possible  to  accept  the  expression 

—  n*(fl  Rb  .  1 

p- — i rir+TT 


Page  210. 


In  order  to  present  the  visually  obtained  result,  let  us  find 
critical  force  per  the  unit  of  the  length  of  the  section/cut  of 


shell.  He  have 


p,6= 

-4=E—  ~0.6fAft, 

V  3  R  R 

n2®  Rb  -  b  .  .  /  El  \  1 

-T5-TT£^6l=n  hr  T- 
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i<r 


i 


Value 


O.Gf  6 


is  critical  force  per  tne  unit  of  the  length  of  the  cross  section  of 
the  nonreinforced  sheathing/sKin,  and 


there  is  Eulerian  force  for  the  isolated/insulated  stringers.  Thus, 
critical  load  for  the  shell  in  question  consists  of  the  critical  load 
of  the  nonreinforced  shell  ana  critical  load  for  the 
isolated/insulated  stringers. 


let  us  examine  now  the  supercritical  deformations  of  stiffened 
shell.  In  connection  vith  this  let  us  find,  first  of  all.  expression 
for  strain  energy  along  fin/edyes.  In  chapter  1,  §1  (page  30)  for  an 
isotropic  shell  this  energy  per  the  unit  of  the  length  of  fin/edge 
was  calculated  from  the  formula 

*  t 

U\=='Y  J  +  J  ^j-ds  +  Da(—  2ft +  *,  +  *,). 

-e  -t 

For  an  anisotropic  shell  is  ootained  accurately  the  same  expression. 
Only  now  D  is  flexural  rigidity  in  the  plane,  perpendicular  to 
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fin/edge,  and  D  -  rigidity  to  elongation  -  compression  along 
fin/edge. 


Let  us  assume 


12  D  -  275 

<0= - <0  = - . 

£6 


Then  expression  U  mill  take  the  form 


y,  6  £®  Cl  .  u’\.  . 

U  =  ~T  J  (w_l2 — +  •••* 


where  omitted  ad d/co m posed 


Da(- 2* +  *,  +  *,). 


Page  211. 


If  from  this  point  on,  we  repeat  verbatim  all  reasonings  which 
in  the  analogous  case  oi  isotropic  shells  are  given  in  chapter  1,  §1, 
then  for  strain  energy  we  will  obtain  the  expression 


Here  J0  -  minimum  of  the  functional 


J—  j  ("W  2  -+-  «5)rfs 


in  the  nonholonomic  constraint 
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and  under  the  boundary  conditions 

u(0)=0.  v(0)= — J,  u  (oc)  —  v(oo)  ~  0 

In  order  to  find  ainJ,  it  is  expedient  to  introduce  instead  of 
the  variables  u  and  s  new  variables  V;  and  Xs.  Relative  to  new 
variable  coupling  (**)  and  boundary  conditions  (000)  are  retained, 
but  functional  takes  the  fora 


(feature  above  new  variables  it  is  lowered) .  Subordinating  now  the 
indefinite  factor  x  to  the  condition 

l4  =  to. 


let  us  have 


J—  J (v'* 4-  «2)</s 

0 


Page  212. 


Thus,  the  deteraination  of  coefficient  J0  is  brought  to  the 
deter nination  of  the  aimaua  of  the  functional 

oo 

/(«'’  +  u^ds 

0 

in  co  aaunicat  ion/connect  ion  (**)  and  under  boundary  conditions  (**•).  In 
chapter  1,  §1,  this  ainiaua  is  found,  and  for  it  obtained  value 
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—  1.15. 


Consequently, 

•/„  =  l.l&oV 

As  shown  above,  the  loss  of  stability  of  the  circular 
cylindrical  shell,  reinforced  by  stringers,  is  accompanied  by  the 
education/fornation  of  continuous  bulges  all  over  length  of  shell 
(■  =  0.5),  evenly  distributed  in  circuaf er ence .  He  will  assuae  that  the 
supercritical  deformation  has  the  sane  character. 


For  energy  0  of  the  supercritical  deformation  of  isotropic 
shell,  we  have  a  formula  (page  188) 


I 

//—  ,,  n‘E(,‘x  f  »*<V— !)£«**  , 


+ 


f  |y',*(l  +  ^)rfje  +  const. 


Here  first  term  calculates  bending  on  the  basis  of  the  basic  surface 
of  shell.  This  bending  occurs  in  radial  planes,  i.e.,  in  the 
direction  linear  generator.  Second  term  considers  bending  in  the 
plane,  perpendicular  to  iin/adge.  In  view  of  the  fact  that  the 
regions  of  bulge  go  through  entire  length  of  shell,  it  is  possible  to 
count  that  this  bending  in  the  plane,  perpendicular  to  generatrices. 
Third  term/component/addend  considers  energy  of  complex  deformation 
along  fin/edge. 
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us  note  that  the  paraaeter  i  is  sufficiently  great,  and  therefore 
the  direction  of  fin/edges  on  the  surface  of  shell  is  close  to  the 
direction  of  generatrices.  Therefore  value  w,  egual  to  the 
ratio/relation  of  the  rigidity  to  elongation  -  compression  of  the 
reinforced  by  stringers  and  noareinforced  shell,  can  be  considered 
equal  to  (64  6' >'6.  where  6#  -  total  area  of  stringers  per  the  unit  of 
the  length  of  cross  section.  Estiaating  value  u,  let  us  note  that  in 
view  of  the  nearness  of  tne  direction  of  fin/edge  to  the  direction  of 
stringer,  it  is  possible  to  consider  flexural  rigidity  in  the 
direction,  perpendicular  to  fin/edge,  equal  to  E6J/12.  Therefore 

6 

®  =  TTF' 

Consequently,  the  factor 

-MW 

Let  us  assuae  for  the  brevity 

(iKi)  '  =  O'. 


Page  214. 


Then  the  strain  energy  of  orthotropic  shell  is  written  in  the  fora 


U: 


«n‘E6n 

12/i6* 


jV 


**  + 


+ 


J  |y"fA(l  +  const. 
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In  view  of  the  fact  that  £  greatly,  it  is  possible  to  count 

1  —L-  ^  I 

1  +-jry  —  !• 

Let  us  introduce  into  formula  for  0  of  the  value 


Then  we  obtain 


U  12  U)j  jy"'‘ix  + 

i 

+  0.3 50'1V*  j  \y"\‘hdx 


-f-  const. 


Energy  of  the  supercritical  deformation  of  orthotropic  shell  in 
the  state  of  elastic  equilibrium  is  determined  from  stability 
condition  of  functional  U(y)  on  function  y(x)  with 

f  y'‘dx=i. 

-i 

This  variational  problem  we  will  examine  under  the  condition 
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Page  215. 

The  physical  sense  of  tais  condition  lies  in  the  fact  that  the 
reinforce «ent  of  shell  by  stringers  very  considerably  strengthens  the 
flexural  rigidity  of  shell  in  radial  planes.  This  assumption 
logically,  since  by  the  setting  of  stringers  usually  they  want  to 
achieve  precisely  this. 


Under  the  condition  indicated  it  is  logical  to  assuae  that 
function  y( x),  imparting  to  functional  U  (y)  steady-state  value,  is 
close  to  function  V(jc).  tnat  realizes  the  minimum  of  the  functional 


U'  /  M 

12  \r) 


-J-  const. 


which  is  obtained  from  functional  U  by  discarding  of  subordinate  in 
value  term/component/addend.  Me  will  proceed  from  this  assumption. 


The  function,  which  minimizes  functional  U*  (y)  under  the 


J  y''dx=l. 


condition 
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is  equal  to  zero  at  the  ends  ot  interval  (-1.1)#  it  will  be 

y  (•*)  =  —  sin-y . 

In  view  of  the  adopted  assumption,  the  strain  energy  of  shell  in 
the  state  of  elastic  equilibrium  we  will  obtain,  if  we  substitute 
function  fc/^sinfx/2)  into  formula  for  0: 

, ,  n’£6*  /  L  \  t  *•  (ft)  ft>.  +  0.68»'»> )  ■+■ const 

*/ 


Let  us  find  now  work  A,  produced  by  axial  compression.  Just  as 
in  the  case  of  isotropic  snell,  we  obtain 


A  = 


n'ERVkp 


4  n>l 


Substituting  here  the  values  of  parameters  n  and  5,  let  us  have 


Page  216. 

Prom  the  condition  of  equilibrium,  we  now  find 

dA 

*1  dX 

communication/connection  between  the  deformation  of  shell  (h)  and  the 
received  by  shell  load  (p)  .  Specifically, 

P  =  T?(?r)fi-l-0.062\-  V. 

Prom  formula  for  p#  we  see  that  the  received  by  shell  load  is 
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decreased  during  an  increase  iu  deformation  (X) .  The  saallest  value  p 
is  obtained  at  the  maximum  value  A,  equal  to  — v*/8»  Substituting  this 
value  in  formula  for  p,  ve  find  tne  value  of  the  lover  critical  load 


Since  by  hypothesis  tne  setting  of  stringers  considerably 
strengthens  the  flexural  rigidity  of  shell  in  radial  planes,  then 


12/ 


12/ 


«=,l-t75r  =  1F  =  e. 

+  °-053r- 


Comparing  this  value  with  upper  critical  load,  ve  consist  that  with 
sufficient  rigidity  of  the  supporting  stringers  the  received  by  shell 
load  after  loss  of  stability  is  not  in  effect  decreased,  remaining 
equal  to  the  approximately  upper  critical  value 


P,= 


**■■>  (Pf>\  , 

12  U »/+  Vi' 


§2.  Cylindrical  shells  under  external  pressure. 


In  this  paragraph  ve  vill  examine  the  supercritical  deforaations 
of  cylindrical  shells  appearing  as  a  result  of  loss  of  stability 
under  the  evenly  distributed  external  pressure.  Just  as  in  the  case 
of  axial  compression  (§1),  this  examination  vill  be  based  on  the 
application/use  of  principle  A. 
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E 

1.  expression  for  functional  M=D-A.  Experiment  shows  that  the 
loss  of  stability  of  cylindrical  shell  under  external  pressure  is 
acconpanied  by  the  education/f oraation  of  continuous  dents  to  entire 
length  of  shell  with  their  regular  arrangement  in  circumf erence.  In 
connection  with  this  functional  W  can  be  examined  during  isometric 
transformations  of  the  type  L  which  are  constructed  in  p.  1  §1.  ^fet 
us  recall  these  transf craations. 

Let  us  take  right  prism  with  a  number  of  side  faces  2n  and  will 
conduct  on  its  any  face  a  arbitrary  curve  y,  which  connects  the 
middles  of  the  basis/bases  of  this  face  and  which  is  unambiguously 
design/projected  for  the  axie/axis  of  prism.  It  is  reflected  curve  7 
mirror  in  the  radial  plane,  passing  through  the  axle/axis  of  prism 
and  the  fin/edge  of  face  at.  La  this  case,  we  will  obtain  curve  7*  in 
the  face  a*,  adjacent  a.  After  this  with  the  aid  of  face  a'  and  curve 
7*  in  it,  we  plot  a  curve  yM  m  the  face  a",  adjacent  a*,  and  so 
forth.  Thus,  in  each  face  a‘  will  be  obtained  curve  yl.  Let  us  conduct 
now  arbitrary  plane  o.  perpendicular  to  the  axle/axis  of  prism.  It 
will  cross  curves  y'  at  points  A1.  A  Pa—  polygon  with  apex/vertexes 


A'.  When  plane  «  in  parallel  is  displaced,  polygon  Pa  describes 
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isometric  to  cylinder  surface  Z.  Curves  y‘  are  fin/edges  on  this 
surface  (Fig.  42)  . 

Let  us  determine  some  geometric  values  for  surface  of  Z.  In 
connection  with  this  in  face  a,  let  us  introduce  the  rectangular 
Cartesian  coordinates  x,  y.  after  accepting  the  center  of  face  in  the 
origin  of  coordinates,  and  tne  straight  lines,  passing  through  the 
center  of  face  in  parallel  to  its  sides  -  for  coordinate  axes.  In 
these  coordinates  curve  y  is  assigned  by  the  equation 

y  =  y(x). 

Curvature  to  curve  y  is  equal  to 
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Page  218. 

If  n  is  sufficiently  great,  or,  it  is  better  to  say,  face  a  is 
noticeably  elongated  in  the  direction  of  the  axle/axis  of  prisa,  then 
for  us  interesting  curves  y  can  oe  counted  1 -f- /’  ~iand  therefore 

Por  an  angle  ft  between  tne  plane  of  fin/edge  y  and  the 
tangential  planes  of  surface  L ,  is  obtained  the  expression 

Here  also  it  is  possible  to  disregard  y/»  under  radical  sign.  Then 
for  an  angle  $  is  obtained  the  expression 


During  the  determination  of  energy  of  elastic  deforaation  of 

<V 

shell  in  the  fora  of  Z  by  us  will  be  necessary  the  normal  curvature  k 
of  this  surface.  Por  it  is  ootained  the  expression 

*~ir* 

. _  This  is  expression,  just  as  preceding/previous,  it  is  obtained 
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after  analogous  simplifications. 

The  produced  by  external  pressure  work  is  measured  by  the 
product  of  the  value  of  pressure  on  a  change  in  the  voluie,  limited 
by  shell,  during  deformation  oy  tne  latter.  In  connection  with  this 
let  us  find  the  volume  which  limits  surface  of  Z  together  with 
guadratic  prisms  which  it  close. 

Intersection  of  surface  of  Z  with  plane  «,  its  perpendicular 
axes,  is  a  2n — angle  plate  P„  If  we  its  area  designate  S,  then  the 
which  interests  us  volume  is  egual  to 

in 

v=  f  Sdx. 

-L/2 

Thus,  in  order  to  find  volume  V  in  dependence  on  function  y(x).  that 
assigns  shape  of  surface  Z,  we  snould,  first  of  all,  find  expression 
S  in  dependence  on  y . 

Page  219. 

Let  a  2n — angle  plate  with  apex/vertexes  in  the  middles  of  the 
sides  of  the  polygon,  which  lies  at  quadratic  prism,  be  designated 
through  P«  Then  independently  of  the  position  of  plane  •  in  each  2n- 
angle  plate  P„  of  side  tney  are  parallel  to  sides  P0 . 
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Plane  •  intersects  prise  on  tne  right  2n— angle  plate  P.  Let  us 
nunber  the  apex/vertexes  of  tms  polygon  in  the  order  of  their 
seguence  and  will  designate  through  P*  correct  n — angle  plate  with 
the  even  apex/vertexes  P,  out  tnrough  P"  -  correct  n — angle  plate 
with  the  odd  apex/vertexes  P.  Polygon  P„  is  entered  in  P,  and  its 
sides  fore  equal  angles  with  sides  P.  Hence  it  follows  that  polygon 
p„  is  obtained  by  the  linear  mixing  of  polygons  P*  and  PH  according 
to  Minkowski1. 


POOTNOTE  *.  By  the  linear  coaoination  of  figures  P*  and  P",  which  lie 
at  one  plane  or  parallel  planes,  is  called  the  figure 

F  =  \F'  +  uF’, 

which  describes  the  teraxaus  of  tne  vector  r  =  Xr'  +  nr', when  the 
terminuses  of  vectors  r*  and  r"  independently  describe  figures  F*  and 
F" .  See  A.  D.  Aleksandrov,  Convex  polygons.  State  Technical  Press, 
1950.  ENDFOOTNOTE. 


Speci f ically. 


where  a  -  side  of  polygon  P. 


On  known  foraula  the  area  of  the  polygon 


P=XP'  +  |.P"  (l  +  p„i) 
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is  equal  to 

S  =  VS'  4-  2k\iS„  -|-  ^S",  Sa  =  250  -  il±il . 

where  S*  and  S"  -  areas  of  polygons  P*  and  P"  respectively,  but  S0  ~ 

area  of  polygon  P  which  is  ootaxned  in  the  linear  coabination  P*  and 

0 n*V*- 

P"  with  X=p= 1/2.  In  our  case  s0»  it  is  the  area  of  2n-q^i  P0. 

Taking  into  account,  that  and  S*  =  S",  the  foraula  for  S 

can  be  converted.  Specifically, 

S  =  S'-M?.|»(S0  —5'). 

Page  220. 


Substituting  here 


>.= 


2-> 


n  =  - 


d  _L_ 

2  +  y 


we  will  obtain 


S  —  (*)~  ^r(So-S'). 


where  (*)—  tera/component/addend,  not  depending  on  y. 


Introducing  now  into  foraula  for  volume  V  the  obtained 
expression  S,  we  will  obtain 


Lfl 

=  (S0-S')  f  y*dx. 

•In 


In  connection  with  the  forthcoming  anpacking/f acings  it  is 
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expedient  to  pa  -  s  from  the  variables  x.  y.  which  wer  until  now,  used, 
to  new,  dimensionless  x.  y,  set/assuming 

L  -  a  - 

x  *=  -j-  x,  y  =  2"  y- 

Here  L  -  height/altitude  of  prisa  which  we  will  identify  with  the 
height/altitude  of  initial  saell,  a  -  side  of  quadratic  prism.  If  a 
radius  of  initial  shell  is  equal  to  R,  then 


Interval  of  the  variation  of  variables  *  and  £  obviously, 

l'  _i).In  the  new  varianles,  the  feature  above  designations  of  which 
subsequently  let  us  lower,  the  wnich  interest  us  geometric  values 
will  be  calculated  from  toe  formulas: 

k  —  -^qjy . 


Page  221, 


Just  as  in  the  case  of  axxai  compression,  for  the  strain  energy 
of  shell  is  obtained  the  following  expression: 

1 

» ,  *•!'**  1  /<■  \*  f  „»  , 

u-s  J  y  dJC  + 


12(1  —  v’)"2 


(t  )!>'“+ 


1 

4  ’#v*  f  |  y"  I**  dx  -f  const. 
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Containing  in  this  formula  integral  parameter  n  we  will 
determine  from  periodicity  condition  of  sagqing/def lections  for  the 
circumference  of  shell  at  the  moment  of  loss  of  stability. 


The  transverse  sagging/detlection  w  of  cylindrical  shell  at  the 
moment  of  loss  of  stability  under  pressure  q  satisfies  the 


differential  equation 


D  .  .  .  .  .  E  d*tr  .  qR  .  .  rl’u-  . 

T  AAAAw  +  #r  -fcr  +  7T  AA  dp'  =  °' 


(•) 


It  shows  that  under  the  condition  for  the  hinged  support  of  shell  the 
solution  of  this  equation  tales  the  fora 

„  .  nmx  ny 
=  c  sin  —j—  sin 


Substituting  this  expression  h  in  equation  (,).  we  will  obtain  certain 
relationship/ratio  between  parameters  a#  n  and  by  load  q.  If  we 
instead  of  a  and  n  introduce  the  parameters 

t  _  nn>R  ri*6 

1 — tt'  1=*- 

and  the  dimensionless  load 

-  qR* 

q  ~ IF* 

then  to  the  relationship/ratio  indicated  it  is  possible  to  give  the 
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q—  i2(i-v*)1+  u+6')n‘ 


Page  222. 


The  oininuo  value  q  answers  upper  critical  load.  If  the  parameter 


is  low,  then 


Rb 

E  ~  TT 


min  q—q  = - _  ~  0.92  yT. 

'  (36(1— v*))w‘ 


This  ainiaua  value  q  is  obtained  for  ■= 1  and  n,  deterained  by  the 


relationship/ratio 


I  nR  \»  n't* 

U n)  ^360-vr 


Since  the  character  of  tne  periodicity  of  sagging/deflections  in 
supercritical  deformation  is  retained,  the  value  n,  which  enters  into 
the  expression  of  strain  energy,  it  is  deterained  by 
relationship/ratio  (•*).  Substituting  the  value  of  n  in  foraula  for  U, 


we  will  obtain 


U  = - =!££_(*)  *£-  fy-*rfx  +  2v  f  y’*dx  -f- 

24  (1  —  v*)  n1  \L  )  V*  Ji 

+  6(1  Vs)  J  |y"|,/*  rfJ  +  cc 
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Let  us  find  that  produced  ny  the  external  pressure  q  work  by  the 
deformation  of  shell.  A  cnange  in  the  volume,  bounded  by  shell,  is 

equal  , 

AV  =  —^3“  f  y*d*  +  con*t 

-i 

Work 

A=qW. 


Hence 


A  =  J  yJdx  +  con»t. 

Page  223. 


Or,  by  introducing  dimensionless  quantity  q,  connected  with  external 

pressure  by  the  relationship/ratio 

-e  V 

q~qE-&' 

we  will  obtain 


-1 

2.  Investigation  of  supercritical  ones  by  deformation  of 
unlimitedly  elastic  shells  under  external  pressure.  Let  us  assume 

i  •  1 

y=i 'X±-  f  y"*dx  2v  [  y'\#*  +  6(l  -v-)-4  f  I  >•"  | %dx. 

V6  J  1  «_•*, 

1 

X  =  J  y5  dx. 

Then 


1/-  (r)J+ ”"*1- 
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jthe  true  form  of  shell  in  the  state  of  equilibrium  under  load  q 
we  will  determine  from  the  condition  of  the  minimum  of  functional  J 
under  the  condition  of  stamlity  1.  Por  solvinq  this  isoperimetr ic 
task,  let  us  use  an  approximate  method  of  solution,  as  in  the  case  of 
axial  compression  in  §1. 


Punction  y(x>,  that  realizes  the  minimum  of  functional  J,  we 
will  search  for  in  the  class  of  tne  smooth  functions,  determined  by 
the  conditions 


j  0  npi/0|  x  |  >  a, 
\  a  np«0|  x  |  <  a. 


|\  to  '-l  k. 

(  ___ - where  a  and  a  -  varied  parameters.  The  graph  of  this 

function  is  represented  in  Pig.  43.  It  consists  of  parabola  in 
section  (-a,  a)  and  two  smoothly  adjacent  it  rectilinear  cuts.  This 
selection  of  function  y(x)  is  predicted  by  the  obvious  symmetry  of 
function,  realizing  minimum  0,  and  by  its  inversion  into  zero 
together  with  the  second  derivatives  at  the  ends  of  interval  (-1,  1) . 
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Pig.  43. 


Page  224. 


Analytical  expression  of  function  y(X)  following: 

ax*  aa1  .  ..  .  .  , 

“5 - 2"  +  aa(l  -  a).  |x|<a. 

aa(l  —  x).  |*|>a. 

It  is  possible  to  show  wnrch  tor  the  function,  which  realizes 
the  minimum  of  functional  J,  the  value  of  the  parameter  «  is  small 

together  with  e.  Therefore 

1 

J  y"*dx  =  2aa7, 

i 

f  y'idx  =  2aW  (}  +  ♦). 

-l 

l 

f  | y” |% dx  =  2afta% 

-i 

i 

f  y2dx  =  ^  asa5(l  -4-  *). 


where  the  chain  wheel  designatea  tae  expressions,  which  have  the 
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subordinate  value  with  snail  a. 


Substituting  the  value  ol  the  obtained  integrals,  into 
expressions  J  and  X  and  disregarding  teras  ,,  let  us  have 


J  =  — 2aas -+-  4voJaJ -f-  12  (1  —  v2)  y=  a  Ya. 

X  =  -I  asa*. 


Introducing  into  expression  J  value  X  instead  of  a,  we  will  obtain  J 
as  the  function  only  of  one  paraaeter  a 


J  =  (n/X£)a-f  6vM-(l2(l-v*)c]/ 1  jAj-pU. 


v=  0,3 

Mhen  ric=0.19  will  oe 


/ 

y  =  (ny/Xe)a  2,5 


Page  225. 


It  is  easy  to  see  that  during  variation  fron  paraaeter  a 

min  J  —  5,1  ej1'  Y  X  —  1 .81, 
and  this  mininua  is  reached  /at 
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For  a  shell,  which  is  found  m  the  state  of  elastic  equilibrium, 

dU  (1A 
d>.  ~  d\  ' 

Taking  into  account  the  obtained  expression  for  min J.  from  which  we 
find  the  value  of  the  external  pressure  q  in  dependence  on  the 
common/general/total  deformation  or  shell,  which  we  characterize  by 
the  parameter  A: 

J=e(0.95J^  +  0.67).  «-■£. 

We  see  that  the  received  ny  snell  load  is  decreased  during  an 
increase  in  deformation  (A) .  Tne  states  of  equilibrium  of  shell  are 
unstable.  This  will  be  in  complete  agreement  with  the  data  of  the 
experimental  study  of  shells  under  external  pressured  the  transition 
to  supercritical  deformation  of  shell  as  a  result  of  loss  of 
stability  it  occurs  without  an  increase  in  the  external  load. 

Let  us  determine  maximum  geometrically  permissible  deformation 
(X)  .  Since  |y(x)|  according  to  sense  is  not  more  than  unity,  and 
max y (x)  is  reached  at  x=Q,  then 

|-T-  +  «a(l—  a)|<l. 

Value 

Hence,  taking  into  account  tne  inequality  indicated,  with  small  *' 
(consequently,  small  «)  ,  we  obtain 

max  A  ~  v  . 

3 
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Substituting  this  value  X  xn  formula  for  q,  we  will  obtain  the 
value  of  the  lower  critxcal  load 

?,=e(1.16£-'/.4-0,67)>  e  =  -££. 

Thus,  lower  critical  load  for  the  hinged  supported  on  edges 
cylindrical  shell  under  external  pressure  is  determined  froa  the 
for aula 

6* 

Qi  -  • 

where 

0/=e(1.16e-".+  O,67).  £  =  -§-. 

R  -  a  radius  of  shell,  6  -  thickness,  E  -  aodulus  of  elasticity. 


Comparing  the  obtained  value  <?< 
critical  load 


?,  =  0,92  Y~t. 


with  the  value  of  the  upper 


let  us  have 


q,  =r7,(1.26e''<  +  0,73eV.). 

Hence  it  is  apparent  that  at  the  low  value  of  the  parameter  e  (but 
we  assume  similar  little)  the  lower  critical  load  of  unlimitedly 
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elastic  shell  can  be  considerably  less  than  the  upper  critical  load. 

3.  Effect  of  initial  nendiny  of  shell  on  stability  at  external 
pressure.  Shells  with  the  limited  elasticity  of  material.  As  in  the 
case  of  axial  compression,  the  imperfection  of  the  geometric  form  of 
shell  can  influence  the  value  of  critical  pressure,  with  which  the 
shell  loses  stability.  Now  we  will  examine  the  .  influence  of  the 
initial  bending  of  shell  on  upper  critical  load  at  an  external 
pressure.  In  this  case,  we  will  proceed  from  assumption  about  the 
fact  that  the  effect  of  initial  bending  will  fce  greatest,  when  it 
reproduces  the  form  of  shell  during  supercritical  deformation. 

Page  227. 

Let  us  establish  the  relation  between  the  parameters  X,  which 
characterizes  supercritical  deformation,  and  value  A  of  the  maximum 
transverse  sagging/deflection  of  shell  at  this  deformation.  In 
initial  the  variables  X,  y  we  have 

A  n 
A  =  2?  ym«- 

After  the  standardization  of  variables  on  the  formulas 


we  will  obtain 

a _  n  a  - 

2 n  2 

Let  parameter 


1=  J  y^dx. 
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In  view  of  the  specific  foe*  of  plotted  function  y  (*)  (Pig.  43), 

it  is  possible  to  count  that 

,  _  2  - 
*  ~  7 

If  we  here  introduce  instead  of  y„„  sagging/deflection  A,  then  we 
will  obtain 

32nJ.\!  32/7* 


3n 2 a  -  —  3n<#2  * 

or,  since  n  is  determined  by  the  condition 

I  nR  \8  n‘e2 

I'E'Tj  —  36(1  -va)  ’ 


then 


1  =  6.1 


A2/? 

w- 


Substituting  this  value  1  in  fornula  for  the  received  by  shell 
load  during  assigned/prescribed  deformation  (X)  ,  we  will  obtain  the 
evaluation  of  the  effect  of  the  initial  bending  of  value  A  on  loss  of 
stability  at  the  external  pressure 

^=e(o.34e-,'*i.y/  +0.67). 

Page  228. 


This  foraula,  naturally,  cannot  be  used  at  relatively  low  values  A, 
since  her  conclusion  is  based  on  the  examination  of  deformations  with 
a  considerable  change  in  the  form  of  shell. 


Our  examinations  in  p.  2  were  related  to  unlimitedly  elastic 


DOC  =  78221909 


shells.  For  shells  with  tne  lmted  elasticity  of  material,  they  are 
used  only  when  there  the  deformations  in  question  do  not  lead  to  the 
voltage/ stresses,  which  eaerge  beyond  elastic  limit  of  the  Material 
of  shell.  Let  us  explain,  are  sucu  these  shells,  that  is  what 
conditions  they  must  satisfy  their  geometric  diaensions  and 
mechanical  characteristics. 


Naxiaua  voltage/stresses  a  on  the  surface  of  shell  during 
supercritical  deforaaticn  appear  ru  the  zone  of  powerful  local 
bending  and  are  deterained  from  the  foraula 

o==c/£'(ijV,6V'\ 


For  the  deformations 


a  =  —  -L  —  |  v"  | 

2n  a  nL 2  '  ^  I* 


ji 

2/7  ’  ~p 
ma 

p  nL 1 


In  p.  2,  it  rs  shown,  that  paraaeter  a  in  entire  tiae  of 
supercritical  deformation  retains  one  and  the  saae  constant  value 

a  =  0.54e-\ 

Therefore  maximum  voltage/stresses  froa  bending  on  the  surface  of 
shell  are  constant  and  equal  to 

Substituting  here  value  of  n,  deterained  by  the  relationship/ratio 

(*R\»  _  Jt<  (  R6  \2 

W  A) ( 1  —  v1)  ITT)  ’ 


we  will  obtain 
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Thus,  the  examinations  p.  2  can  be  used  to  shells  with  the 
limited  elasticity,  in  particular,  formula  for  the  lower  critical 

load  '  • 

q,  =  e(1.16e-''  +  0.67) 

it  is  possible  to  use,  if  voltage/stresses  by  value  0,£  *(“)-  do 
not  cause  plastic  deformations  in  the  material  of  shell.  Me  will 
consider  this  condition  as  tnat  carried  out,  if 


where  a. 


<  <V 


-  time/temporary  strength  of  materials  of  shell. 


* 


In  order  to  visualize  tne  class  of  shells  which  include  the 
obtained  result,  let  us  examine  an  example.  He  have 

£  =  2  \0*  idf/CM*.  o,  =  4  I &  io/cm*. 

Key:  (1)  .  kg/cm*. 


Let  us  assume  that  L~R.  Then  our  condition  gives 

-£•  >  2800. 

Thus,  these  are  sufficiently  films. 


Let  us  examine  the  now  comparatively  thick  shells,  that  is  the 


shells  for  which 
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Por  such  shells,  just  as  xu  tue  case  of  axial  compression  minimizing 
functional  J,  we  aust  observe  the  supplementary  condition:  surface 
stress  of  shell  in  the  zone  of  powerful  local  bending  we  aust  not 
exceed  tensile  strength  o,. 
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For  this,  let  us  note  that  in  the  beginning  of  out  examination  we 
assumed  the  parameter  a  small.  For  unlimitedly  elastic  shells  this 
was  the  consequence  of  smallness  e  In  the  case  of  shells  with  the 
limited  elasticity  in  order  to  use  the  results  of  the 
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preceding/previous  ezanoatioos,  me  «ust  assuie  smallness  a.  This, 
course,  will  restrict  tne  class  or  the  shells  in  question. 


The  investigation  ot  tae  supercritical  elastic  states  of 
cylindrical  shell  during  twisting  so  will  be  based  on  the 
application/use  of  principle  A  (chapter  1,  §  2).  According  to  this 
principle  the  deterainatiou  ot  supercritical  elastic  states  is 
reduced  to  the  solution  of  variational  problem  for  functional  U-A 
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during  the  isometric  t ransioraations  of  the  initial  fora  of  shell.  In 
connection  with  this  we  will  begin  our  presentation  froa  the 
construction  of  special  ones,  xsoaetric  ones  to  cylinder,  the 
surfaces  with  the  aid  of  wuicn  let  us  approach  the  fora  of  shells 
during  the  supercritical  deroruation,  connected  with  twisting. 

1.  Special  isoaetnc  transformation  of  cylindrical  surface.  Let 
us  take  correct  infinite  prism  witn  even  nuaber  n  of  faces. 

Page  232. 

Let  , 

a  -  one  of  the  faces  of  prisa,  L  -  the  fin/edge  of  this  face  and  0 
-  the  plane,  passing  through  the  axle/axis  of  prisn  and  the  fin/edge 
Let  us  designate  through  e  the  unit  vector,  directed  along  the 
axis  of  prisa,  and  through  e*  -  vector,  perpendicular  to  plane  0.  Let 
us  visualize  that  froa  point  P  of  face  a  proceeds  ray/bean  S, 
perpendicular  to  plane  0  wuich  is  reflected  from  the  internal 
surfaces  of  faces.  It  is  not  difficult  to  see  that  this  ray/bean 
after  reflection  froa  all  faces  again  will  hit  point  P  (Pig.  44).  The 
trajectory  of  ray/beam  is  polygon  up •  inscribed  into  the  section/cut 
of  prisa,  perpendicular  to  axle/axis.  Perimeter  u  of  polygon  up  does 
not  depend  on  point  P. 


Let  now  ray/beam  S,  vmca  proceeds  from  point  P,  have  a  sense  of 
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the  vector  e'+etg*.  This  ray/beaa  after  reflection  from  all  faces  of 
prisa  will  hit  certain  point  P*  of  face  a  (Pig.  44)  .  The  tra jectory 
of  ray/beaa  PP'  is  the  broken  line  whose  coaponent/links  coapose  with 
the  axle/axis  of  prisa  constant  aayle  u/2-9.  The  projection  of  this 
broken  in  the  section/cut  of  prrsa  to  a  plane,  perpendicular  to  its 
axis  and  passing  through  point  P#  there  is  not  that  another  as 
polygon  UP  Hence  it  follows  that  the  distance  between  points  P  and 
P’  does  not  depend  on  point  P  and  is  equal  utgd,  where  u  -  a 
periaeter  of  polygon  Up. 

Let  us  take  now  on  tne  face  a  of  prisa  infinite  into  both  of 
sides  periodic  curve  y  *itn  period  utg»  let  us  conduct  froa  each  of 
its  points  P  ray/beaa  Sp  These  ray/beaas  fora  certain  surface  of  Z 
with  fin/edges  on  the  faces  of  prisa  (Pig.  45).  Let  us  show  that  this 
surface  is  isometric  to  cylinder. 

Really/actually,  Z*  and  ZM  -  the  regular  parts  of  surface  Z, 
which  adjoin  on  the  fin/edge  y*  ,  which  lies  at  face  a*.  Surfaces  Z* 
and  Z"  are  cylindrical.  Let  us  continue  the  foraing  surfaces  Z*  for 
face  a'.  Then  we  obtain  surface  z* .  This  surface  is  obtained  by  the 
airror  reflection  of  surface  Z"  relative  to  plane  a*.  Hence  it 
follows  that  surface,  coapnsed  of  Z'  and  Z",  and  the  surface, 
coaprised  of  Z'  and  ¥'  ,  in  tne  vicinity  of  fin/edge  y'  are  isometric. 
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But  since  the  second  surface,  enviously,  is  locally  isometric  plane 
in  the  vicinity  of  fin/euge  y‘ ,  tnen  this  sane  property  possesses  the 
first  surface.  Thus,  surface  L  is  locally  isometric  plane  everywhere, 
including  on  fin/edges.  Since  surface  Z  is  complete,  is  locally 
isometric  to  plane  and  topoiogrcally  equivalent  to  cylinder,  then  it 
is  isometric  to  cylinder.  Affirmation  is  proved.  In  connection  with 
the  forthcoming  application/appendices  we  will  now  reproduce  the 
construction  of  surface  of  Z  soaewnat  a  modified  form,  convenient  for 
use. 


Let  us  take  the  correct  n-angle  prism  of  height/altitude  L  with 
the  perimeter  of  basis/base  2 and  a2  two  adjacent  faces  of 
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prism  and  AA*  -  lateral  edge,  on  wnich  they  adjoin.  Let  us  conduct 
radial  plane  p  through  ixn/eage  AA'  and  will  construct  the  plane  a, 
parallel  to  the  axle/axis  or  prxsa  and  which  separates  the  faces  a, 
and  a 2  in  half  (Pig.  46a). 

Let  us  introduce  in  plane  p  tue  rectangular  Cartesian 
coordinates  X,  y,  after  accepting  for  x  axis  straight  line,  on  which 
intersect  the  planes  a  and  p,  nut  in  the  origin  of  coordinates  - 
middle  of  the  segment  of  tnis  line  within  prism. 
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Pig.  46. 

Let  r  ~  curve  in  plane  p,  given  ny  the  equation 

y  =  y(x). 

where  y (X)  -  the  function,  wui.cn  satisfies  the  conditions: 

1)  y(x)  —  y(—x). 

Let  us  conduct  through  curve  j  cylindrical  surface  with 
generatrices,  parallel  to  cut  Pu#  which  connects  apex/vertexes  P  and 
Q  of  faces  at  and  at2  (Fa9«  46b)  .  The  part  of  this  surface. 


DOC  =  78221909 


PAGE  +9  35% 


arrange/located  within  prism,  let  us  designate  ZA.  It  is  limited  by 
curve  T|  and  lying/hcnzontal  at  faces  a,  and  respectively.  In 

view  of  conditions  1)  and  2),  superimposed  for  function  y  (X)  ,  the 
curve  y,  after  rotation  about  u«  axle/axis  of  prism  to  angle  2w/n  in 
the  appropriate  direction  is  combined  with  curve  y2.  Hence  it  follows 
that  if  we  for  each  pair  of  tne  adjacent  faces  of  prism  by  the  method 
indicated  construct  cylindrical  surface  ZA,  then  they  form  the  closed 
surface  of  Z  (Pig.  46c)  .  Constructed  so  surface  Z  is  isometric  to 
cy linder . 

Let  us  calculate  some  values  for  surface  of  Z,  utilized 
subsequently.  In  view  of  tne  tact  that  surface  Z  is  comprised  from 
parts,  congruent  ZA,  we  can  be  restricted  to  the  examination  only  of 
this  piece. 

Pirst  of  all,  we  note  mat  with  considerable  n  for  an  angle  9 
between  forming  surfaces  ZA  aad  uy  the  axle/axis  of  prism  we  have 

"Sr* 

Let  us  find  normal  surface  curvature  ZA  in  the  direction, 
perpendicular  by  its  generatrices.  Curvature  in  radial  section  is 
equal  to 

since  y'2>1~1.  Hence  on  t be  Euler  formula,  normal  surface  curvature 
ZA  in  the  direction,  pet peadicuiar  to  generatrices,  will  be 
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Let  us  determine  tne  curvature  of  the  fin/edges  yx  and  yg,  which 
limit  region  Za  on  surface  or  Z.  for  this,  let  us  supplement  the 
system  of  coordinates  It,  y  rn  plane  0  to  the  three-dimensional  system 
of  coordinates  y,  z. 

Page  235. 

Then  the  equation  of  surface  za  will  be 

x  —  u  4-  t*cos  0, 
y  =  y(u). 
z  —  ttsin  0. 

Faces  of  prism  at  and  *2  at  waich  lie/rest  the  curves  n  and  are 

assigned  by  the  equations 

±  y  —  (tg  y)  z  +  consl 

Curves  Tt  and  y2  as  the  intersections  of  surface  za  with  the  faces 
of  prism,  are  assigned  by  the  matching  system  of  four  equations. 

Accepting  u  for  the  parameter  along  curves  yt  and  y2,  we  find 

JC'=1±  y— —  .  y'  =  y'(«),  , 

lL-  ft  l>-  —  tt-  — 

x"=  ±  - y- - .  y"=y"(«),  Z"=  ± 

..  *«T 

■  ith  small  vAand  *  for  curvature  *  curves  yx  and  yt  is  obtained 

the  formula 
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Let  as  find  the  any le  *0  to raed  by  the  tangential  planes  of 
surface  with  the  planes  oi  curves  yt  and  y2,  that  is  by  the  faces 

of  prisa  at  and  a2.  The  normals  to  the  planes  of  the  faces  of  prisa 
have  the  angular  coefficients 

o- 

The  angular  coefficients  of  normal  to  the  surface  ZA  are  equal  to 

y  sind,  — sind,  — y'  cosO. 

Hence  for  an  angle  a,  is  ootained  the  expression 


Page  236. 

The  cell/element  of  the  arc  of  curves  yt  and  y2  is  equal  to 

^“{f1  ±  t[£),+  j^} da- 

Let  us  take  points  l  and  1*  in  curves,  which  liait  surface  Z, 
and  arrange/located  on  one  vertical  line  (Pig.  47) .  If  surface  Z 
isoaetrically  is  super imposeu  on  initial  cylindrical  surface,  then 
points  X  and  X*  will  not  oe  located  on  one  generatrix.  Let  us  find 
the  angular  displacement  of  point  X  relative  to  X*  during  this 
imposition. 

\A 

Let  us  continue  on  periodicity  surface  ZA  for  line 


the 
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second  end  linear  generator,  that  proceeds  from  point  X  (Fig.  47). 
Triangle  XX'X"  -  rectanyular  uitti  right  angle  at  point  X'.  If  we  are 
run  up/turn  our  cylindrical  surface  to  the  plane  of  triangle  XX'X", 
record/fixing  points  X  ana  X",  then  X*  will  aove  in  the  direction  of 
the  height/altitude  of  triangle  in  certain  distance  of  d.  In  this 
case,  the  distance  between  points  X  and  X*  will  increase  by  value 

A  h  =  d  sin  d, 

and  the  which  interests  us  smft  ot  point  X'  relatively  X  will  be 

b  =2d  cos  d. 

For  value  Ah,  we  can  obtain  expression  with  the  aid  of  function 
y(«).  that  assigns  curve  jr,  tnrougn  which  is  passed  the  surface  a 
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Fig.  47. 
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Angle  u  we  will  call  the  angle  of  twist  of  cylindrical  surface 
with  its  bending  into  surface  of  L. 

2.  Expression  for  functional  U  (Z) .  The  determination  of  the 
elastic  state  of  shell  during  supercritical  deformation  is  reduced  to 
the  examination  of  variational  proolem  for  the  functional 

W  (Z)  =  U  -  A. 

where  0  -  strain  energy  of  shell,  A  -  the  produced  by  external  load 
work.  Let  us  find  expression  U  and  A  for  the  isometric 
transformations  of  initial  cylindrical  surface  into  form  of  Z.  Strain 
energy 

u=uz+uv 

where  Uz  -  energy  of  bending  over  basic  surface,  u  -  strain  energy 
along  fin/edges. 

Page  238. 

Energy  Uz  per  the  unit  surface  area  of  shell  is  calculated  from  the 
formula 

Uz  =  24  (f^v?r  (Aki  +  AAi  +  2v  A*,  AAj). 

where  Akt  and  Ak*  -  extreme  changes  in  the  normal  curvatures  upon 
transfer  from  initial  cylindrical  surface  to  surface  of  Z.  In  view  of 
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the  smallness  of  angle  4 ,  it  is  possible  to  count  that 

Afc,  ~  k  —  ■£,  A  A,  =  0, 

where  It  -  normal  surface  curvature  Z  in  direction,  perpendicular  to 
its  generatrices,  and  R  -  radius  or  initial  shell. 


Since  surface  Z  is  comprised  iron  n  of  congruent  regions  ZA, 

that 

Uz  =  ff  UdS=nf  f  UdS 
z  z; 

Designating  b  (*)  the  length  or  tne  cut  of  the  forming  surface^-  by 
passing  through  the  point  (%)  curve  y,  with  small  ones  »  and  w/a  let 
us  have 

Jj  Dds-24<T-?T  J  »<*)(*<*>- *)***• 

ZA  -LI2 


Length  of  the  cut  of  generatrix 


b  <*)==(is,nT+y(jc>) 


sin  #  tg 


Taking  into  account  the  smallness  of  values  w/n  and  9,  and  also 
expression  for  a=2*R/n,  we  will  obtain 

+  »«*>)£• 


Hence 


zA  -in 


Page  239. 
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In  view  of  conditions  1)  ami  ,  wnich  satisfies  function  y  (*.)  (see 


Section  1),  we  can  write 


yj  Lr:  Ln 

J  yy"idx  =  0,  f  y'dx—0.  f  ydx  =  0. 

-in  -L 


A/2 

f 

-It 2 


i-P  Lrj 

f  y"y  dx=—  j  y^dx. 


-Ln 


Therefore 


Si 


UdS 


.nfW> 


\2n  (1  —  vJ)  0*  J 


f"  y"!  dx 


+ 


Ln 


,  nEt)3  |  ,j 

^  vn  w  J  y  ax  + cons<- 

-L  . 


Thus,  energy  of  bending  over  the  Basic  surface  of  shell  is  equal  to 


Ln 

. .  nERf)*  f  „j 

Uz~  12(1—  J  y  + 


-A/2 


A/2 


On  (1  —  v*) 


j  y'2  dx  -|-  const. 


-A/2 


Let  us  calculate  now  energy  We  have 

Uy=U°y-{-  A  Uy. 


where 


U°y  —  nj  cEb  (p  ’x‘  ’  dsy, 

V 

pM  [> 

EUy  =  n  |2  ^  J  *f  (—  2ft,  -+  kt)dsy 


Here  #  -  angle  between  the  plane  curved  y  and  the  tangential  planes 
of  surface  z  along  this  curve,  *#  and  -  noraal  surface 

curvatures  Z  in  the  direction,  perpendicular  to  fin/edge,  and 
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normal  curvature  of  initial  cylindrical  surface  in  the  corresponding 
direction.  Let  us  begin  from  the  determination  of  value  Al/y. 


Page  240. 


From  the  construction  o£  surface  of  Z ,  it  follows  that  the 
normal  curvatures  k,  and  kt  are  equal  in  magnitude  and  have 
opposite  signs.  Therefore  +  =  and,  therefore, 

At/T=B6(r-v»)  J**«rf*r 
¥ 

If  we  designate  through  a  tne  angle  between  the  tangent  to  curve  y 
and  the  direction  of  the  axle/axis  of  prism,  then 

k„  ~  cos*  a. 


It  is  not  difficult  to  obtain  expression  for  an  angle  a,  on  the  basis 
of  equation  by  curve  y.  Kith  snail  v/n  and  9  we  have 

('  *  sr 


cos*  a  i 


('*£) 


j  /V_  • 


Angle 


•-*((> 

The  cell/element  of  arc  to  curve  y  is  equal  to 

rfsv  =  (('  *■&)*+ 1*?)'  Ydx- 

Substituting  these  values  in  formula  for  &Uy.  we  will  obtain 


AL/„ 


n>EV 

6jt  (I  —  v*)  ktt* 


La 

J  y,2dx. 

-In 


Let  us  calculate  now  U\.  Substituting  the  value  9-  *  and  dsy  in 
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fonula  for  let  us  have  for  one  fin/edge  Y< 

Ln 

•In 

Ln 

■ic£‘  "(t)Vi*(,+(S0’+(^)>*. 

Page  241. 


In  view  of  smallness  d,  it  will  oe 

(&>’»(£)'• 

Therefore  it  is  possible  to  count  that 

Ln 

‘•I-  J  +  (■&)>*• 

-Ln 

The  energy,  connected  witn  local  pending,  on  all  fin/edges  of  surface 


Z  is  equal  to 


Wl 

<4 J  +  (#!>*• 


Store/adding  up  the  ontained  formulas  on  U°\  and  At/,  we  find 
total  energy  of  the  supercritical  deformation  of  the  shell 

Ln 

,,  n.ERb 1  f  „j  j 

U  “  12(1  —v»)04  J  y  + 

- Ln 


Lf* 


Hence,  taking  into  account  or  condition  1)  and  2)  for  function  y  (I)  , 


we  will  obtain 


#  ,  n£/?6*  f  4i//2  w  ^ 

t/~  6(1  —  v»>-&~  J  y  ix  + 

•In 

Lfi 

4-  2cnEb'1'  (-£-)’  J  |/|’A(l  4-  )  dx  4  const. 


I 
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Let  as  introduce  dine ns ion less  variables  «  and  y,  set/assuming 


r—Lx  ci„»-  **/?  - 
x~~-  y  =  TsinT  y  —  ~ZT  y 


Page  242. 


In  the  new  variables  It  and  y  the  teature  above  which  we  will  lower, 
we  ha  ve 

-I 

1 

4-  2 ncEb"'R"‘  (-5.)*  J  |  y"  |%(|  4-  ?’*)<! x  4-  const 

The  angle  of  twist  of  shell  in  new  variables  is  equal  to 

®  “2(£f  \f*x- 

-i 

Just  as  in  the  pr eceding/ptevrous  examinations,  we  proceed  from 
assumption  about  the  fact  tnat  the  periodicity  of  the 
sagging/deflections  of  shell  during  supercritical  deformations  is 
determined  by  the  periodicity  or  sagging/def lections  at  the  moment  of 
loss  of  stability.  Therefore  parameter  n,  entering  the  expression  of 
strain  energy,  we  will  determine  from  the  examination  of  the  loss  of 


stability  of  shell. 


1 
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Let  the  hinged  suppocted  on  edges  cylindrical  shell  of  radius  B, 
of  length  L  and  of  thickness  6  locate  under  the  action  of  evenly 
distributed  on  edges  tangential  force  s.  Let  us  introduce  on  the 
surface  of  shell  curvilinear  coordinates  * ,  y  because  this  was  made 
in  the  preceding/previous  examinations,  and  let  us  designate  through 
w(Xf  y)  the  radial  saggiug/aef lection  of  shell  at  the  moment  of  loss 
of  stability.  Function  w  (X,  y)  satisfies  the  differential  equation 

T  AAAAw  +  W  “  2sAA  (sSj)  “  °' 

In  the  linear  theory  of  snails  for  sagging/def iect ion  v (*,  y) 
usually  is  accepted  the  expression  of  the  form 

«-cs>n-^co»(?(y-V*>). 

If  this  expression  is  substituted  into  equation  for  u,  then  we  will 
obtain  two  relationship/ratios  tor  values  n,  y  and  s. 
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following  resultant  expressions: 

-1 

1 

-(-2jrcpf63(^-)  |  |/|v,(l  +  const. 

-*nr&r  f 

-i 

3.  Investigation  oi  supercritical  deforwations  of  shell.  With 
£=0.75  we  have 

(4)  '<»■  “-J0W  (4)'  (■ vT 1  <»'• 

where 


Ay)  =  / (y"2  +  4.35 1  y"  |v*(l  +  /*))**. 

-1 

I 

l(y)=  f  y'*dx 


Page  244. 


Function  y(K),  the  assigning  fora  of  shell  during  supercritical 
deformation,  we  will  determine  from  the  condition  of  the  minima  of 
energy  of  elastic  deforaation  U  at  the  assigned/prescribed  angle  of 
twist  w,  that  is  from  the  condition  of  ainiaua  J  (y)  when  X(y)=const. 
The  solution  of  this  variational  problem  let  us  search  for  aaong 

functions  y  (*)  ,  that  satisfy  the  conditions: 

1)  y( — 1)  =  y ( I )  =  0; 

2)  y"(x)=a  iftfli  |jr|<h<  1; 

3)  y"(x)  =  0  n$  lx  |>A. 


Key:  ( 1)  .  with 
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where  a  and  b  -  varied  parameters.  Graphically  function  y  (X)  is 
represented  in  Fig.  48.  Grapn  consists  of  two  rectilinear  cuts,  which 
smoothly  adjoin  the  paranoia.  Analytically  function  y  (*)  is  assigned 
by  the  equations: 

y(x)=abx  —  ab  npn  x  >•&, 

y(x)=  —  abx—  ab  nfrft  x  <  —  b, 

y(JT)=  ±f-^-ab  n  k\x\<b. 

Key:  (1)  .  with. 

For  the  integrals,  entering  J  (y)  and  X(y),  are  obtained  the 
following  expressions: 

i  i 

J  y"idx  =  2a*b.  f  y'idx  =  2a*b*  —  j  a?6s. 

-1  -1 
1 

J  I y" l'A ( 1  +  y'2) dx «=  2 ahb -I- 1  o'1**. 
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Pig.  48. 
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Substituting  these  values  in  J  and  X,  we  will  obtain 

J  —  2u-b  -f-  4,33  [2a  >b  ■+-  y  , 

X  =  2a5/>5  —  j  aW. 

The  task  of  miniaua  J  under  condition  x=const  we  is  solved 
numerically.  Specifically,,  record/fixing  X,  we  are  assigned  by  the 
different  values  of  paraaeter  b,  from  condition  X=const,  we  find  the 
corresponding  to  them  values  or  a,  then  we  coipute  J  and  we  deteraine 
its  saall  value. 

During  this  solution  of  task,  logically  arises  the  guestion 
concerning  are  such  the  allowed  values  X.  In  order  to  solve  this 
question,  let  us  note  that  tue  dimensionless  variable  y  according  to 

sense  does  not  exceed  unity  on  aodule/aodulus .  But  since 

max  |  y  |  =  — -Tp  -\-ab, 

ah- 

- r+a/,<1- 


that 
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consequently. 

By  method  indicated  aoo v«  at  values  X  from  interval  V£X<2.8, 
through  every  0.2  were  obtained  values  ninJ.  In  this  case,  it  turned 
out  that  the  value  of  toe  vanaole  b,  for  which  in  the  interval  of 
values  X  indicated  was  teacued  minimum  J,  it  does  not  virtually 
change,  and  it  it  is  equal  -O.i. 

Substituting  the  value  d=0.3  in  expressions  J  and  X,  we  will 
obtain 

X  =  0,144aJ,  J  =  0.6a*  +  4 .35a"»  (0,6  +  0.0 1 8aJ). 

Whence 

7=4.151+  7. 1A.'*  (0.6  +  0.)  251). 

Let  us  establish  coaaunication/connection  between  the 
common/general/total  deformation  of  shell  which  is  characterized  by 
the  parameter  X,  and  by  tn@  received  by  shell  load. 

Page  246. 

Condition  of  the  equilibrium  of  snell  - 

dU  _  dA 
dx  ~  ax  • 

where  0(y)  -  the  strain  energy,  A  -  the  produced  by  external  load 
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work.  Strain  energy  - 


Let  us  find  the  work  A.  We  have 
A  — -  luRbstoR. 

Substituting  here  the  values 

s  =  sfc'  .  w  =  2  •  0.75s  (--)  (tt)  ‘ 

we  will  obtain 

Proa  the  condition  of  eguiliorium,  we  now  find  which  interests 
us  comaun icat ion/con nection  Detween  load  and  deforaation 

s  =  0.0272  (4.15  -f-  1  .OGL"*"  +  1 . 1  Xv*)  (-££-)  '* . 

It  is  easy  to  see  that  function  s(X)  aonotonicaily  decreases 
with  X<2.9,  therefore,  and  despite  all  allowed  values  x.  This 
completely  corresponds  to  the  character  of  transition  to 
supercritical  deformations. 


Let  us  find  the  small  value  of  s.  We  have 


With  b=0.3  value  X^2.2.  Therefore 

mini  =  0.18(-p-y\ 


Thus, 

deforaation 

formula 


the  smallest  received  hy 
,  that  is  lower  critical 


shell  load  during  supercritical 
load,  is  determined  from  the 
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and  comprises  approximately  t a*  rourth  of  the  upper  critical  load 


Our  all  examinations,  until  now,  were  related,  strictly 
speaking,  only  to  unlimitedly  elastic  shells,  since  we  did  not 
consider  that  fact  that  in  toe  zone  of  powerful  local  bending  were 
possible  the  inelastic  detor matrons.  Therefore  for  real  shells,  i.e., 
the  shells,  which  possess  the  limited  elasticity,  the  obtained 
results  are  used  only  witn  toe  observance  of  some  conditions.  Let  us 
find  these  conditions. 

For  maximum  voltage/stresses  a  in  the  zone  of  powerful  local 

bending,  we  have  the  formula 

o  = 


Substituting  here  values  ♦  and  x.  we  will  obtain 

o  =  <■'£<>*  (A)  (/- 1* 

or,  in  the  dimensionless  variables  X,  y, 

0  “  C'E  (t)J  < 1 6 1  / 1  >*  (tt)%  • 

Determining  the  value  of  parameter  n  from  the  relationship/ratio 

£-!(£)"•• 

we  will  obtain 

0  =  2.l£*|y'|*. 

The  great  value /y''/=a  is  obtained  at  the  greatest  value  X-2.2 
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and  is  determined  from  the  condition 

X  =  0.144aJ. 

Hence  a=3.8,  and  therefore 


1  Thus,  our  examinations  are  related  only  to  such  shells  with  the 
limited  elasticity  of  material,  whose  voltage/stresses  by  value  4E6/R 
do  not  cause  plastic  deformations.  He  will  consider  this  condition  as 
that  carried  out,  if 

«!<«■• 

where  o,  -  time/temporary  strength  of  materials. 


Example.  For  shell  of  steel  E=2«10*  of  kg/cm*,  o,  =  4  103  kg/cm. 
Our  condition  is  reduced  to  that,  in  order  to 

4  >  2000. 

Thus,  the  discussion  deals  with  very  films. 


Now  we  will  examine  the  supercritical  deformations  of 
comparatively  thick  shells,  that  is  the  shells,  which  satisfy  the 
condition 

°'<4f|. 

For  such  shells  of  the  deformations,  examine/considered  above,  they 
lead  to  the  voltage/stresses  in  tne  zone  of  powerful  local  bending, 
which  emerge  beyond  elastic  limit  of  material.  In  connection  with 
this  according  to  the  considerations  which  already  were  given  in  the 


» 
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preceding/previous  paragrapns,  minimizing  functional  J  with  X=const, 
we  must  place  as  supplementary  requirement  the  observance  of 
condition  o<o,.  where  a  -  voltage/ stress  in  the  zone  of  powerful 
local  bending. 

He  found  for  bending  stresses  the  expression 

o  =  2.1E  J  Ya. 

Hence  it  follows  that  at  the  considerable  detonations  of 
comparatively  thick  shells  parameter  a  retains  constant  value, 
precisely, 

>  o  R 


l  2,1  -fiTj 


£age  249. 


Por  such  deformations  the  minimum  of  the  functional 

J~  2a*b  4-  4,35  (2 al>b  -J-  |  a  "‘b* j 

is  obtained  with  the  substitution  of  the  value 

a  =  (-L 
l  2.1  tV*  ) 

and  of  value  b,  which  at  the  value  of  a  indicated  is  determined  by 
the  eguality 

X  =  2  aV’”-  —  1  „W. 

From  the  condition  of  the  equilibrium 

dU  _  dA 
d't.  dk 

we  find  communication/connection  between  deformation  X  and  received 
by  load  s.  Specifically,, 

s  =  0.0272  4^-. 

df. 


S J ,* 
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Hiniaizing  s  from  the  parameter  o£  deformation,  we  find  its  value 
st,  corresponding  to  lower  critical  load.  Figure  49  graphically 
depicts  the  dependence  ot  s,  oa  tae  elasto-plastic  properties  of 
material.  * 

The  presentation  o£  tars  paragraph  can  be  summed  up  by  following 
con cl usion. 

The  received  by  shell  load  during  twisting  in  the  course  of 
supercritical  deformation  is  decreased.  If  the  geometric  parameters 
of  shell  and  the  mechanical  characteristics  of  material  satisfy  the 
condi tion 

4ZT  o,. 

then  the  smallest  received  ay  shell  load,  that  is  lower  critical 
load,  is  determined  from  tae  formula 

s,  =  0,ltS£  (-jr) 
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But  if  the  condition  indicated  is  not  satisfied,  that  is  if 
4£  >  a,. 


then 


6  / /?a \i 


where  the  coefficient  »/  depends  on  the  parameter 

1  0./? 

m  =  TT6-- 

This  dependence  is  represented  in  Fig. 


49 
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Plot 


SUPPLEMENT  I 

SONE  QUESTIONS  OF  DYNAMICS. 


The  aethods  of  the  study  ut  tae  supercritical  elastic  states  of 
shells  with  static  loadmj,  developed  in  chapter  1,  2,  J,  can  be  used 
also  during  the  solution  or  toe  tasks  of  dynaaics.  In  present 
suppleaent  the  applicatioa/us*  of  these  aethods  is  illustrated  on  the 
specific  probleas  of  the  dtaoility  of  shells  uith  dynaaic  load,  and 
also  during  the  study  oi  oscillations  uith  large  aaplitude. 


$  1.  Strictly  convex  shells  vita  dynaaic  load. 


He  vill  exaaine  the  flat  strictly  convex  hull,  rigidly  attached 
on  edge.  This  shell  under  tae  external  pressure  qs,  greater  than 
critical  </>,>•  loses  stability  ana  it  begins  to  be  swelled.  The  process 
of  bulge  rapidly  progresses  ana  it  leads  to  the  coaplete  cracking  of 
shell  which  is  acconpanied  oy  “cotton/knock".  To  the  study  of  the 
dynaaics  of  this  process  it  will  oe  dedicated  to  p.  1. 


If  to  shell,  which  is  located  under  the  external  pressure  q0 
saaller  than  critical,  affects  intermittent  load  g,  auch  greater 
critical,  then  the  loss  or  staoility  of  shell,  caused  by  load  g. 
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because  of  load  q0  can  also  i««a  to  cracking  of  shell.  The 
deter sination  of  the  aimaua  aosentua/ia pulse/pulse  qv,  capable  of 
causing  cracking  shell,  vaica  is  located  under  pressure  q0.  •  ill  be 
given  in  p.  2. 

1.  Dynaaics  of  "cotton/kuoc*"  with  unifora  loading  of  shell. 

Page  252. 

Let  us  visualize  sufficiently  flat  strictly  cenvex  shell,  rigidly 
attached  on  edge,  on  vhicn  affects  the  evenly  distributed  external 
pressure  P>  P»-  Under  this  pressure  the  shell  is  swelled  and.  thus, 
it  starts  up.  The  deforaation  or  shell  is  coapleted  by  the  coaplete 
cracking  of  shell  with  characteristic  "cotton/knock".  The  task,  which 
we  want  to  examne,  consists  in  tne  study  of  the  deforaation  of  shell 
on  tine,  in  particular  in  tne  explanation  of  the  physical  cause  for 
"cotton/knock". 

Qualitatively  the  ueforaation  of  shell  we  will  visualize  in  the 
Banner  that  this  is  represented  in  Pig.  50a,  where  are  given  noraal 
sections  of  shell  at  successive  aoaents  of  tiae.  Figure  50b  the  saae 
process  depicts  scheaaticaily  vita  respect  to  the  accepted  by  us 
aethod  of  approaching  tne  fora  of  shell.  The  deforaation  of  shell  up 
to  torque/aonent  t  we  visualize  in  the  fora  of  twofold  airror  bulge 
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(Piq.  50c).  It  consists  or  ia e  antor  reflection  of  the  segnent  of 
shell  relative  to  plane  a,  close  to  edge,  with  the  subsequent 
reflection  relative  to  ^laue  p. 

In  order  to  deteraiue  to*  notion  of  shell  In  the  deforaation  in 
question,  ve  will  use  Heantou-ostrogradskiy *s  variation  principle, 
according  to  whoa  a  variation  ia  the  functional 

J—fwdt.  V  —  K-U+  A. 

is  equal  to  zero.  Here  K  -  tae  noetic  kinetic  energy,  0  -  the  strain 
energy  of  shell,  k  -  work,  produced  by  the  ezternal  pressure  p.  Since 
us  interests  a  question  concerning  the  physical  cause  for 
"cotton/knock" ,  we  will  ce  restricted  to  the  study  of  notion  in  the 
final  stage  where  is  observed  toe  phenoaenon  of  "cotton/knock". 

Let  us  deteraine  values  adu/coaposed  by  K,  (J  and  k  in  integrand 
8.  Let  us  begin  froa  strain  energy  0. 
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Page  253. 


If  the  planes  a  and  0,  which  ace  determining  airror  bulge,  ace 
sufficiently  distant  froa  each  otner  (but  us  interests  now  precisely 
this  case) ,  t hen 


where  h  -  height/altitude  of  the  segment  ,  intercept/detached  by  plaue 
0,  Rt  and  B2  *  aain  radii  of  curvature  in  the  center  of  bulge,  6  - 
thickness  of  shell.  By  sign  (*)  markedly  analogous  add/coaposed, 
which  corresponds  to  plane  a.  Under  our  assuaption  about  the 
character  of  the  deforaation  in  guestion  this  expression  is 
stationary,  and  therefore  it  is  unessential. 
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Work  A,  produced  by  tuu  external  pressure  p  by  the  deformation 
of  shell,  with  an  accuracy  to  unessential  tera/coaponent/addend, 

which  we  also  will  designate  i*> •  at  is  deterained  froa  the  toraula 

Amm  —  1pV+(»). 

where  v  -  a  voluae  of  the  segaent,  inter cept/detached  by  plane  8, 

i.e. 

V'-.nA’  \'Rjr 

The  kinetic  kinetic  energy  of  shell  is  equal  to 

Af«^SAv(2A'y». 

where  S  -  an  area  of  the  segaeut,  intercept/detached  by  plane  0,  6  - 
thickness  of  shell,  y  -  Material  density,  2h*  -  deforaation  rate.  He 
have 

S~2.-Oi  V'R-'Rr 

Substituting  the  obtained  values  into  expression  i,  we  will 
obtain 

W  =  4.tA  V —  tuEb  +  -^-|(2A)  ’  — 

-  2 n/>A»  VW*i  ♦  (•> 

Thus,  expression  H  takes  tne  fora 

W  =*  c0(**'i  -  c,As  -  fjA*)  +  (•). 

where  c0,  ct,  c2  -  positive  constants  (they  do  not  depend  on  h)  . 


Page  254 
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Froa  inversion  into  uco  variations  in  functional  J,  it  follows 
that  function  h  (t)  ,  that  assign*  uwforaation,  satisfies  the  aquation 
of  fylera  -  Lagrange 

2*A*  +  A'*  4  y  f,  VI  4-  2f,A  —  0 

Multiplying  this  equatiou  on  u*  and  integrating,  we  will  obtain 

hh  ’  4  t ,AS  +  —  e  «■  conil. 

Integration  constant  c,  obviously,  is  sore  than  mo. 

At  the  aoaent  of  coaplete  clacking  (h->0)  h*-+».  But  since  h 
according  to  sense  is  non-negative,  then  the  speed  of  bulge  (h*)  at 
the  aoaent  of  cracking  sutlers  breakage.  Physically  this  aeans  that 
the  cracking  is  accoapaaied  oy  snook.  As  a  result  of  this  shock  is 
obtained  the  "cotton/knoca" . 

2.  Critical  aoaentua/iapulse/pulse.  Let  us  exaaine  flat  strictly 
convex  hull,  rigidly  attached  on  edge,  which  is  located  under  the 
external  pressure  q0  saailer  tnan  the  upper  critical  value  V»-  Let 
this  shell  experience/test  toe  snort-tera  external  pressure  q,  which 
considerably  exceeds  <7,  men  at  sufficient  intensity  of 
aoaentua/iapulse/pulse  qr,  created  by  this  load,  the  aost  complete 
possible  cracking  of  shell.  Let  us  estiaate  the  value  of  this 
aoaentua/iapulse/pulse . 
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He  will  visualize  tne  decocaation  of  shell  under  the  power 
influence  indicated  on  it  as  follows  (Pig.  51)  .  At  the  initial  aoaent 
under  load  q,  the  shell  loses  stability  and  it  begins  to  be  swelled 
(1).  Then  bulge  increases  and  it  leads  to  partial  cracking  (3).  After 
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Pig.  51. 


Paqe  255. 

In  view  of  the  short  duration  of  the  action  of  load  q,  it 
conaunicates  the  region  of  bulge  speed  V,  which  is  deterained  by  the 
relationship/ratio 

Sbyv  Sq t. 

where  S  -  an  area  of  the  region  of  bulge,  6  -  thickness  of  shell,  y  ~ 
naterial  density.  Hence 


The  kinetic  kinetic  energy  of  shell,  caused  by  the  effect  of 

BoaentuB/inpulse/pulse  qr,  is  equal  to 

k- £!*!>! 

This  energy,  just  as  the  produced  ny  pressure  q0  work  K ,  in  state  (4) 
they  transfer/convert  into  tne  strain  energy  of  shell.  Thus,  we  have 
the  equality 

(/(«)  =  /(  +  ^(4).  (•) 

where  (4)  it  indicates  that  taw  corresponding  value  is  deternined  for 
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the  state  of  shell  (4),  when  tae  deformation  rate  is  equal  to  zero. 

In  view  of  the  instability  of  the  elastic  state  of  equilibrium 
in  the  form  (4)  (chapter  1),  tae  saell  from  this  state  either  reduces 
its  initial  fora  or  it  transfer/couverts  to  complete  cracking. 
Everything  depends  on  that,  there  will  be  load  q  (4) ,  received  by 
shell  able  (4) ,  is  less  taan  g0  or  more  q0. 

Depending  on  sagginy/derlection  2h  in  the  center  of  bulge,  the 
strain  energy  is  deterarned  from  tue  formula 

The  produced  by  the  external  pressure  q0  uork  is  equal  to 

A  =  2 nqj?  VRJr 

Substituting  these  values  in  relationship/ratio  (*)  ,  ve  will  obtain 
equation  for  sagging/dei lectroa  2h  in  state  (4) . 


The  received  by  shell  load  mth  bulge  depending  on  sagging  in 
center  (2h)  is  limited  on  the  formula 

q(2h)^~  c Cl—  -+  -L)  ' 

*  U,  ^  rJVW.T*' 
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The  ainiaua  value  g0(  at  which  ie  possible  cracking  shell  of  state 
(4) ,  it  is  deterained  by  tne  condition 

Vo  (••> 

where  2h  it  is  found  fro*  equation  (*) .  Therefore  the  ainiaua 
aonen tua/ia pu lse/pulse  qx  defending  on  static  load  go  we  will  obtain* 
if  we  exclude  paraaeter  b  troa  equations  (•) ,  (••)  and  the  obtained 

relationship/ratio  is  solved  relative  to  qr. 

Let  us  designate  tnrouga  q,  lower  critical  pressure  for  a 
shell.  In  chapter  1  (page  55)  for  it  is  obtained  the  foraula 


where  2 h,  -  the  naxiaum  geoaetr ically  peraissible  sagging/deflection 
in  the  center  of  bulge.  Values  U  and  A  in  relation3hip/ratio  (*)  can 


be  written  thus: 
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V'2*4. 

/»=-■**,  VWiM?'  Vu, 

In  expression  for  A,  we  us«m  equality  q0zq(2k). 

Now  relationship/rdtios  {*)  aud  (**)#  fcoa  which  it  is  to 
exclude  h,  they  will  be  written  as  follows: 

V~RjtW)H‘V% J,=K. 

Paraneter  h  easily  is  elis^nated,  and  we  obtain 

VRjA2h.t  =  K4- 

After  substituting  into  this  relationship/ratio  the  value 


let  us  have 

Page  257. 


Hence  it  is  apparent  that  maea tua/iapulse/pulse  qr  will  be  ainiaua. 
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if  is  maximal  S,  that  is  cad  <u bd  of  the  region  of  bulge  at  the 
aoaent  of  loss  of  stability.  Being  segment,  this  region  will  be 
greatest  at  height/altitude  2h,  in  this  case 


S  ^  u.Vi,  1  KtKr 

Substituting  this  value  in  the  obtained  above 
relationship/ratio,  we  iina 


~^r- 


This  fornula  establishes  connunication/connection  between  the  value 
of  the  static  external  pressure  g0  on  shell  and  internittent  load  q, 
which  effects  for  tine  r ,  capable  of  causing  the  conplete  cracking  of 
shell.  Let  us  recall  that  nece  <//  -  lower  critical  pressure,  as  we 

it  determined  in  chapter  1,  2/i,  -  the  naxinun  geoaetrically 

pernissible  sagging/deflection  of  shell  with  nirror  bulge,  A  - 
thickness  of  shell,  y  -  material  density. 


§  2.  The  dynaaic  load  of  cylindrical  shell. 

In  present  paragraph  we  will  examine  the  task3,  analogous  to 
that  which  in  §  1  are  solved  for  strictly  convex  hulls.  Let  us 
visualize  cylindrical  shell,  hingeu  rested  on  edges,  which  is  located 
under  the  action  of  the  axial  coapressive  load  g0  smaller  than  the 
upper  critical  value.  Let  on  tnis  shell  short-tern  affect  load  q. 
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i - - — - -«tucu  considerably  exceeds  upper  critical. 

In  this  case,  the  shell  loses  staoility  and  it  begins  to  be  swelled. 
At  sufficient  intensity  of  tne  uoaentua/iapulse/p ulse  of  load  q,  it 
can  happen,  that  the  shell  does  not  reduce  initial  cylindrical  fora. 
The  deteraination  of  this  ainiauu  moment  un/impulse/pulse  coaposes  the 
content  p.  1.  In  p.  2  is  axaained  analogous  task  for  the 
aoaen tua/inpulse/pulse,  created  by  external  pressure. 

Page  258. 

1.  Critical  aoaen t uu/iapuise/pulse  during  axial  coapression.  Let 
us  examine  the  cylindrical  saell  or  radius  B,  of  length  L  and 
thickness  6,  hinged  supported  on  edges,  which  is  located  under  the 
action  of  the  axial  coaptessive  load  q0 .  Purtheraore,  on  shell 
short-tern  affects  load  g  for  a  period  of  time  r.  Let  us  explain,  at 
what  value  q0  the  shell,  utter  losing  stability  under  the  action  of 
load  q,  reduces  its  initial  cylindrical  fora.  In  connection  with  this 
let  us  exaaine,  first  of  ail,  tne  initial  stage  of  the  deforaation  of 
shell  in  tine. 

He  will  assuae  that  tne  bulge  of  shell  at  the  initial  aoaent  is 


described  by  the  law 
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w  =  u  (/)  sin  x  tin  ^  . 

Here  w  -  the  normal  sagging/aef lection  of  shell,  a  and  n  -  the 
integral  parameters,  whicn  characterize  the  fora  of  wave  foraation  on 
the  surface  of  shell  with  bulge,  x.  y  -  coordinate  on  the  surface  of 
the  shell:  x  -  on  generatrix,  y  -  according  to  the  circular 
section/cut,  perpendicular  to  axle/axis.  On  the  basis  of  the 
assumption  indicated  about  tae  character  of  the  sagging/deflections 
of  shell  with  bulge,  let  us  find  function  u(t),  that  assigns  a  change 
in  the  sagging/deflection  with  trae.  For  this  purpose,  let  us  coapose 
the  equation  of  notion  of  shell. 

The  motion  of  shell  rs  determined  froa  stability  condition  of 
the  functional 


f(K-U+A)dt. 

ol  motion  > 

where  K  -  a  kinetic  energy, a0  -  strain  energy,  A  -  the 

produced  by  external  load  worx.  let  us  find  expressions  for  K,  0  and 
A.  He  will  assune  that  kinetic  energy  of  the  aotion  of  shell  is 
caused  in  essence  by  radial  displaceaents.  Then  it  is  calculated  froa 
the  formula 

k  “  t  t6  J  J  w' ' dx  d y* 

where  y  -  material  density  of  shell.  Simple  calculation  shows  that 
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Page  259. 

Id  order  to  determine  strain  energy  0,  let  us  discuss  as 
follows.  First  of  all,  it  is  oovious, 

L  —  ci»\ 

where  C  does  not  depend  on  u.  Let  us  coepose  the  equation  of  the 
natural  oscillations  of  shell.  1ms  there  will  be  the  equation  of 
-  Lagrange  for  the  functional 

f  (K-U)dt 

and,  therefore,  it  takes  tne  fors 

-J.nRi.Y<w',  +  C«  =  0. 

Natural  vibration  frequency  u(a,  a)  is  expressed  as  the  coefficients 
of  this  equation.  Specifically, 

,  *c 

*  ~  *M\4  • 

C  *  -J-  utnRLyb. 


Hence 
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Thus,  the  strain  energy  of  snail  is  equal  to 

U  *=  |  u?xRLytM!. 

where  w  -  the  natural  uocdcxou  frequency  of  shell,  which  corresponds 
to  the  fora  of  wave  formation  vita  parameters  a  and  n. 


Let  us  find  that  now  produced  by  the  external  load  q  work  A.  The 
lateral  deformation  of  sneil  is  accompanied  by  axial  compression 
along  generatrices.  In  sectioa/cut  y,  this  compression  is  equal 


Hence  the  work 


S mJf 

A—  J  hLqbd y  = f  J  m^rfxrfy. 


Simple  computations  give 


.  _  yn*  ftm'flu* 

*  ”  f - . 

Now  it  is  easy  to  write  the  equation  of  notion  of  shell. 


Page  260. 


It  takes  the  form 
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»'  —  vru  0. 


where 


— r*r- 

He  assune  load  q  sufficient  large,  so  that 


Since  sagging/deflection  u  at  the  initial  aoaent  is  equal  to 
zero,  the  which  interests  us  solution  of  equation  of  eotion  takes  the 
fora 


■  as  f  sh  ttf . 

So  that  would  occur  the  bulge,  C  Bust  be  excellently  froa  zero.  In 
this  case,  u*  (0)  =ce¥0.  inus,  the  oulge  of  shell  at  the  initial 
■oaent  has  different  froa  zero  speeds.  This,  by  the  way,  is  explained 
the  "cotton/knock",  by  which  is  accoapanied  the  loss  of  stability. 

In  order  to  deteraine  the  constant  c  and,  therefore,  the 
deforaation  rate  at  the  aoaeut  or  loss  of  stability,  let  us  discuss 
as  follows.  In  view  of  tne  fact  that  load  q  is  considerably  aore  than 
critical,  the  strain  energy  of  coapression  force  g  at  the  aoaeat  of 
bulge  is  free/released  and  transler/con verts  into  kinetic 
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energy*.  Proa  this  condition  it  is  possible  to  determine  kinetic 
energy,  therefore,  and  the  defocaation  rate. 


The  compression  of  sneli,  caused  by  load  q,  is  equal 


The  total  effort/force,  union  effects  on  the  edge  of  shell  and 
created  by  load  q,  will  be 


F*=2nRt>q. 

Hence  energy  of  shell,  coaaunicated  by  load  q,  is  equal  to 


t/0«=  2n/?L6. 

Since  as  a  result  of  loss  of  stability  energy  U0 
transfer/converts  into  kinetic  energy  of  bulge,  then 


Page  261. 


Hence 


u* 


f  21? 

Il£ 


Consequently,  it  is  constant 
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Thus,  in  initial  stage  Dulge  occur*  according  to  the  la* 


u 


q  »h  W 

rn? 


2\'2. 


Op  to  the  torque/ sc do at  r  ot  the  break-down  of  load  q,  the  total 
energy  of  shell  (kinetic  energy  and  strain  energy)  Mill  be 

V  =  y  rtRLy  An'1  -+-  n^nRLy  bu]  = 

=  2}\RLb  ~  |ch,wt-|- 


After  the  break-down  or  load  q,  the  shell  continues  to  be 
swelled  under  load  q0.  let  us  study  this  bulge  in  tiae.  When  the 
deforaation  of  shell  becomes  considerable,  its  fora  it  is  possible  to 
approach  by  surface  Z,  which  is  described  in  detail  in  chapter  3. 

This  surface  is  deterained  by  function  'y  ( x,  t) .  The  speed  of  points 

during  the  deforaation  of  surface  Z  will  be  y,— Therefore  kinetic 

0+ 

energyAis  equal  to 

i 

*'=2.1/?  Ay  j  y]dx_ 

0 

Just  as  in  chapter  3,  instead  of  function  V  let  us  introduce  function 


y(x.  t),  set/assuaing 
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In  this  case, 

L 

k  n ij^r R |  y]4*- 

l 


Page  262. 

Hith  the  aid  o£  functxou  y ( x,  t)  the  strain  energy  of  shell  is 
expressed  on  forsals  (cnapter  Jj 

u-  TT  /  >!.''+JTL  /  A‘‘+ 

0 

+  2 cHEb'jfe)*  j  |y„  1*^(1  +  y\)dx  +  2jL.  . 

The  produced  by  loaa  q„  w oca  is  equal  to 

L 

A  =  2*/?  bq0  |  y\dx. 

0 

Let  a  and  b  -  be  periods  of  wave  formation  on  the  surface  of 
shell  in  circunf ereuce  and  on  generatrix  respectively.  If  ratio  b/a 
is  snail,  then  for  function  fix,  t|  #  that  assigns  the  shape  of 
surface  of  shell  with  large  sagging/deflections  it  is  possible  to 
accept  the  expression 

...  .  2nmx 

ys*  u  (I)  sill  — j —  . 

In  this  case,  for  the  kinetic  energy  K,  the  strain  energy  0  and  of 
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work  k  are  obtained  the  expressions  of  the  fora 

K  =  Ay1. 

u  =  By  +  fl,  | « |*  +  s,  I  a  Is  +  B0. 

>4  =  C  No¬ 
where  A,f  B, ,  . ..  C  -  the  constants  which  easily  are  calculated.  They 
depend  on  the  geoaetric  Vdiuws,  wnich  characterize  the 
size/diaensions  of  the  shell  (ct ,  1,  6),  of  the  paraaeters  of  wave 

foraation  (a,  n)  and  of  elastic  properties  of  the  aaterial  of  shell 

(£.  v) 


Let  the  shell  after  the  oreex-down  of  load  q  under  load  q0 
accoaplish  oscillatory  aotion  auout  basic  fora,  kt  the  torque/aoaent 
when  bulge  stops,  energy  U0,  coaaunicated  by  load  q  in  the  initial 
stage  of  bulge,  and  work  k,  produced  by  load  q0  up  to  this 
torque/aoaent,  coapletely  tney  transfer/convert  into  the  strain 
energy  of  shell  0. 

Page  263. 

Hence  is  obtained  the  relationship/ratio 

i  «  -  U 

If  we  consider  this  relationship/ratio  as  equation  for  u,  then 
it  knowingly  has  solution  with  the  saall  q0  and,  on  the  contrary. 
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there  is  not  solution  vita  sua  icient  ly  large  q0.  when  Ar,-Cr*  solution 
shell  will  reduce  its  lorn  when  it  does  not  exist,  bulge, 
speaking  in  general  terns,  uuliaitedly  it  increases.  In  this  case,  it 
is  necessary  still  to  bear  in  mud  that  u  United  by  geoaetric 
condition  (chapter  3) 

so  that  the  question  does  not  deal  with  any  solution,  but  about  the 
solution,  which  satisfies  tais  condition. 

The  nazinun  value  q0,  at  which  the  solution  still  exists,  is 
deter nined  by  the  condition  tnat  tor  it  the  solution  is  aultiple. 
Consequently,  for  this  g0  equation 

U~+  A  -  Um,  0, 

(•) 

[U„  ±  A  —  U\ .  -  0 

they  are  satisfied  siuultaneously.  If  we  fron  these  equations  exclude 
u,  then  we  will  obtain  the  relatioaship/ratio,  which  links  the 
critical  conbination  of  toe  paraawters,  that  characterize  dynanic 
load  q,  r,  q0 . 

The  relationship/ratio  indicated  between  q,  r  and  q0  is 
convenient  to  present  graphically.  Por  this,  systea  of  equations  (*) 
is  solved  relative  to  q0  and  U0. 


Then  we  will  obtain 
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Wow  the  dependence  between  values  4 Q  and  U0  easily  is  constructed, 
since  q0  and  U0  are  represented  depending  on  one  and  the  sane 
parameter  (u)  . 
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Fig.  52. 


Page  264. 


Figure  52  this  dependence  gives  in  dinensionless  variables  q„  and  9, 

-  _  n~  qR 

9o=  -£T*  «  — T5-* 


6  =  2y3  ^ch2  wt  -+-  sh3  wtj  . 


Parameters  of  the  wave  formation 


.  _  L" 

i~  2nftm 


I.  t,  =  ^=0.8 


The  shaded  region  answers  tnose  values  of  the  parameters  of  load  q, 
r ,  q0 ,  by  which  the  bulge  unlimitedly  increases. 


2.  Critical  momen tua/impulse/pulse  at  external  pressure.  We 
again  examine  the  hinged  suppurted  on  edges  cylindrical  shell.  Let 
this  shell  locate  under  the  action  of  the  stationary  external 
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pressure  qQ  and  of  the  short-turn  (during  r)  considerable  pressure  q. 

Let  pressure  q0  be  less  than  the  upper  critical  value,  but  q  is  auch 

q 

■ore  it.  Under  pressure, the  shell  loses  the  stability  and  it  begins 
to  be  swelled.  It  can  happen,  that  the  bulge,  which  appears  under 
pressure  q,  continues  unliaitediy  to  increase.  Task  consists  of  the 
deter aination  of  the  critical  coaoination  of  values  q,  r,  q0,  by 
which  is  realized  that  indicated  possibility.  This  task  does  not 
differ  in  principle  froa  that  examined  in  p.  1,  and  therefore  our 
presentation  will  here  be  sufficient  to  short  ones. 

For  sagging/def lections  w  in  the  initial  stage  of  bulge,  we 
accept  the  expression 

w  =  u  (/)  sin  -j~  sin  . 

Dependence  of  u  on  t  is  determined  froa  stability  condition  of  the 
functional 

/  (K-U+A)dt. 

OV  flf'» 

where  K  -  a  kinetic  energy*  U  -  strain  energy  of  shell,  A  - 

the  produced  by  pressure  q  work  by  deforaation. 

Page  265. 

Me  have 
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K  *=  nNl.ybu  , 
U= 


where  u  -  natural  vibration  frequency,  which  corresponds  to  the  fora 
of  wave  foraation  accepted. 


Let  us  calculate  wor*  A.  He  uave 


A=q\V. 


where  AV  -  change  in  the  voluae,  liaited  by  shell.  It  is  obvious, 

L 

AV  =  J  W  dx. 

0 

where  AS  -  change  in  the  cross-sectional  area  during  the  deforaation 
of  cylinder,  i.e.. 


Noting  that 


2» 

|  ( R -  —  (R  4  w)7)  f. 

S 


we  obtain 


Consequently, 
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It  takes  the  for* 


where 


u"  —  & fu  =  0. 


-“5=w5-i^r- 

I'he  solution  of  equation  tor  u(  which  turns  into  zero  with  t*0, 
will  be 

u  =  cshu>f. 

For  deteraination  constant  c  we  will  use  the  saae  considerations,  as 
in  the  exaaination  of  axial  compression  in  p.  1.  As  a  result  of  the 
loss  of  stability  and  tulqe,  energy  U0,  coaaunicated  by  pressure  q  to 
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shell,  transfer/converts  into  trust ic  energy*  Energy  0o  P*r 

the  unit  surface  area  is  equal  to  4e*/B,  where  *  -  the  coapression 


stresses  in  shell,  caused  Dy  pressure  q,  E  -  eoduius  of  elasticity  of 
aaterial.  Taking  into  account,  that  **qR/6,  we  find 


In  expression  J  and  X,  the  feature  above  standardized/norealized 
alternating/variable  x  and  J  for  simplicity  of  recording  is  lowered. 
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During  the  investigation  or  tae  static  equilibriua  of  shell 
under  this  pressure,  we  approaca«a  the  plotted  function  of 
sagging/deflections  y  (ii  oy  two  rectilinear  cuts,  seoothly  adjoining 
the  parabola  in  section  \x\  u  In  the  course  of  this  investigation, 
it  was  explained  that  value  a  was  snail. 

If  now  in  the  dynanic  tasx  or  the  notion  of  shell  of  proceeding 
in  question  fron  the  sane  netnod  or  approaching  the 

sagging/deflections,  considering  it  previously  a  snail,  then  let  us 
arrive  at  the  sane  expression  or  strain  enerqy,  as  in  static  task. 
This  is  connected  with  tne  snaliness  of  the  paraaeter  r  *?  Wl:  The 
physical  cause  for  this  agreenent  lies  in  the  fact  that  the  strain 
energy  is  concentrated  in  vicinity  |.r|  a.  and  the  basic  portion  of 

kinetic  energy  is  concentrated  out  of  this  vicinity,  that  is  when 

M>  a. 

Page 

Following  the  nethod,  presented  in  Chapter  3,  let  us  find 
expressions  for  strain  energy  and  by  that  produced  by  external 
pressure  work.  They  take  tne  fora 

U  ~  A)  X  4  *4^1  4"  4(j,  A  13  Cy0)., 


1  ,  •  •  . 


where  A 


C  -  the  constants  which  easily  are  deterained 
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If  shell  after  the  break-dowu  of  load  q  accomplishes 
oscillations  about  basic  cylindrical  fora,  then  at  torque/aoaent, 
when  the  speed  of  aotion  is  equal  to  zero  (X*»0),  energy  0o  and  work 
A(X)  coapletely  transfei/cob««u  into  strain  energy  (J(X).  Thus,  at 
this  aoaent 


U{X)-U9+  MX).  (•> 

If  we  this  relationship/ratio  consider  as  equation  relatively  X,  then 
it  has  solution  every  tiae  that  snell  reduces  its  fora,  accoaplishi og 
oscillations,  and  is  not  solution,  if  bulge  unliaitedly  increases. 
Peak  load  q0,  with  which  equation  (*)  has  solution,  is  characterized 
by  the  fact  that  the  equation  relative  to  X 

<(/-(/,-  A h  -  0  (..) 


has  the  sane  solution  as  equation  (*) .  The  critical  coabination  of 
paraaeters  q,  r,  q0  of  dynamic  load  is  determined  by  the 
relationship/ratio 


/<9.  t.  9o)“0. 

which  is  obtained  froa  equations  (*)  and  (♦•)  by  the 
exception/eliaination  oi  the  parameter  X. 
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Let  us  find  relationship/! utiu  f  =  0.  He  have 

=  ^1  1^"  +  "t  ~  0  a  •—  At  yj  -f  Aj  —  C(/o 

deteraininq  from  the  second  equation  Vi.  and  substituting  it  in  the 
first  equation,  we  will  ootaia  tne  unknown  celationship/ratio. 

§  3.  Large  oscillations  of  cylindrical  shells. 

The  fact  that  the  ability  of  shell  to  resist  external  agency 
usually  weakens  with  considerable  bulge,  has  by  its  consequence 
decrease  of  natural  vibration  frequency  during  an  increase  in  the 
aaplitude. 

Page  269. 

The  aore  precise  investigation  of  this  question  will  be  given  in  p. 
1.  The  decrease  of  natural  vibration  frequency  during  an  increase  in 
the  aaplitude  has,  in  turn,  raportant  consequence.  Specifically,, 
disturbance/perturbation,  wmch  is  found  in  resonance  with  snail 
oscillations,  does  not  lead  to  the  unlimited  growth/build-up  of  the 
latter.  The  study  of  this  question  is  contained  in  p.  2. 

1.  Natural  oscillations  of  cylindrical  shell.  Let  the 
cylindrical  shell,  hinged  supported  on  edges,  acconplish  free 
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oscillations  with  the  saae  per rourcit y  o i  sagginq/lef lect ions  over 
surface,  which  possesses  function  tin^nn-^  If  oscillations  are 
snail,  then  the  noraal  saggiug/aer lection  of  shall  is  equal  to 

w  r=  M  </> Sin  sin  . 

where  to  u (t)  satisfies  the  equation 

l»"  f  M  U  =  o 

Here  w  -  frequency.  It  in  a  specific  Banner  is  expressed  as  the 
parameter  of  wave  foraation  a,  guoaetric  characteristics  and 
aechanical  properties  of  snail. 

Let  us  exaaine  now  tne  large  oscillations  of  shell.  Let  us  find 
the  equation  of  these  oscillations.  It  is  the  equation  of  Euler  for 
functional 

j  (K  -  ll)dt. 

where  K  -  kinetic  kinetic  energy,  U  -  strain  energy  of  shell. 

In  chapter  3  (page  222)  for  strain  energy  is  obtained  the 


expression 
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u *  54 »t -Tn**  It) ■ J  +  COM'1 

I  !  y"  l%  «  — -jr. 


Page  270. 

Punction  y(x)  in  a  known  wanner  is  connected  with  the  norwal 
sagging/deflection  of  swell.  So  a*  in  the  tasks  of  the  static  loading 
of  shell  (Chapter  3),  function  y(x)  let  us  approach  the  function  of 
the  fora 


y 


ax'  au*  . 

~2 - j”  -f  ua(l  —  a) 


('/ 

np.H 


y  =  ua  (1  —  |x  |)  npw  |x|>a 


Key:  (1)  .  with. 


The  graph  of  this  function  consists  of  parabola  in  section  |x|<a 
and  two  snoothly  adjacent  it  rectilinear  cuts  with  ends  at  points 
(-1.0)  and  (♦1.0).  If  we  assume  a  priori  that  the  paraneter  a  is  low, 
then,  as  in  the  case  of  static  tasas,  energy  during  the 
assigned/prescribed  connon/general/tota l  deformation.  United  by  the 
condition 

I 

J  yJ</x  =  l=:  const. 
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is  determined  from  the  coaaitiou  tor  achievement  min  Jt.  The  reason 
for  this  in  the  fact  that  under  tae  assumption  indicated  the  strain 
energy  is  concentrated  in  low  region  |x|<o.  vhile  kinetic  kinetic 
energy  it  is  concentrated  in  essence  out  of  this  region.  Thus,  the 
determination  of  energy  of  deformation  in  the  task  in  question  of  the 
oscillations  of  shell  is  reduced  to  the  determination  of  the  ninimun 
of  functional  J  under  condition  X=const. 


Substituting  the  value  of  y(x)  in  the  integrals,  entering  J, 
with  small  a  let  us  have 

_/=(£)'  (*)'  2a«J  +  2 (v  —  l)2a-aJ+  12(1  -  v»)  -~r  aaV 


Parameter  of  the  deformation 


1  =  4  av. 


Minimum  J  is  located  easily,  and  for  it  is  obtained  the  expression 


Page  271. 
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In  view  of  the  fact  taut  the  plotted  function  y(x>  is  close  to 
the  broken  line,  which  consists  of  two  coeponent/links,  the 
deforeation  of  shell  can  be  cnatacter ized  by  the  saxisus 
sagging/deflection  u  (t)  .  net  us  establish  coasunication/connection 
between  u  and  X.  In  the  stundar dized/nor aa lized  variables  we  have 

).  =  j  y'dx . 

-» 

In  initial  variables  it  will  oe 

in 

,  »/>•'  f  5V 

i  *=  !  y dx 

-l: 

The  sagging/deflection  of  shell  is  assigned  by  the  function 


•T 


Therefore 


1  = 


32n‘ 

aWl 


in 

I  y'dx. 

- 1 .• 


Since  during  the  defornations  of  tne  curve/graphs  of  function  y(x)  in 
guestion  it  is  close  to  broken  line  of  two  coaponent/links,  the 


y  (x)  i  -j-  u  it). 


where  u(t)  -  aaxiaua  sagging/de riection  (sagging/deflection  with 
x=0)  .  Hence 

,  32 n‘  «» 
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Substituting  this  value  x  in  expression  J0,  we  find  the  strain 
energy  of  shell  in  dependence  on  tne  aaxiaua  sagging/deflection  u: 

U  *■  | a |  —  A  *«*  +  A^. 

where  A'0,  A't  and  k  -  constants,  moreover 

\L)  ,  .  24(1  —  v*>  L 

Let  us  find  now  the  xiuetic  enerqy  K  of  the  motion  of  shell. 
Since  function  y,  which  assigns  sagging/def lect ion,  changes  actually 
linearly  in  each  interval  (-L ft,  U)  (L/2,  6)  ,  it  turns  into  zero  with 
x=+L/2  and  has  value  of  u(t)  witn  x=0,  then 


Page  272. 


Let  us  compose  the  equation  ot  the  oscillations  of  shell  during 
large  deforaations.  He  have 

K-U  =  (u'?  -  2/4,  |  u  |  +  AV)  +  const. 

where  At  and  k  -  constants,  aoreover 

-4,  =  3. 1 /«•'•- — . 

v  <*/?»)  "•  L 

Hence  the  eguation  of  oscillations  with  large  sagging/deflections 
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takes  the  fora 


ii"  ±  —  k-u  =  0. 


where  the  sign  n  *n  oust  oe  taken  with  u>0,  and  sign  with  u<0. 

Thus,  we  have  two  equations,  that  describe  the  notion  of  the  shell: 

(0 

0  npn  ua.ioM  |«|, 

u”±Al — k2u  =  0  npH  6o.ibujow  |«|. 


Key:  (1).  with  snail.  (2j  .  with  large. 


Let  us  introduce  the  function  >(u),  determined  by  the  conditions 

1)  «(«)  =  —  h  (—  «). 

2)  h  (if)  =  ofw  npn  0  <  <i  <  =  a. 

3)  f)(u)~  ±A  —  k1u  npn  uj  >a. 


Key:  (1)  .  when. 


Let  us  examine  now  the  equation 

u"  -(-©(«)  =  0.  (») 

«ith  snail  |«|  it  coincides  with  equation  u"  ♦w*u=0,  while  with  large 
l«|  -  with  equation  u"±At-  k2u  =  0.  He  will  assune  that  equation  (*) 
describes  the  notion  of  shell  in  entire  range  of  a  change  in 
sagging/deflection  u(t).  Under  this  hypothesis  let  us  exanine  a 
question  concerning  the  effect  of  amplitude  on  the  natural  vibration 
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frequency  of  shell. 

Pirst  of  all,  we  note  taat  if  the  amplitude  does  not  emceed  a, 
then  frequency  is  constant  and  equal  to  w.  With  by  an  increase  in  the 
amplitude  the  frequency  will  decrease.  Let  us  find  frequency  with  the 
amplitude,  greater  than  a. 


Page  '*'*3. 


Let 

a  -  amplitude  of  oscillations.  Let  us  assume 


A  =  J  9  ( u )  du. 


Let  us  multiply  equation  (*)  oy  u*  and  will  integrate  in  limits  (0, 
u)  .  He  will  obtain 


u'  4  Jo  iu)iiu  =  const. 

u 


Integration  constant  is  equal  to  A,  since  u'30  with  u*a  Thus, 


u  ’  -+  J  0  («)</*  =  A- 

0 


Hence 


Integrating  this  equation  within  tae  limits  of  the  fourth  of  the 
period,  which  corresponds  to  integration  for  u  from  0  to  a,  we  will 
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obtain  the  period  of  oscillations 


t<a)  =  4 


Consequently,  frequency  is  equal  to 


w(u)  = 


t  (a)  ' 


Let  us  estimate  natural  vmration  frequency  in  the  case  when 
amplitude  at>>a.  In  connection  with  this  let  us  note  two  facts.  Pirst, 
in  the  expression 

«(«)=  ±  Ax  -  k7u 

at  geometrically  allowed  values  of  k(\<2/3)  principal  term  it  is  ±ht, 
and  ter m/component/addend  *2 u  nas  the  subordinate  value. 

Page  274. 

In  the  second  place,  with  <*>>a  tne  value  #(u)  when  0(«)  in  |«|<a 
expression  r(a)  little  arfects  value  r( «) .  Therefore  with  «>>a 
formula  for  r (a)  it  is  possiole  to  accept  ft(u)=A!.  Then  we  obtain 

Respectively  frequency  with  large  amplitude  a  will  be 
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2.  Forced  oscil latious  of  shells.  Let  us  exaaine  the  forced 
oscillations  of  the  cylindrical  saell,  hinged  supported  on  edges.  In 
p.  1,  we  found  the  equation  of  free  oscillations.  It  takes  the  fora 

«’ 4- •(«)  —  0. 

where  the  function  a  is  deterained  by  the  conditions: 

1)  <M«)  =  <iru  (a  npM 

2)  4(«)a±A,  —  k'u  npM  |«|>a. 


Key:  (1).  with. 

This  equation  is  the  equation  of  £ylera  -  Lagrange  for  the  functional 

J  (K-U)dl. 

where  K  -  kinetic  kinetic  energy,  0  -  strain  energy.  The  equation  of 
forced  oscillations  will  oe  tne  equation  of  eylera  -  Lagrange  for  the 
funct  ional 

j  (K  —  U  +  A)dt, 

where  K  and  U  have  previous  value,  A  -  produced  by  external 
disturbance/perturbaticn  won.  Hence  it  follows  that  the  equation  of 
forced  oscillations  will  taxe  tne  fora 

«"  + &(if)4-o  =  0. 
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Let  us  find  function  o  tor  tne  different  Bethels  of 


Os 

disturbance/pert urbatiou.  Page  275. 


Let  the  disturbance/pertur nation  be  created  by  concentrated 
force  of  f,  normal  to  the  surface  of  shell, 

/=  /o  sin  at/ 


Let  us  designate  through  L'  the  distance  of  the  point  of  the 
application  of  force  f  from  tne  nearest  edge  of  shell  (L'<L/2).  In 
view  of  the  fact  that  tne  sagging/def lection  of  shell  on  any  half 
generatrix  changes  almost  linearly  and  is  equal  to  zero  at  the  edges 
of  shell,  sagging/def lection  at  the  point  of  application  of  force 
will  be— 2u(t)L'/L»  Hence  for  wot*  A,  is  obtained  the  expression 

A  =  f„sin«*t  y —  u(f). 

For  the  kinetic  energy  K,  we  will  obtain  the  expression  of  the  fora 

K  —  A>'*- 


Hence  it  follows  that  the  function  0  in  the  equation  of  oscillations 
will  take  the  following  tors: 


0 


?.  sin  <>>/ . 
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Thus,  the  equation  of  forced  oscillations  in  the  case  in  question 
during  large  oscillations  mil  oe 

u"  +  6  («)  1-  X  sinwf  =  0. 

Let  now  the  disturbance/perturbation  be  created  by  the 
fluctuating,  evenly  distnouted  on  shell  pressure  q,  which  are 
changed  according  to  the  law 

V(0  =  Vo 

Produced  by  this  pressure  worx  of  the  deformation  of  shell  will  be 

A  =  q\V, 


where  AV  -  change  in  the  volume,  limited  by  shell,  during 
deformation.  Value  AV  was  determined  in  Chapter  3  during  the  study  of 
the  static  loading  of  sneli  oy  external  pressure. 

Page  276. 

If  we  use  the  obtained  there  result,  then  let  us  find 

Ay  =  cii5. 

where  c  -  certain  constant,  which  depends  on  the  geometric  dimensions 


DOC  «  78221910 


PAGE 


of  shell  and  parameter  of  wave  formation  n.  Consequently,  work  A  in 
the  load  case  in  question  will  nave  the  expression 

A  =  c’qu*  sin  wf. 


Respectively  the  equation  of  oscillations  with  large 
sagging/deflections  will  be 

u"  0  (u)  -f-  la  sinw/  =  0. 

In  the  case  when  disturbance/ perturbation  is  created  by  the 
evenly  distributed  along  tne  edge  of  shell  fluctuating  pressure 

p=  p0slnw/. 

equation  is  the  same,  but  wrtn  its  value  of  coefficient  X. 


Let  us  assume  now  that  on  sneil  affects  the 


disturbance/perturbation  of  sufficiently  small  intensity,  but  with 
frequency  e=u.  If  the  natural  vibration  frequency  of  shell  did  not 
change  during  an  increase  in  tne  amplitude,  then  this 
disturbance/pert urba tier,  no  matter  how  was  small  its  intensity,  it 
would  lead  to  unlimited  oscillation  buildup  (to  unlimited  increase  in 
the  amplitude) .  However,  as  shown  in  p.  2,  frequency  retains  constant 
value  (u)  to  those  pores,  while  amplitude  does  not  exceed  value 


DOC  =  78221910 


with  the  larger  amplitude  or  oscillation s,  the  resonance  of 
disturbance/perturbation  aud  natural  oscillations  is  disrupted.  Hence 
we  make  important  the  conclusion  tnat  the  disturbance/perturbation  of 
sufficiently  snail  intensity  with  irequency  u  swings  shell  to  the 
amplitude 

«<-£-• 

Further  oscillation  buildup  at  the  excitation  frequency  w  is  possible 
only  because  of  an  increase  in  tne  intensity  of 
disturbance/pert  ur bat ion . 

In  conclusion  we  want  to  maxe  the  following  observation.  In  our 
all  examinations  we  assumed  the  unlimited  elasticity  of  the  material 
of  shell. 

Page  277. 

To  the  real  shells  which  possess  the  limited  elasticity,  our 
conclusion/derivations  are  used  only  during  satisfaction  of  the 
specified  conditions.  Specifically,,  the  voltage/stresses  in  the 
material  of  the  shells,  wmcn  appear  during  large  deformations, 
determined  on  the  appropriate  formulas  from  Chapter  3,  must  not 
exceed  elastic  limit.  In  view  of  the  fact  that  the  character  of 
deformations  during  oscillations  tne  sane  as  and  during  static 
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deformations  with  bulge,  tne  limitation  indicated  takes  the  same 
form,  as  for  a  back,  examine!  in  Cnapter  3.  Speaking  in  general 
terms,  it  is  reduced  to  toe  tact  tnat  the  shell  must  be  sufficient 
fine/thin. 


V 
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Page  278. 


SUPPLEMENT  II  ISOMETRIC  TRANSFORMATIONS  OF  CYLINDRICAL  SURFACES. 

According  to  principle  A,  tae  investigation  of  the  supercritical 
elastic  states  of  cylindrical  shell  is  reduced  to  the  examination  of 
certain  functional,  determined  during  the  isometric  transformations 
of  basic  form,  during  the  satisfaction  of  some  boundary  conditions, 
which  correspond  to  the  aetnod  of  supporting  the  shell.  For  the 
isometric  transformations,  constructed  in  chapter  3,  these  boundary 
conditions  are  not  satisfied. 

True,  when  supercritical  deformation  differs  in  terms  of  the 
periodicity  of  structure  along  tne  length  of  shell,  for  example 

■N 

during  axial  compression  eitner  with  combined  loading  with  prevalence 
axial  compression  or  combined  loading  with  the  predominance  of  axial 
compression,  the  role  of  boundary  conditions  considerably  descends. 
The  satisfaction  of  boundary  conditions  in  the  examination  of  the 
corresponding  tasks  hardly  can  sunstantially  influence  the  results 
Chapter  3.  It  is  a  different  matter  when  supercritical  deformation  is 
accompanied  by  the  education/formation  of  continuous  bulges  to  entire 
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length  of  shell,  for  example,  ia  the  case  of  external  pressure  and 
twisting.  Here,  apparently,  it  is  not  possible  to  disregard  boundary 
conditions.  In  connection  wita  tnis  in  present  supplement,  keeping  in 
nind  the  appropriate  application/appendices,  we  will  examine  the 
isometric  transformations  of  cylindrical  surface  under  the  condition 
for  hinged  support  along  edge.  The  obtained  results  can  have  an 
application  during  the  study  of  supercritical  ones  by  the  deformation 
of  the  closed  cylindrical  shells  under  external  pressure  and  during 
twisting,  and  also  in  the  examination  of  the  supercritical  elastic 
states  of  cylindrical  panels  in  ail  versions  of  loading. 

Page  279. 

1.  Some  common/general/total  properties  of  developable  surfaces. 
He  examine  developable  surfaces  with  disturbance  of  regularity 
(twofold  differentiability)  along  individual  lines.  On  these  lines  it 
can  occur  either  the  disturnaace/brea kdown  of  smoothness  (formation 
of  fin/edges) ,  or  breakage  lor  the  normal  curvatures  which,  however, 
are  assumed  to  be  those  limited.  According  to  definition,  developable 
surface  allow/assumes  imposition  on  plane  with  the 
preservat ion/retention/aaintaining  of  the  lengths  of  curves, 
therefore,  and  the  angles  between  them.  Let  us  examine  some 
properties  of  developable  surfaces,  utilized  subsequently. 
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Let  us,  first  of  all,  note  that  each  smooth  point  of  developable 
surface  is  the  internal  poiut  of  tne  rectilinear  cut,  which  lies  by 
pillar  on  surface  (linear  generator) .  For  the  regular,  twice 
differentiated  surfaces,  this  is  well  known  fact  from  differential 
geometry.  Por  the  more  total  surfaces  which  we  examine  that  actually 
is  established  in  work  £13].  Beall y/actually,  since  point  is  smooth, 
and  the  smoothness  of  surface  is  disrupted  along  individual  lines, 
then  in  this  point  smootn  vicinity.  In  view  of  the  fact  that  the 
normal  curvatures  wherever  they  exist,  are  limited,  the  vicinity  in 
question  is  the  surface  of  tne  limited  external  curvature,  while  each 
point  of  this  developable  surface  is  the  internal  point  of  cut,  the 
pillar  of  that  lying  on  surface. 

If  through  the  point  of  developable  surface  pass  two  linear 
generator,  then  this  point  has  fiat/plane  vicinity,  that  is  the 
vicinity,  which  is  the  piece  of  plane.  Really/actually,  sufficient  to 
show  that  any  cut  AB  with  ends  on  generatrices  belongs  to  surface 
(Fig.  53) .  Let  us  connect  points  A  and  B  shortest  y  on  surface.  Let 
us  expand/scan  now  the  vicinity  of  point  0  to  plane.  In  this  case, 
cuts  OA  and  OB  linear  generator  will  pass  in  the  rectilinear  cuts  of 
the  sane  length  and  with  tne  same  angle  between  then.  Consequently, 
in  this  case  process/operations  will  not  change  and  the  distance 
between  points  A,  B. 
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Page  280. 

Shortest  7  will  pass  into  the  shortest,  that  is,  in  the  rectilinear 
cut,  which  connects  points  A,  ti.  He  hence  consist  that  the  distance 
in  space  between  points  A  and  U  is  equal  to  length  curved  7.  But  this 
can  be  only  in  such  a  case,  when  curved  7  coincides  with  the 
rectilinear  cut  AB.  Hence  it  follows  that  cut  AB  lie/rests  on 
surface. 

Let  AB  represent  the  linear  generator  on  developable  surface. 

Let  us  show  that  if  any  point  of  generatrix  has  flat/plane  vicinity, 
then  each  internal  point  of  generatrix  also  has  such  vicinity  (in 
this  case  we  let  us  speak,  that  along  generatrix  occurs  the 
flattening  of  surface)  .  heally/actually,  let  point  C  of  generatrix 
have  flat/plane  vicinity.  Let  us  conduct  through  C  the  rectilinear 
cut  DE  on  surface  (point  C  internal  for  cut  DE)  so  that  it  would  not 


J 
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lean  on  AB  (Fig.  54) .  This  is  possible,  since  point  C  has  flat/plane 
vicinity.  Let  us  examine  the  geodetic  quadrangle.  Halted  shortest 
AD,  DB,  BE  and  EA.  By  tne  given  above  reasoning  easily  it  is 
established  that  this  quadrangle  ilat/plane,  and  each  internal  point 
of  cut  AB  is  internal  for  a  quadrangle,  Q.  E.  D.  In  exactly  the  saae 
manner  it  is  proven,  that  it  linear  generator  AB  and  CD  developable 
surfaces  have  the  coaaon  point  (ends  they  are  not  eliminated),  then 
geodetic  quadrangle  with  apex/vertexes  A,  B,  C,  D  (degenerating  into 
triangle,  if  coaaon  point  it  is  the  end  of  generatrix)  it  will  be 
flat/plane. 

If  along  linear  generator  developable  surface  there  is  no 
flattening,  then  it  rests  by  its  ends  either  into  fin/edge  or  into 
edge  of  surface.  Really/actuaiiy,  let  point  A  -  end  linear  generator 
g  -  be  the  internal  point  of  surface  and  does  not  belong  to  fin/edge. 
Then  at  point  A  surface  is  smooth;  therefore  through  point  A,  is 
passed  the  rectilinear  cut  6,  wnicn  lies  on  surface,  aoreover  point  A 
is  its  internal  point. 
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Page  281. 

If  this  cut  on  the  one  hand  leans  on  forming  g,  then  A  is  not  end  by 
forming  g  in  spite  of  assumption.  But  if  cut  6  does  not  lean  on 
forming  g,  then  on  that  demonstrated  above  along  generatrix  occurs 
flattening,  which  is  also  excluded.  Affirmation  is  proved. 

If  the  geodetic  curvature  of  fin/edge  y  on  developable  surface 
is  different  from  zero,  tnen  tnis  fin/edge  cannot  have  flat/plane 
half-neighborhood.  Let  us  allow  contrary.  Let  one  of  the 
half-neighborhoods  of  fin/edge  j  is  flat/plane  (Fig.  55).  Let  us 
assume  that  this  is  ha lf-ueighoorhood  from  the  side  of  convexity 
(wt).  Let  us  take  for  y  tne  arbitrary  point  A.  Tangential  plane  from 
surface  at  point  A  from  tne  side  or  half-neighborhood  u,  coincides 
with  the  osculating  plane  of  fin/edge  y.  Let  us  show  that  the 
tangential  plane  of  surface  from  the  side  w2  coincides  with  the  same 
plane.  Really/actually,  since  surface  is  run  up/turned  to  plane,  then 


I 
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the  geodetic  curvatures  or  fin/eage  y  froa  the  side  ut  and  w2  are 
identical  and  are  characterized  u y  only  sign.  The  angles  which 
composes  osculating  plane  ot  fin/edge  with  the  tangential  planes  of 
surface,  are  determined  only  by  the  curvature  of  fin/edge  and  by  its 
geodetic  curvatures;  consequently ,  these  angles  are  equal.  Since  one 
of  the  tangential  planes  or  surface  (from  the  side  w( )  coincides  with 

j 

osculating  plane,  then  also  another  tangential  plane  (from  the  side 
w2)  must  possess  the  same  property.  As  a  result  it  is  obtained,  that 
point  A  is  the  smooth  point  of  surface  in  spite  of  assumption. 

Affirmation  is  proved. 

2.  Qualitative  study  of  isometric  transformation  of  cylindrical 
surface.  Let  the  cylindrical  surface  undergo  gecmetric  bending  with 
the  formation  of  the  system  ot  tne  congruent  dents  to  entire  length 
of  initial  surface,  correctly  arrange/located  in  circular  direction 
(Fig.  56a) .  Assumption  about  the  tact  that  the  dents  apply  to  entire  J 

length  of  surface,  we  understand  in  the  sense  that  its  limiting 


fin/edges  y,  y'  connect  the  points  of  basis/base  A,  B. 
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Page  282. 

The  regular  arrangement  of  dents  means  that  the  deformed  surface  has 
periodic  structure  in  circular  direction.  Each  dent  me  mill  assume 
convex  and  symmetrical  relative  to  the  plane,  passing  through  its 
end-points  A  and  B  on  tne  oasis  of  cylinder.  The  task,  which  we  want 
to  solve,  consists  in  tne  guaiitative  description  of  the  form  of  the 
deformed  surface.  In  view  of  tne  periodicity  of  structure,  it  is 
possible  to  be  restricted  to  the  examination  of  the  part  of  the 
surface,  arrange/located  between  two  adjacent  planes  of  symmetry  a 
and  a'.  Plane  a*  passes  along  tne  axis  of  dent,  while  plane  a  -  in 
the  middle  between  two  aents  (Fig.  56b) . 

First  of  all,  we  will  note  that  the  lines  of  intersection  1  and 
surface  with  the  planes  of  symmetry  a  and  a'  are  geodetic.  On 
initial  cylindrical  surface  to  them  correspond  linear  generator.  This 
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follows  from  the  fact  that  tne  planes  a  and  a*  are  the  planes  of 
symmetry,  therefore,  they  intersect  surface  orthogonally. 

Let  us  assume  that  on  line  l '  there  are  no  rectilinear  cuts. 

Then  through  each  point  P  or  this  line  passes  linear  generator,  which 

rests  by  end  into  fin/edge  jr.  healiy/actually ,  linear  generator 

cannot  go  in  direction  l *,  since  in  this  case  it  on  it  leans 

according  to  the  property  ot  geodetic  ones,  and  by  hypothesis  /*,  are 

not  contained  rectilinear  cuts,  it  remains  to  assume  that  forming, 

CL 

passing  through  point  P,  it  is  not  perpendicular  to  plane  and  does 
not  lie/rest  at  this  plane,  aut  tnen  on  symmetry  relative  to  plane  a* 
there  is  one  additional  generatrix,  passing  through  P  and,  therefore, 
P  has  flat/plane  vicinity,  out  tnis  so  is  impossible  due  to  the 
absence  of  straight  portions  curved  2*.  Thus,  through  each  point  P  by 
curve  l 1  pass  linear  generator,  perpendicular  planes  a'.  This 
generatrix  rests  by  its  end  into  tne  fin/edge  of  surface  y  (p.  1)  . 
Hence  it  follows  that  the  surface  in  question  in  the  region  of  dent 
is  cylindrical,  with  generatrices,  perpendicular  to  the  plane  of 


symmetry  a* 
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Let  us  explain  now  bow  is  arranged  our  surface  out  of  dent,  that 
is,  in  the  region  between  the  nn/edge  y  and  curve  ?.  In  contrast  to 
the  case  curve  /•  for  a  curve  l  it  is  not  possible  to  assuae  the 
absence  of  straight  portions.  This  assuaption  immediately  leads  us  to 
conclusion  about  the  fact  tnat  t tie  surface  in  guestion  and  in  the 
region  between  l  and  y  is  also  cylindrical,  with  generatrices 
perpendicular  ones  plane  a.  But  lor  this  surface  (this  the 
constructed  in  chapter  3  surface  2)  support  condition  for  edges  on 
circunf erence  in  an  obvious  aanner  is  not  satisfied.  Thus,  to  curved 
l  aust  be  straight  portions. 

We  confirm  that  at  least  one  of  the  ends  of  the  rectilinear  cut 
curved  l  belongs  to  edge  of  surface.  Really/actually  let  us  assuae 
that  both  of  ends  A  and  b  of  tne  straight  portion  6  of  line  l  are  its 
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internal  points.  Since  points  a  ana  B  do  not  knowingly  have 
flat/plane  vicinities,  then  through  then  pass  linear  generator  gA 
and  gH  the  perpendicular  planes  a,  abut  against  fin/edge  7.  The  part 
of  the  surface  w,  United  uy  generatrices  gA.  gB  and  curves  7,  /  ,  is 
flat/plane.  Really/act uaily,  since  curve  7  is  directed  by  convexity 
to  side  w,  then  through  eacn  internal  point  P  of  this  region  passes 
geodetic,  not  intersecting  7,  witn  ends  either  in  cut  6  or  on 
generatrices  gA  and  gH  By  the  reasoning,  sinilar  to  reasoning  froa 
p.  1,  it  is  easily  establisn/iustailed,  what  this  geodetic  is 
rectilinear  cut.  Hence  it  follows  that  the  region  w  is  flat/plane. 
Since  w  flat/plane  region,  then  in  the  section  between  generatrices 
gA  and  gB  fin/edge  7  has  flat/piane  half-neighborhood,  which  is 
excluded  in  view  of  convexity  7  (p.  1).  Affirmation  is  proved. 

Purther,  we  confira  that  near  ends  the  curve  l  aust  be 
definitely  rectilinear,  fleaiiy/actually ,  otherwise  will  be  located 
the  sequence  of  points  Q  to  curved  l ,  that  converges  toward  the  end, 
through  which  pass  linear  generator,  perpendicular  planes  a,  abut 
against  fin/edg9  7.  Tr ansier/coa vetting  to  liait,  we  consist  that 
through  the  end  l  passes  linear  generator,  which  goes  along  edge  of 
surface.  But  this  is  iapossible,  since  edge  of  surface  does  not 
contain  straight  portions  (circuaf erence) .  As  a  result  we  cone  to  the 
following  two  possibilities. 
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Either  curve  l  is  rectilinear  cut  or  it  contains  exactly  two 
rectilinear  cuts,  each  of  wuich  by  one  end  abut  against  edge  of 
surface.  Let  us  exaaine  each  ot  tnwse  possibilities. 

Let  us  assuae  that  the  surface  in  question  has  a  plane  of 
synaetry  8,  parallel  to  tasis/nases  and  situated  in  the  Middle 
between  thee.  Let  us  exaaine  toe  arc  AB  of  the  curve  of  intersection 
of  the  plane  of  synaetry  p  vita  surface.  He  confira  that  if  the  curve 
AB  contains  rectilinear  cut,  tnen  one  of  its  ends  is  point  B. 

Peall y/actual ly,  let  us  allow  contrary.  Then  cn  arc  AB  is  located  the 
rectilinear  cut  A*  B*  (Fig.  57a),  and  A*  can  coincide  with  A. 

Since  points  A'  and  B*  dc  not  movingly  have  flat/plaoe  vicinities, 
then  through  them  pass  linear  generator,  perpendicular  planes  0  and 
abut  against  edge  of  surface.  After  this  by  known  aethod  we  consist 
that  the  part  of  the  surface,  liaited  by  these  generatrices, 
flat/plane.  Consequently,  edge  of  surface  contains  rectilinear  cut. 
But  this  is  inpossible. 

Let  us  show  that  arc  An  definitely  has  straight  portion  A'B. 
Really/actually,  otherwise  tnrougn  each  point  of  arc  AB,  pass  linear 
generator,  perpendicular  planes  0,  with  ends  at  edge  of  surface.  This 
generatrix  lie/rests  on  initial  cylindrical  surface.  Let  us  exaaine 
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the  line  AC  of  the  intersection  ot  plane  p  with  surface.  It  consists 
of  circumference  AB  and  cactj.iJ.Qedt  cut  BC.  On  isometry  on  initial 
cylindrical  surface  to  it  corresponds  circular  section/cut  and, 
therefore,  arc  length  AC  is  eguai  to  the  arc  length  of  the 
circumference  of  edge.  Horeovec,  it  is  known  to  be  shorter  than  this 
arc  due  to  the  straightness  or  section  BC.  Thus,  to  the  curved  AB  is, 
and  besides  one,  rectilinear  cut  with  end  at  point  B. 

Let  us  turn  to  two  meutxoned  above  possibilities  for  a  curve  /. 
Let  us  begin  from  the  case  waen  l  - 


rectilinear  cut 
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On  that  demonstrated ,  on  AB  there  is  the  rectilinear  cat  A'B.  Throagh 
each  point  of  arc  AB ' ,  pass  linear  generator,  perpendicular  planes 
with  ends  at  edge  of  surface,  i’ne  part  of  the  surface,  carrier  these 
generatrices,  coincides  witn  mitral  cylindrical  surface. 

Let  us  explain  the  structure  of  the  surface  between  forming  CD 
and  by  fin/edge  y  (Pig.  57u)  .  Since  A'B  and  CD  rectilinear  cuts  on 
surface,  then  is  triangle  BCD  flat/plane  (p.  1) .  Let  us  examine  the 
region  between  generatrix  uc  and  fin/edge  y.  He  confirm  that  this 
region  does  not  contain  flattenings  and  each  of  its  generatrices 
rests  by  one  end  into  edge  or  surface,  but  by  others  -  into  fin/edge 
y.  Really/actually,  if  rectilinear  generatrix  by  one  end  abut  against 
BC,  and  by  another  into  fin/edge  y  at  certain  point  B,  then  arc  BE  of 
fin/edge  y  has  flat/plane  naif-neighborhood,  which  is  impossible  (p. 
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1) .  But  if  it  rests  by  one  end  into  edge,  by  others  -  in  BC(  then  at 
edge  of  surface  there  Mill  ou  rectilinear  cut,  which  is  also 
impossible.  Both  of  ends  of  generatrix  neither  edge  nor  fin/edge 
simultaneously  can  belong.  Thus,  one  end  of  generatrix  at  edge  of 
surface,  and  another  -  on  fin/edge  y. 

Let  us  allow  now  tnat  at  certain  point  of  the  region  in  question 
is  a  flattening  (flat/plane  vicinity) .  Let  us  conduct  two  linear 
generator  through  the  points  of  this  vicinity.  Then  either  edge  of 
surface  or  fin/edge  7  these  generatrices  intersect  at  different 
points.  If  this  there  will  be  fin/edge,  then  its  arc  between  points 
of  intersection  has  flat/plane  naif-neighborhood.  If  this  there  will 
be  edge,  then  of  cuttings  off  between  points  of  intersection  it  must 
be  rectilinear.;  however,  even  that,  and  another  is  eliminated.  Thus, 
if  the  section/cut  of  surface  by  plane  a  is  rectilinear  cut,  then 
surface  has  structure,  indicated  in  Pig.  58a,  where  the  shading 
designated  the  directions  of  generatrices,  and  the  nonshaded  sections 
-  flat/plane. 

Let  us  examine  now  the  second  case:  to  curved  l  are  two  straight 
portions,  arranged/located  are  symmetrical  relative  to  plane  p  and 
the  abut  against  edge  or  surface. 
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Through  each  point  as  curve  l  between  rectilinear  cuts  passes  linear 
generator,  perpendicular  planes  p,  abut  against  fin/edge  y.  The 
structure  of  surface  on  tne  cwidioing  part  is  explained  by  the 
examination,  similar  preceuing/pre vious.  Pinal  result  is  represented 
in  Pig.  58b,  where,  as  in  tne  preceding  case,  by  shading  is  marked 
the  direction  of  generatrices,  out  the  unhatched  parts  -  flat/plane. 

He  examined  the  isometric  transformation  of  cylindrical  surface 
under  the  condition  of  the  axial  symmetry  of  dents.  This 
transformation  corresponds  to  the  symmetric  loading  of  shell,  for 
example,  by  uniform  external  pressure.  In  other  load  cases,  for 
example,  during  twisting,  isometric  transformation,  possessing  the 
periodicity  of  structure  in  circular  direction,  has  centrally 
symmetric  dents.  This  transformation  can  be  qualitatively 
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investigated  by  analogous  method.  we  will  not  give  this  investigation 
and  will  formulate  only  final  result,  assuming  surface  in  the  region 
of  the  dent  of  cylindrical,  fhis  result  is  represented  in  Pig.  59  and 
does  not  need  explanations. 

3.  Analytical  description  or  isonetric  transformation.  The 
practical  use  of  isometric  transl oriation  of  cylindrical  surface, 
obtained  in  p.  2,  for  study  or  the  supercritical  elastic  state  of 
cylindrical  shell  assumes  the  convenient  analytical  representation  of 
this  transformation.  Now  we  will  give  this  idea  for  that  case  when 
dents  have  an  axis  of  symmetry  and  it  is  sufficiently  elongated  along 
the  length  of  shell. 

Let  us  introduce  during  tne  scan/de velopment  of  the  cylinder  of 
coordinate  t  and  0,  after  accepting  for  axle/axis  t  the  axis  of  the 
symmetry  of  the  predicted  dent,  and  for  axle/axis  0,  -  an  edge  of 
surface.  Let  in  these  coordinates  the  predicted  fin/edge  y  be 
assigned  by  the  equation 


P  =  P(0- 


I 
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Let  us  introduce,  further,  tnu  tnree-diaensional/space  rectangular 
coordinates  X,  y,  z,  connected  tiitn  the  surface  in  question,  after 
accepting  for  x  axis  straignt  line,  which  connects  the  end-points  of 
dent  at  edge  of  surface,  and  tor  y  axis  tangent  to  edge  of  surface  in 
one  of  these  points  (Fig.  bd)  . 

The  equations  of  fin/edge  j  (ooundary  of  dent)  in  these 

coordinates  will  be  written  as  follows: 

*  =  *(/).  y  =  0(0.  **1(0 

Being  liaited  to  the  practically  mportant  case  when  X'  not  too 
greatly,  it  is  possible  to  accept  $(t)=t.  Then  the  equations  of 
fin/edge  take  the  fora 

x  =  t,  y  =  0  (/),  *  =  !(/). 

The  analytical  description  of  isoaetric  tr ansforaat ion  in  the 
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version,  presented  in  Fig.  58b,  disuses  the  determination  of  function 
X(t)  and  functions  ?(t),  oy  assigning  y  -  coordinate  of  the  end 
linear  generator  depending  on  parameter  t  (see  Fig.  60) .  For  these 
two  functions  can  be  two  differential  equation,  which  express  by 
itself  the  geometric  condition  of  the  applicability  of  the  surface  in 
question  for  plane.  Let  us  find  tnese  equations. 

Since  surface  is  isouetric  plane,  then  along  fin/edge  the 
tangential  planes  of  surface  fora  with  the  osculating  plane  of 
fin/edge  equal  angles.  Let  us  conduct  froa  point  (t)  on  fin/edge  y 
the  osculating  plane  of  fin/edge  and  the  tangential  planes  of 
surface.  Normals  to  them  lie/rest  at  one  plane  and  in  view  of  the 
character  of  the  deformations  in  guestion  are  formed  saall  angles. 
Therefore  the  indicated  coudition  of  equality  the  angles  between 
normals  can  be  attributed  to  tneir  projections  on  plane  x=0.  During 

planning  to  this  plane  of  the  standard  of  tangential  plane  from  the 

z 

side  of  dent,  it  (standard)  will  pass  into  $-axis.  Let  us  find  the 

angles,  formed  by  the  projections  of  the  standards  of  other  two 
z. 

planes  with  ?-axis. 
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Fig.  6U. 

Page  288. 


The  components  of  the  standard  osculating  plane  of  fin/edge 
along  the  axes  y  and  z  are  respectively  egual  to 


X' 

r 


i 

o 


The  projected  angle  of  standard  on  plane  x*0  with  y-axis  can  be 
considered  egual  to  «-X* •/£••. 


The  tangential  plane  of  surface  in  fin/edge  from  the  side, 
external  with  respect  to  dent,  passes  through  the  tangent  to  fin/edge 
and  it  concerns  edge  of  surface.  Along  edge  of  surface 

y  =  s(0.  *  ~  V  (t). 

where  R  -  radius  of  basis/base.  Tnerefore  the  coaponents  of  the 
standard  of  tangential  plane  along  the  axes  y  and  z  will  respectively 
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be 


X' 


1 

0 


I  P' 
0 


l'. 


The  projected  angle  of  standard  on  plane  x=0  with  y  axis  can  be 
considered  equal  to  s  -  t/H. 


Now  the  mentioned  above  condition  of  the  unwinding  of  surface 
along  fin/edge  can  be  expressed  in  the  fora  of  the  following 
equation: 

x*  l 

V  =  W  <•) 

The  condition  of  applicability  for  the  plane  of  surface  out  of 
dent  is  reduced  to  coplanarity  by  three  straight  lines:  by 
rectilinear  generatrix  (t,  €Jt>),  tangent  to  fin/edge  y,  and  by 
tangential  to  edge  of  surface  at  end  foraing.  This  condition  lies  in 
the  fact  that 

1  p'  X' 

01  -i  _o. 

that  is, 

(A,  _  a')  j;  (fi’t  -  p)  +  %  =  0.  (.  •) 


Page  289. 


Differentiating  equations  (**)  and  eliminating  X,#  with  the  aid 
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of  equation  (*  )  ,  we  will  ontaiu  t/2(P''t)  ♦  (  fi't-fi)  ♦  £  £  •  =0 .  After 

nultiplication  by  £  this  equation,  is  integrated  and  is  obtained 
2/353+C* (0*t- 0) =const.  Integration  constant  is  equal  to  zero,  since 
|  =  0  with  t=0.  As  a  result  tor  €  (t)  is  obtained  the  following 
expression:  F  =  3/2(0-t0*)  . 

This  fornula  can  be  interpreted  geometrically.  Specifically,, 
tangent  by  curve  y  during  tne  scan/deve lopment  of  cylinder 
intercept/detaches  at  the  edge  of  the  cylinder  of  cuttings  off  p-0't, 
but  forming,  which  proceeds  from  the  same  point,  intercept/detaches 
one  and  a  half  times  larger  cut.  it  is  hence  not  difficult  to 
conclude  that  the  isometric  transr or mat  ion  in  the  version  in  question 
will  occur  to  those  pores,  wmle  the  width  of  dent  dees  not  exceed 
two  thirds  between  the  axle/axes  of  adjacent  dents. 

Now,  when  function  t(t)  is  known,  function  X  (t)  is  found  with 
the  aid  of  quadratures  from  the  equation 

iff _  "  , 

X  —  (P  -  P  0 

One  of  these  quadratures  is  fulfilled  in  the  general  case  (with  any 
3(t)).  Really/actually,  after  multiplying  equation  by  t  and 
integrating,  we  will  obtain  x*t~x=-3^R(  p*t-p)2  (integration  constant 
it  is  equal  to  zero,  since  with  t=0  it  will  be  and  X=0) .  Finally 

function  X(t)  is  represented  in  the  form 

k=s  ““ft  /  (p'  —  y)3  dt  4-  ct. 

0 


DOC  *  78221911 


PAGE  ** 


Integration  constant  is  aeterained  froa  condition  x(L)=0,  where  L  - 
length  of  cylinder. 

We  exaained  the  case  when  adjacent  dents  were  divided  by  the 
piece  of  initial  cylindrical  surface.  In  other  version  when  between 
dents  appears  cylindrical  surface,  is  perpendicular  to  the  plane  of 
sytnaetry  0  (see  Section  2),  cue  description  of  fora  in  this  part  in 
no  way  differs  from  that  wared  was  carried  out  in  chapter  3. 

Page  290. 
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Epilogue  to  A.  V.  Pogoreiov's  ooo*  "geoaetric  stability  theory  of 
shells" . 

X  It.  \/  OtOV  >cX 

The  problea  of  elastic  stability  occupies  one  of  the  central 
places  in  aodern  aechanics.  its  solution  is  exclusively  iaportant  for 
practice  in  connection  with  the  aide  use  of  thin-walled  cell/eleaents 
in  technology,  especially  in  its  newest  branches.  At  the  saae  tiae  a 
characteristic  feature  of  proolea  is  its  coaplexity  froa  the  point  of 
view  of  strict  aatheaatical  analysis  and  nuaerical  resolution. 

In  recent  years  it  is  possiole  to  note  serious  shift/shears  in 
its  solution,  however,  difficulties  are  so  great  that  in  spite  of  the 
large  effort/forces,  vhica  apply  here,  aany  fundaaental  questions  are 
not  yet  clear,  but  the  nuaerical  results  of  solving  one  and  the  saae 
specific  probleas  in  the  different  authors  are  obtained  with  large 
spread. 

For  understanding  of  tne  reasons,  which  give  rise  to  the 
coaplexity  of  the  task  of  stability,  let  us  atteapt  to  establish  that 
aust  be  obtained  as  a  result  of  its  solution. 
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Daring  the  operation  of  tn«  objects,  which  contain  thin-walled 
ce ll/elements,  in  a  numoer  of  cases  these  cell/el eaents  can, 
generally  speaking,  under  tne  fixea/recorded  conditions  have  several 
fores  of  equilibrium  and  even  several  stable  forms.  Of  then  usually 
only  one  is  desirable,  provided  tor  by  designer.  Transition  into 
other  forms,  as  a  rule,  will  draw  the  dangerous  phenomena  up  to 
structural  failure. 

Thus,  during  the  solution  of  a  question  of  stability  we  should 
describe  the  conditions,  whicu  ensure  the  stay  of  thin-walled 
cell/element  in  the  desiraoie,  provided  for  by  designer  form  of 
equilibrium. 

Page  292. 

In  the  instruments  of  automation,  we  frequently  encounter  the 
opposite  situation:  it  is  necessary  to  explain  the  conditions,  by 
which  will  be  provided  the  transition  of  one  form  of  equilibrium  into 
another.  Consequently,  in  tne  stability  theory  of  thin-walled 
ce ll/elements  must  be  developed  the  qualitative  methods  of 
determination  of  a  number  or  forms  of  the  equilibrium  of  system  under 
these  conditions  and  the  metnoas  of  evaluating  the  degree  of  the 
validity  of  each  of  these  forms.  Tnese  two  problems  compose  the  basic 
content  of  the  stability  theory  of  thin-walled  cell/elements.  It 
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present  great  development  unuerwent  the  first  problea.  As  far  as 
problem  is  concerned  second,  in  spite  of  its  importance  it  began  to 
be  develop/processed  only  recently  during  the  basis  of  probabilistic 
methods. 

During  the  analysis  of  tne  first  problem  in  essence,  they  try  to 
explain  the  limits  of  a  change  in  the  parameters  of  the  loads  with 
which  this  system  has  tne  only  fora  of  eguilibriua.  L.  Euler  based  on 
the  example  of  buckling  indicated  the  way  of  finding  these  limits  the 
basis  of  transition  to  the  linearized  task.  This  method  subseguently 
began  widely  to  be  utilized  and  it  was  strictly  substantiated.  It 
completely  justified  itself  in  connection  with  rod3,  frames,  plates. 
To  sizable  degree  contributing  to  this  was  the  fact  that  the 
linearization  in  these  cases  is  produced  in  the  vicinity  of  the  zero 
moment  stressed  state,  whicn  can  oe  here  designed  by  comparatively 
simple,  and  sometimes  also  simply  elementary  means. 

However,  the  attempts  to  utilize  a  linearization  for  solving  the 
tasks  of  the  stability  of  snells  proved  to  be  unsuccessful. 

Linearized  concept  in  tms  fora,  in  which  it  was  applied  earlier, 
gave  the  completely  distorted  representation  of  the  critical  values 
of  loads.  It  turned  out  that  it  one  should  utilize,  linearizing  task 
of  region  of  previously  unknown  solution  or  necessary  generally  to 
forego  linearization  and  to  pass  to  the  direct  global  investigation 
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of  the  nonlinear  equations,  viucn  describe  the  deformation  of  shell. 
The  latter  are  the  complex  sy^i«u  of  equations  in  partial 
derivatives,  which  contains  tne  parameter  on  a  certain  nonlinear 
boundary- value  problem,  in  a  numner  of  cases,  this  investigation 
succeeds  in  conducting  strictly;  However,  the 

concrete/specif ic/actuai  calculation  of  the  characteristic  points  of 
the  spectrum  is  necessary  to  always  produce  approximately,  mainly 
with  direct  methods. 

Page  293. 

Hence  becomes  clear  the  exceptional  difficulty  of  the  mathematical 
study  of  stability  problem  of  tmn-walled  cell/elements,  about  which 
the  question  was  above.  The  complexity  of  task  considerably 
grow/rises,  if  the  material  or  thin-walled  cell/element  begins  to 
work  beyond  elastic  limits.  Essential  difficulties  we  experience/test 
even  when  we  attempt  to  use  in  tne  described  problem  approximation 
methods.  The  fact  is  that  median  surface  of  film  with  loss  of 
stability  takes  the  form  which  nas  sections  of  steady  change  and 
sections  of  a  very  strong  cnange  in  the  relief.  This  very  complicates 
the  use  of  direct  methods,  since  this  form  of  median  surface  it  is 
very  difficult  to  approximate  by  simple  analytical  means.  For 
obtaining  sufficient  accuracy/precision,  it  is  necessary  to  resort  to 
the  use  of  direct  methods  in  high  approach/approximations,  which  is 
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extremely  cumbersome.  The  noted  noove  complex  chdcacter  of  the  state 
of  strain  of  median  surface  in  large  aeasure  is  explained  by  the 
geoaetry  of  its  nondeformed  state.  Here  we  naturally  Batched  up  and 
to  the  ideas  of  the  outstanding  Soviet  geo*meter  of  A.  V.  Pogorelov, 
who  developed  the  method  of  tae  analysis  of  stability  of  shells, 
based  on  the  fine/thin  analysis  of  shape  factors.  In  connection  with 
this  it  is  necessary  to  say  that  there  is  a  very  close  connection 
between  the  tasks  of  the  theory  or  shells  and  by  soae  guesticns  of 
the  theory  of  surfaces,  hidely  it  is  known  that  the  equations  of  the 
zero  moment  stressed  state  of  shell  are  identical  to  equations,  by 
which  are  described  inf initesiaai  oending  of  its  median  surface.  This 
fact  is  one  of  the  manifestations  of  deep  coamunication/connections 
between  static  and  geonetric  reiationshi p/ratios,  expressed  in 
static-geometric  analogy.  Generally,  soae  tasks  of  the  theory  of 
surfaces  can  be  treated  as  tae  tasks  of  the  equilibrium  of  the 
two-diaensional  media,  allotted  the  specific  physical  properties.  So, 
the  task  of  the  unique  deter aination  of  surface  under  given 
conditions  of  attachment  can  he  treated  as  the  task  of  a  number  of 
forms  of  the  equilibrium  of  the  two-dimensional  continuum,  which  has 
zero  rigidity  to  bending  and  infinite  rigidity  to  elongation.  It  is 
possible  to  enlarge  the  formulation  of  the  problem,  after  assaming 
that  the  continuum  has  final  rigidity  to  elongation  and  the  energy, 
accumulated  with  elongation,  is  proportional  to  a  change  in  the  area. 
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Ve  cone,  thus,  to  plateaus  problen,  and  instead  of  a  question 

concerning  the  unique  deter •  matron  of  this  surface  it  is  here 

expedient  to  be  interested  in  a  number  of  forns  of  equilibrium.  It  is 

possible  to  still  enlarge  tne  foraulation  of  the  problen,  after 

supposing  that  the  strain  energy  or  two-di aensional  contiuun  is  a 

certain  function  of  a  cnange  in  tne  coefficients  of  the  first  and 

second  quadratic  forns.  Alter  posing  the  problen  of  finding  of  a 

number  of  forns  of  the  equilibnun  of  this  continuum,  we  actually 

cone  to  stability  problem  of  snells,  as  it  are  understood  in  the 

theory  of  elasticity.  Distinctive  features  of  the  constructions  of  A. 

I 

V.  Pogore^ov^  consists  in  the  fact  that  here  the  geonetric  methods 
are  utilized  as  the  concrete/specific/actual  neans  of  the  solution  of 
stability  problem. 

Taking  into  account  a  very  snail  change  in  the  lengths  on  nedian 
surface  during  the  real  defornations  of  shell,  even  if  its  forn  in 
this  case  substantially  changes,  A.  V.  Pogorelov  cones  to  the 
conclusion  that  nedian  surface  of  shell  nust  be  close  to  the 
isonetric  representations  of  its  nondeforned  state.  Since  in  the 
practically  inportant  cases  of  the  condition  of  attachnent  they  are 
such,  that  the  smooth  isometric  representations  are  absent,  then  ve 
cone  to  the  need  for  searching  tor  deforned  nedian  surface  of  shell 
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in  the  class  of  the  saootu  surfaces,  close  to  the  irregular  isoaetric 
representations  of  initial  torn,  ay  these,  in  particular,  is 
explained  the  peculiarity  of  the  fora  of  aedian  surface  of  shell, 
which  it  obtains  in  supercritical  stage  and  about  which  the  question 
was  above.  It  is  important  to  note  that  this  fact  is  confirmed  on 
experiments  with  very  filas.  The  fact  indicated  proapts  the  aethod  of 
the  a pproxiaation  of  median  surface  during  the  use  of  direct  aethods. 
A.  V.  Pogorelov  approximates  ny  its  saooth  surface,  close  to  certain 
irregular  bending  of  the  luitial  form  of  median  surface.  Appearing  in 
this  case  arbitrariness  the  author  finds  froa  Lagrange's  variation 
principle.  On  this  basis  are  investigated  the  supercritical  states  of 
strictly  convex  hulls  with  ditfereut  loads.  Under  the  effect  of 
concentrated  force,  is  estaolish/iustalled  the  absence  of 
"cotton/knock",  which  is  confirmee  by  the  solution  this  same  of  task 
by  Subnov  -  Galerkin's  aethod  in  high  approach/approxiaations.  For 
the  case  of  uniform  load  in  this  way  is  obtained  the  falling/incident 
part  of  the  characteristic  or  loading. 

Page  295. 

Analogous  approach  is  utilized  also  for  the  calculation  of  lower 
critical  numbers  of  cylindrical  shells  with  different  loads. 


Geometric  considerations  are  utilized  in  the  book  also  for  the 
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calculation  of  upper  critical  forces  with  the  only  difference  that 
the  here  for  the  approximat ion  of  ueforaed  median  surface  are  applied 
its  infinitesimal  bending,  in  this  case,  the  author  constructs  the 
disruptive  fields  infinitesimal  oending,  conjugate/combined  in  a 
specific  manner  along  certain  line  on  the  basis  of  electrical 
installations. 

Geometric  approximation  is  tne  basis  of  the  proposed  to  A.  V. 
Pogorelov  method  of  solving  tne  dynamic  tasks.  Kith  the  use  of 
&  trogradskiy  -  Hamilton's  principle,  examines  the  task  of  dynamic 
"cotton/knock"  for  the  spnerical  cupola,  loaded  by  uniform  load.  He 
seek  the  value  of  the  supplementary  mome ntum/impulse/pulse  which  in 
state  will  move  shell  into  supercritical  fora.  Here  are  examined 
dynamic  tasks  for  a  cylindrical  saell. 

The  powerful  aspects  of  the  method  of  A.  V.  Pogorelov  consist  in 
his  clarity,  simplicity  of  the  obtained  solutions,  generality  of  the 
formulation  of  the  problems,  it  is  very  important  to  note  that  in  a 
number  of  cases  A.  V.  Pogorelov's  final  formulas  obtained  careful 
test  work.  Very  setting  of  experiments,  method  of  manufacturing  the 
precessional  shells,  developed  by  A.  V.  Pogorelov,  must  be  considered 
as  the  significant  contribution  to  the  technology  of  experimentation 


with  shells 
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Like  any  approximation  metnod,  method  of  A.  V.  Pogorelov  has  the 
specific  boundaries  of  their  applicat ion/use,  until  nov,  in  many 
respects  unclear.  These  boundaries  are  determined  by  the  fact  that  in 
the  discussed  method  the  form  or  tae  approximation  of  median  surface 
contains  only  one  varied  parameter,  because  of  which  is  satisfied 
approximately  the  variation  equation  of  Lagrange  or  Qstrogradskiy  - 
Hamilton.  By  force  this  method  it  possesses  weak  sensitivity  to  the 
character  of  external  load,  furthermore,  method  actually  considers 
only  one  of  boundary  conditions  _oi  its  weak  sensitivity  to  the 
method  of  framing. 

Page  296. 

Por  example,  conclusion/derivation  about  the  absence  of 
"cotton/knock"  in  the  rigidly  attached  spherical  cupola,  loaded  by 
concentrated  force,  can  not  confirm  itself  for  the  hinged  supported 
cupola.  Let  us  note  finally  and  tms  fact.  Although  the 
approach/approximations,  given  by  geometric  method,  in  a  number  of 
cases  prove  to  be  completely  satisfactory,  nevertheless  very 
frequently  can  get  up  a  question  concerning  their  refinement.  Here, 
in  our  opinion,  within  the  framework  of  geometric  approach  available 
very  difficult  prospects. 


A  question  concerning  the  limits  of  the  applicability  of 
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geometric  method  is  very  important.  Nov  thus  far  from  most 
common/general/total  concepts  it  is  possible  to  assume  that  the 
obtained  here  approach/approximation  will  be  good  for  very  fine/thin 
and  not  very  slightly  curved  snells.  In  connection  with  this  it  would 
be  very  interesting  to  oltain  tne  nasic  results  of  geometric  method 
via  the  analysis  of  the  coumou/genera 1/tota 1  equations  of  the 
nonlinear  theory  of  shells,  accomplishing  in  these  equations  these  or 
other  passages  to  the  limit. 

Certain  regret  is  necessary  to  express  in  connection  with  the 
fact  that  the  author  nowhere  compares  his  results  with  the  results  of 
earlier  investigations,  altnouyu  many  of  the  tasks,  examined  by 
geometric  method,  were  solved  by  other  previously  methods. 

At  the  same  time  A.  If.  Pogorelov*s  book  is  written  clearly  and 
intelligible.  It  contains  necessary  for  understanding  of  basic 
questions  information  both  or  tne  theory  of  shells  and  from  geometry. 
The  book  is  interesting  tor  the  wide  circle  of  the  readers:  the 
specialists  in  the  region  of  the  theory  of  the  elasticity,  engineers, 
who  carry  out  use  and  calculation  of  shells,  finally  for  pure/clean 
mathematicians,  who  are  interested  in  application/appendices. 

The  appearance  of  A.  if .  Pogorelov's  book  will  unconditionally 
generate  great  interest  of  tne  specialists  in  the  analysis  of  the 
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possibilities  which  are  opeu/disciosed  in  the  theory  of  shells  with 
the  use  of  geometric  methods. 

| 

i 

Work  on  comprehension  and  development  of  these  possibilities, 
regarding  the  limits  of  tue  applicability  of  geometric  method  no  : 

doubt  positively  will  affect  tue  development  of  stability  problem.  j 
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